VALUATIONS ON RATIONAL FUNCTION FIELDS
THAT ARE INVARIANT UNDER PERMUTATION OF
THE VARIABLES

F.-V. KUHLMANN, K. KUHLMANN, AND C. VISAN

ABSTRACT. We study and characterize the class of valuations on
rational functions fields that are invariant under permutation of
the variables and can be extended to valuations with the same
property whenever a finite number of new variables is adjoined.
The Gauf3 valuation is in this class, which constitutes a natural
generalization of the concept of Gaufl valuation. Further, we ap-
ply our characterization to show that the most common ad hoc
generalization of the Gaufl valuation is also in this class.

1. INTRODUCTION

In this paper, we will work with (Krull) valuations v and write them
in the classical additive way, that is, the value group of v on a field K,
denoted by v K, is an additively written ordered abelian group, and the
ultrametric triangle law reads as v(a+b) > min{va, vb}. We denote by
Kv the residue field of v on K, by va the value of an element a € K,
and by av its residue.

Take any field K and a rational function field K(X,...,X,,). In
6], the possible extensions of a valuation on K to K(Xi, ..., X,,) have
been studied. While a quite good description of all possible value
groups and residue fields of the extensions has been achieved, a detailed
description and characterization of the extensions themselves seems
rather out of reach. In this situation, restricting the problem to a
subset of extensions with additional properties may well be of help.

In situations where at least one extension of a nontrivial valua-
tion of K has to be constructed on K(Xj,...,X,,), the Gaufl val-
uation is often the canonical choice. Once we have a valuation on
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a polynomial ring, it extends in a unique way to the quotient field.
On K[Xy,...,X,], the GauB valuation is defined as follows. Given
feK[Xy,...,X,,], write

(1) f=) dX{ X
i
where the sum runs over multi-indices ¢ = (i1, ...,4,) and each d; is

an element of K. Then define

(2) vf := minwd, .

This indeed defines a valuation on K[X7,...,X,,]; see Corollary 2.2
below.

We have occasionally witnessed ad hoc attempts to generalize the
concept of Gaufl valuation, but these attempts did not consider its
particular properties in any systematic way. So let us take a closer
look at some of them.

First, we notice that definition (2) is invariant under permutation of
the variables. Second, the same definition can be used to extend the
valuation to K[Xi,...,X,] for each n > m, preserving the property of
being invariant. Third, it is well known (and follows from Lemma 2.4
below) that for the Gaufl valuation v on K|[Xj,...,X,], the residues
Xjv,..., X,v are algebraically independent over the residue field Kwv.
This implies that v is an Abhyankar valuation on the function field
K(Xy,...,X,)|K; the definition of this notion will be given after The-
orem 1.3.

The property that the residues Xv,..., X,,v are algebraically inde-
pendent over Kv singles out the Gaufl valuation. In order to obtain
a generalization of the notion of Gaufl valuation, we have to drop this
property. Our goal therefore is to characterize the valuations that have
the first two properties. Thereafter we will clarify their relation to the
property of being Abhyankar valuations.

For each permutation 7w € S,, we denote by 7, the automorphism of
K(Xi,...,Xmn) over K induced by the corresponding permutation

(Xl,...,Xm) —> (Xﬁ(l),...,Xﬂ(m».

[ts restriction to the polynomial ring K[Xj,...,X,,] is an automor-
phism as well. A valuation v on K(X7,...,X,,) or K[Xq,...,X,,] will
be called symmetric if v7, = v for all 7 € S, , that is, if it is invari-
ant under permutation of the variables. Several classes of symmetric
valuations have been studied in [9, 10, 11, 12].
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The present paper revisits the content of [10] and presents it in a
concise form, with shorter and more accessible proofs. A symmet-
ric valuation v on K(Xy,...,X,,) (or K[Xy,...,X,,]) will be called
openly-symmetric if it can be extended to a symmetric valuation on
K(Xy,...,X,) (or K[Xq,...,X,], respectively) for every n > m. Note
that such valuations were called “symmetrically-open” in [10], but this
name appears to indicate a topological meaning, which is not intended.

As we have seen above, Gaufl valuations are openly-symmetric.

A valuation is symmetric on K(Xy,...,X,,) if and only if it is sym-
metric on K[X7,...,X,,], and the same holds for “openly-symmetric”.
Further, every valuation on the polynomial ring K[Xj, ..., X,,| defines
a valuation on the rational function field K(Xj,...,X,,). Therefore,
as was done in [10], we will often work with the polynomial ring in
place of the rational function field.

In Section 3 we will prove the following useful result. By K?¢ we will
denote the algebraic closure of K.

Proposition 1.1. Ifv is an openly-symmetric valuation on the polyno-
mial ring K[X7, ..., X, then each of its extensions to K*[ X7, ..., X,,]
1S again openly-symmetric.

Remark 1.2. Take a partition JUJ = {1,...,m}. If v is symmetric
on K[Xy,...,Xp], then it is also symmetric on the polynomial ring

K(Xi|ieD[X;|jeJ]

(with respect to permutations of the variables X;, j € J). If v is
openly-symmetric on K[X, ..., X,,], then it is also openly-symmetric
on K(X; |ie I)[X;|j€ J]. From Proposition 1.1, it follows that
each extension of v to the polynomial ring K (X; | i € 1)*[X; | j € J]
is again openly-symmetric.

In Section 5 we will give an example which shows that the openness
condition in Proposition 1.1 is necessary. There we will construct a
valuation on Q*(X,Y") which is not symmetric, but has a symmetric
restriction to Q(X,Y"). (This example shows that Proposition 3.5 of [9]
is in error; its attempted proof contains a gap that cannot be filled in
general. But it can be filled in the case of openly-symmetric valuations,
as Proposition 1.1 shows.)

As a consequence of Proposition 1.1, every openly-symmetric valua-
tion on K[Xy, ..., X,,] is the restriction of an openly-symmetric valua-
tion on K?[Xy, ..., X,,]. This fact is a very useful tool in the descrip-
tion of the variety of openly-symmetric valuations on K[Xq,..., X,,].
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The following theorem summarizes our main results; it will be proved
in Section 4. Note that K[Xy,..., X = K[X1, Xo— X1 ..., X, — Xy]
and that every polynomial f € K[X,...,X,,] can be written in the
form

3) f = 3K = X)L (X = X

where the sum runs over multi-indices i = (ia, ..., %,) and each g;(X)
is a polynomial in K[Xj],

Theorem 1.3.

Take an arbitrary field K and a valuation v on the rational function
field K*(Xq, ..., Xn).

a) The valuation v is openly-symmetric on K[Xy, ..., X,,] if and only
if for each polynomial f € K*°[Xy,..., Xy| written in the form (3), we
have that

(4) vf = miin (vgi(X1) + (2 + ... +1im)0) ,

where § is any value in some ordered abelian group extension of the
value group vK (Xy) that satisfies

(5) b > v(Xy—a) forallae K*.

b) If v is openly-symmetric on K[Xy,...,X,,] and m > 3, then the

elements
X3 — Xy Xm — Xy

Xo=-X1 T X - X
are units in the valuation ring and their residues are algebraically in-
dependent over the residue field K (X1, Xs)v.
c) With
ro= dimguK(Xy,..., X)) /vK andt := trdeg K (X1, ..., Xn)v|Kv,
exactly the following cases are possible:
(a) m=0 andt=m,
(b) r=0andt=m—1,
(c) r=1andt=m—1,
(d) r=1andt=m—2,
(e) =2 andt=m — 2.
Therefore, we always have that
m—1<r+t < m.

Cases (a), (c) and (e) always appear for arbitrary valuations on K, and
cases (b) and (d) always appear when the valuation v on K admits
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an extension to K*(Xy) that does not enlarge value group and residue
field.

Note that once a valuation v on K?°(X}) is given, the formula (4) de-
fines a valuation on K*°[X7, ..., X,,] and thus also on K*°(Xy,..., Xp),
for any § (see Corollary 2.2 below). As a consequence of our theorem,
arbitrary valuations on K (X;) can be extended to openly-symmetric
valuations on K(Xi,...,X,,). In the paper [1] (see also [6] and [2]),
conditions are discussed under which for a given valued field K its al-
gebraic closure K2 admits extensions of the valuation to the rational

function field K?°(X;) that do not enlarge value group and residue
field.

In the cases (a), (c) and (e) we have that
r+t=trdeg K(Xy,...,Xn)|K,

that is, v is an Abhyankar valuation of the rational function field
K(Xiy,...,Xmn)|K. But the remaining cases show that an openly-
symmetric valuation of a rational function field is not necessarily an
Abhyankar valuation, so it may not share this particular property with
the Gaufl valuation, which belongs to case (a). However, openly-
symmetric valuations can fail to have this property by a transcen-
dence degree of at most one. Our theorem shows that if v is openly-
symmetric, then for each i € {1,...,m}, v is an Abhyankar valuation
of K(Xi,...,X»)|K(X;). The importance of Abhyankar valuations
can be seen from the results of the papers [5, 7], and they now play a
considerable role in algebraic geometry.

Finally, let us make a few more remarks about the characterization
of openly-symmetric valuations. If we are working over a field K that is
not algebraically closed and we only know that condition (4) is satisfied
for all polynomials f € K[Xq,...,X,,], can we still conclude that v is
openly-symmetric on K[X7,..., X,;]? The following corollary to the
proof of our main theorem shows that we can, if we strengthen condition

(5).

Corollary 1.4. Take K and v as in Theorem 1.3. Then v is openly-
symmetric on K[X1,..., X,,] if and only if (4) holds for each polyno-
mial f € K[Xy,...,X,], where § is any value in some ordered abelian
group extension of the value group vK (X;) that satisfies

(6) 0 > v(X;—a) forallae K* and1 <i<m.
The Gauf} valuation is an example of a valuation that satisfies condi-

tions (4) and (6). However, when we construct other openly-symmetric
valuations, checking condition (6) could be more work than we are
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ready to invest. In this case, the following result is helpful. Again, it
follows readily from the proof of Theorem 1.3.

Corollary 1.5. Take K and v as in Theorem 1.5. If (4) holds for each
polynomial f € K[X3,...,X,,], where § is any value in some ordered
abelian group extension of the value group vK(X) that satisfies

(7) d > v(Xy—a) foralae K*,
then v is openly-symmetric on K[Xq,..., Xn].

It is not true that a symmetric valuation on K[X3, ..., X,,] is openly-
symmetric already when it can be extended to a symmetric valuation
on K(Xi,...,Xnt1). But the latter turns out to be sufficient when it
is combined with additional conditions in the spirit of Remark 1.2.

Corollary 1.6. Take a valuation v on K(X1,..., X;ni1)* and assume
that for 1 <i <m, v is symmetric on K(Xy,..., X;-1)*[Xi, ..., X1
Then v is openly-symmetric on K[Xq,..., Xn].

To conclude with, we will show how Theorem 1.3 can be applied
to analyze the most common ad hoc generalization of the Gaufl val-
uation. Take a rational function field K (X7, ..., X,,) over the valued
field (K, v) and an element § in some ordered abelian group containing
vK. For every f € K[Xy,...,X,,] written in the form (1), set

(8) vsf = miin (vd; + (i1 + ... +i)0)

By Corollary 2.2 below, this defines a valuation vs on K (X7, ..., X,,)
which extends v.

Corollary 1.7. The valuation vs on K(Xy, ..., X,,) is openly-symme-
tric.

2. SOME PRELIMINARIES

For the easy proof of the following lemma, see [3]|, Chapter VI, §10.3,
Theorem 1.

Lemma 2.1. Let (L|K,v) be an extension of valued fields. Take ele-
ments x;,y; € L, i € I, j € J, such that the values va;, © € I, are
rationally independent over vK, and the residues y;v, j € J, are alge-
braically independent over Kv. Then the elements x;,y;, i1 € I, j € J,
are algebraically independent over K.
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Moreover, write

(9) f:ch fo’“’iHy;k’jEK[xi,yj\iEI,jEJ]
k iel jeJ

in such a way that whenever k # {, then there is some @ s.t. [ ; # fu

or some j s.t. vy ; # vpj. Then

. . Ufk:,i Vk:," . .
(10) vf = min v cy I_IJ:Z Hyj = min vy + Z/Lk,ivxi )
iel jeJ iel
That is, the value of the polynomial f is equal to the least of the values
of its monomials. In particular, this implies:

VK (z5,y; |tel,jeld) = vK@@vai
iel
K(zjyjliel,jeJv = Ku(yvl|jeld).

The valuation v on K(z;,y; | i € I,j € J) is uniquely determined by
its restriction to K, the values vx; and the fact that the residues y;v,
Jj € J, are algebraically independent over Kv.

The residue map on K(x;,y; |1 € 1,j € J) is uniquely determined
by its restriction to K, the residues y;v, and the fact that values vx; ,
1 € I, are rationally independent over vK.

Conversely, if 6;, © € I, are elements of some ordered abelian group
contarning viK and are rationally independent over v, then

L : Hio,i Vkj . Y
(11) vf = min UCkH% Hyj = min ey + Z/Mm(;z
iel jed iel
defines a valuation that extends the valuation v from K to the rational
function field K (z;,y; | i€ 1,5 € J).

Corollary 2.2. Take a rational function field K(Xy, ..., Xy) over the
valued field (K,v) and an element § in some ordered abelian group

containing vi. Then the function vs defined in (8) induces a valuation
on K(Xy,...,X,,) which extends v.

Proof. We distinguish two cases.

First, suppose that § is a torsion element over v/K. Take any exten-
sion of v to K. Then § = vb for some b € K?°. In this case we set
y; == b7 1X; for 1 <i < m. By the second part of Lemma 2.1, setting

w E Yty = miinvci
: i
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induces a valuation on K*(y;,...,yn) = K*(Xy,...,X,,) that ex-
tends v. For f written in the form (1) we have that

wf = deinl-...-Xﬁ,’L" = deib“*'““my?-...-y;lL"
= min (vd; + (i1 + ... +in)d) = vsf,

which proves that v is a valuation.

Now suppose that d is rationally independent over v K. In this case
we set 1= X and y; := 27X, for 2 < i < m. By the second part of
Lemma 2.1, setting

w E ity - ..y = min (ve; + 140)
i ; i
- i

induces a valuation on K (z,ys,...,yn) = K(Xi,...,X,,) that extends
v. For f written in the form (1) we have that

wf _ w§ :diXil_”..Xrl;Ln — IUE :dimu—&-...—&-zmy;z,“..y%n
n -

7

= min (vd; + (i1 + ... + 1)) = vsf,
which again proves that vs is a valuation. 0

Let (L|K,v) be an extension of valued fields of finite transcendence
degree. Then the following well known form of the “Abhyankar in-
equality” is a consequence of Lemma 2.1:

(12) trdeg L|K > rrol/vK + trdeg Lv|Kwv ,

where rrvL/vK = dimg (vL/vK) ® Q is the rational rank of the
abelian group vL/vK, i.e., the maximal number of rationally indepen-
dent elements in vL/vK.

The straightforward proof of the following lemma is left to the reader.

Lemma 2.3. The value group of an algebraically closed field is divisi-
ble, and its residue field is algebraically closed.

We will also need the following easy result:
Lemma 2.4. Take a valued field (K (x),v). If a € K is such that
(13) v(r —a) = max{v(zx —c¢)|ce K},

then either v(z — a) ¢ vK, or for every d € K with vd = v(x — a), we
have that *=5%v ¢ Kw.
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If in addition K is algebraically closed, then in the first case, v(z—a)

is rationally independent over vK, and in the second case, *Z*v 1is
transcendental over Kv.

Proof. Assume that v(z —a) € vK and take d € K with vd = v(x —a).
Assume further that *5%v € Kv. Then take c € K such that “Z%v = cv,

so that
T —a - 0
v — )
p c

Then v(z —a — ed) > vd = v(z — a), which contradicts (13) since
a + cd € K. This proves the first assertion of the lemma.

The second assertion of the lemma follows by Lemma 2.3 from what
we have already shown. 0

3. PROOF OF PROPOSITION 1.1
We will need the following auxiliary result.

Lemma 3.1. Let m,n, k be natural numbers such that n = m + 2k.

Assume that v is a valuation on K|[Xy,...,X,] whose restriction to
K[Xy,..., X is not symmetric. Then the set
{vrr | m € S,}

has at least k + 1 many elements.

Proof. Since v is not symmetric on K[Xi, ..., X,,], there is 7 € S,,
such that v7; # v on K[X,...,X,,]. Since S,, is generated by trans-
positions, v7,; # v must already hold for some transposition 7. W.l.o.g.
we may assume that 7 = (12). Pick some f € K[Xy,...,X,,] such
that vr, f # vf. Now using (1 2) as an element of S,,, we fix the auto-
morphism 7 = 7(19) of K[X1,...,X,]. Then we have that vrf # vf.

Pick 4,7 such that m < 7 < j < n. Let 7;; = Tu42, be the
automorphism of K[Xj,..., X,] that exchanges X; with X; and X
with X; and leaves the other variables fixed. We have that

fi; = mif = (X0, X5, X5, ..., X)) € KX, X5, X5, ..., X
and that
vTiifi; = vf #F urf = vtTi;fi;.
It follows that the restrictions of v7;; and v77;; to the polynomial ring
K[X;, X;, X3,...,X,,] are distinct, so at least one of them is distinct

from the restriction of v to K[X;, X;, Xs,...,X,,]. If it is v7;;, then
we set v;; = vT;j; otherwise, we set Vij = UTT; .
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Take 7', ' such that m < ¢’ < j' <mnand {3, j}N{7’, '} = 0. Then the
restrictions of 7;; and 7 to K[ Xy, X;v, X3, ..., X,,| are the identity and
therefore, v and v;; coincide on K[X;, X;/, X3,..., X,,], which shows
that Vi j % Uy jr .+

By what we have proved, it follows that the k 4+ 1 many valuations

UV, Um+1m+2 5 Um+3m+4,---,Un—1n
are distinct on K[Xq,...,X,]. O

Now we are ready for the Proof of Proposition 1.1:

Take a valuation v on K[Xj, ..., X,,] which is openly-symmetric. Fur-
ther, choose some extension to K*[Xy,...,X,,| and call it again wv.
Suppose that v is not symmetric on K*[X,..., X,,]. Then there is
already a finite normal extension L|K so that the restriction vy of v
to L[X1, ..., Xn] is not symmetric. Set k = [L : K| and n = m + 2k.
Then choose a symmetric extension w of v from K[Xi,...,X,,] to
K[Xy,..., X,

We show that there is an extension of vy to L[Xj,...,X,] which
also extends w. Choose any extension w’ of w to L[Xy,...,X,]. The
restriction wy of w’ to L[X7,...,X,,] is like vy an extension of v from
K[Xy,..., X to L[Xy,..., Xn]. As the extension

LIXy, . Xl K[X1, . X

is algebraic and normal, vy and wy are conjugate over K[Xi,..., Xp]
(cf. [4, Theorem 3.2.15]). Choose an automorphism oq of L[ X1, ..., Xy,
over K[Xj,...,X,,] such that vy = wyoy.

The purely transcendental extension

KXy, ..., X,)|K[Xy, ..., X5
is linearly disjoint from the algebraic extension
LIXy,. .., Xu]|K[Xy, ..., X0

(cf. [8, Chapter X, $5, Prop. 3|). Therefore, oy can be extended to
an automorphism o of L[Xy,...,X,] over K[Xy,...,X,]. The re-

striction of w'o to L[X,..., X,,] is woog = vy. Since o is trivial on
K[Xy,...,X,)], the restriction of w'c to K[Xy,...,X,] coincides with
that of w’. Hence the valuation wo on L[X7, ..., X,] extends both vy
and w; to simplify notation, we call it again v.

By assumption, v is not symmetric on L[ X7, ..., X,,]. From Lemma

3.1 it follows that the set {v7, | m € S, } of valuations on L[X7, ..., X,)]
has at least k + 1 = [L : K| 4+ 1 many elements. But their restrictions
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to K[Xy,...,X,] are wr,, where 7, is now understood to be an au-
tomorphism of K[Xi,...,X,]. As w was chosen to be symmetric on
K[Xy,...,X,], all of these restrictions coincide with w. Therefore,
we have at least [L : K| + 1 many extensions of w to L[Xq,...,X,].
On the other hand, as the extension L[X7,..., X,]|K[X,...,X,] is
algebraic of degree [L : K], all of the extensions must be conjugate

over K[Xj,...,X,] and there can be no more than [L : K| many.
This contradiction shows that the valuation v must be symmetric on
K[ Xy, ..., Xl O

4. PROOF OF THEOREM 1.3 AND ITS COROLLARIES

Take an arbitrary field K and a valuation v on K(Xj,...,X,,)*.
For m = 1 there is nothing to show, so we assume that m > 2.

Let us first show that if for every f € K*[Xy,..., X,,] conditions (4)
and (5) hold, then v is openly-symmetric. The proof will not depend on
m; so if we just show that v is symmetric on K[X7, ..., X,,] it will also
follow that an extension of v which satisfies conditions (4) and (5) on
K[Xy,...,X,] (with n in place of m), where n > m, is also symmetric.
Taking condition (4) for the definition of such an extension, we then
have proved that v is even openly-symmetric. Thus it actually suffices
to show that v is symmetric.

What we need for the proof of the symmetry are the following equa-
tions:

(14)  o(X; —X;) =49 for all distinct 7,5 € {1,...,m},
(15)  v(X;—a)=v(X;—a) forallae K*and2<j<m.

In order to obtain (14), we only need that condition (4) holds for
polynomials in K[X7,..., X,,] because then, for every choice of distinct
i,je{2,...,m},

v(X; - X;) = o(X; - X1+ X - X))
= min{v(Xj — Xl),’U<X1 - Xz)} =9.
There are various conditions that ensure the validity of (15). In

the case of the assumptions of our theorem, it works as follows: for
2 <7 <m and every a € K,

v(X;—a) = v(X;— X1+ X; —a) = min{v(X; — Xq),0(X; —a)}
= v(X; —a)

where the second equality follows from (4) and the third equality follows
from (5).



12 F.-V. KUHLMANN, K. KUHLMANN, AND C. VISAN

If we assume condition (4) only for polynomials in K[X7, ..., X,,],
as is the case in Corollaries 1.4 and 1.5, then we can proceed as follows.
Suppose that condition (6) holds, but v(X; —a) # v(X; — a) for some
a€ K* If v(X; —a) <v(X; —a), then
§ =v(X;—X1) = min{v(X;—a),v(X1—a)} = v(X;—a) < v(X1—a) <4,
where the first equality holds by (14). This is a contradiction. If on
the other hand v(X; —a) > v(X; — a), then the same argument with 1
and j interchanged also leads to a contradiction. This proves that (15)
holds in this case.

Now suppose that condition (7) holds. Then we obtain (15) because
v(X; — X1) =6 > v(X; — a) implies that

v(X; —a) = min{v(X; — X1),9(X; —a)} = v(X; —a).

Now we proceed to the proof of the symmetry. Take a polynomial
g € K[X] and write it as

degg

g:cH(X—ak)

with ¢, ar € K. Then for 2 < j < m, using (15),

degg

vg(X1) = vc+Zv(X1—ak)
k=1

degg

= wvc+ ZU(Xj —ai) = v9(Xj;).

Now take any polynomial f € K[Xi,...,X,,] and any 7 € 5,,.
Write f in the form (3). Using the equalities we have computed above
together with (14), we find:

vf = min vg(X1)+ (la+ ... +ip)d
= min vg;(Xnq)) +220(Xa@) = Xo) + -+ 10 (Xapm) = Xo)
= min 0g;(Xnw)(Xe@) = Xa@)? - (Xagm) = Xa))™"

< 0 0i(Xn (1) (Xam) = Xa)® -+ (X = X))

= vf( Xz, Xa@m)) = vTaf .

Since f and m were arbitrary, we also have that

VTnf < 0Tt (7o f) = v(Te—17nf) = vf .
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Altogether, this shows that vf = vr,f. We have thus shown that v
is symmetric. This proves the corresponding implications in part a) of
Theorem 1.3 and in Corollary 1.4, as well as Corollary 1.5.

Now we prove that if v is openly-symmetric on K[X7, ..., X,,], then
v must be as described in Theorem 1.3 and Corollary 1.4. From Propo-
sition 1.1 we know that v is also openly-symmetric on K2¢[ X1, ..., X,,].

First of all, because § := v(X5 — X;) is invariant under permutations
of the variables, all values v(X; — X;) are equal to 0, provided that
i # 7. Suppose that § < v(X; — a) for some a € K*. Then

v(Xy —a) = min{v(Xs — X1),v(X; —a)} = <v(X; —a),

contradicting the symmetry. Hence, 6 > v(X; — a) for all a € K?°,
showing that (5) holds. Since v(X; —a) = v(X; —a) by symmetry, also
(6) holds.

Choose any d € K (X7, X3)* with vd = §. For instance, d = Xy — X,
is a possible choice, but later on we will also want to consider other
choices. Then all elements 22 ;Xl, 2 < j < 'm, are units in the valuation
ring.

Using that v is openly-symmetric on K[ X7, ..., X,,], extend it to an
openly-symmetric valuation on K?°[X7,..., X,,.1]. Extend v further
to a valuation on K(Xj,...,X;11)*. Remark 1.2 shows that v is
symmetric on K (Xy,...,X;1)*[X;, ..., X;ma1] for 2 < ¢ < m. Note
that we are now in the situation where the assumptions of Corollary 1.6
are satisfied.

The same arguments as before show that

(16) U(Xz — X1> =9 Z U(XZ — CL) for all @ € K(Xl, e ,Xi_1>ac.

For 3 <i < m we have that v% = 0, hence Lemma 2.4, (16) implies

that the residue of % is transcendental over the algebraically closed
residue field

K(Xl, e ,Xi,l)acv = (K(Xl, e ,Xifl)U)aC .

This shows that the residues of the elements Xi“;Xl . Xmgxl are alge-

braically independent over K (X7, X5)*v, hence also over K (X7, Xs5)v.
Taking d = X5 — X3, this proves part b) of the theorem. We continue
with the proof of part a).

If § € vK(X1)*, then we can take the above arguments one step
further. In this case we can take d € K(X;)*. Similarly as before,
we obtain that v% = 0 and that %v is transcendental over

K (X1)*wv, hence also over K(X;)v. We now have that the residues
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of the elements %, ey % are algebraically independent over
K(Xl)'l}.

Take any f € K*[Xy,...,X,,]. If 6 € vK(X;)*, then we take
d € K(X)* and rewrite the representation (3) as follows:

f=
N Zgi(Xl) (X = X)) (X, = X))

. . Xo— X\ 2 X, — X\
— Ej (X,) - qet-tm (2220 am o 2 .

Using Lemma 2.1, taking K(X;)* in place of K, I = () and J =

{2,...,n} with y; = %, we obtain that
vf =

. . X, — X\ 2 X, — X\
= min vg(X;) - (%) Cee (—1>

— min (vg;(X1) + (ia + ... + im)3)

2

which proves (4) in this case.

If 6 ¢ vK(X;)%, then we take d = X3 — X; and rewrite the repre-
sentation (3) as follows:

f=
= Zgz(X1)(X2 — Xl)z‘z o (X — Xl)im

. . X3 — X1 " Xm - Xl "
_ ' X X o X 2+...Fim T P _— .
;gl( 1) (X2 = X)) <X2—X1) (XQ—X1>

Using Lemma 2.1, taking K (X;)* in place of K, I = {2} with 2, =
Xo— Xy, and J ={3,...,m} with y; = Xj:Xiv, we obtain that

Xo—X
vf =
. i (X = X0\® (X = X\
= (X WXy — X )attim (22 72 R (i
min vg(X0) (X2 = X1 (XQ—Xl) (XQ—Xl)
= min (vgi(X1) + (2 + ... +im)0),

)

which proves (4) in this second case. This completes the proof of part
a) of Theorem 1.3, and of Corollary 1.4 and Corollary 1.6.
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We turn to the proof of part ¢) of Theorem 1.3. Lemma 2.1 shows
that in the first of the above cases,

oK (X, ..., X)) /vK(Xy) =
= oK (X7)* (X, ..., Xn)/vK(X)* =0,
trdeg K (X1, ..., Xm)v|K(X))v =
= trdeg K(X1)*(Xa, ..., Xpn)v|K(X1)*y = m—1,
and in the second case,
oK ( Xy, ..., X)) /oK (X)) =
= moK(X)*(Xs,..., Xn)/vK(X)* =1,
trdeg K (X, ..., Xpn)v|K(X1)v
= trdeg K(X1)*(Xa, ..., Xp)v|K(X1)*y = m—2.
Both cases obviously appear as we are free to choose § as long as it
satisfies condition (5).

We have seen that the valuation on K(X;) can be arbitrary. By
Lemma 2.1 there are always extensions of v from K to K(X;) such
that K(X;)v|Kv = 1, which by the Abhyankar inequality (12) forces
rrvK (X;)/vK = 0. Combining such a valuation with the two cases
above, we obtain openly-symmetric valuations on K (X7, ..., X,,) such
that

oK (Xy, ..., X)) /vK =0 and trdeg K(X1,...,Xn)v|Kv=m
in the first case, and
rrvK(Xy, ..., Xpm)/vK =1 and trdeg K(Xy,...,Xp)v|Kv=m —1
in the second case. This shows that cases (a) and (c) of Theorem 1.3

can appear.

Likewise, Lemma 2.1 shows that there are always extensions of v from
K to K(X;) such that rroK(X;)/vK = 1, which by the Abhyankar
inequality (12) forces K(X;)v|Kv = 0. Combining such a valuation
with the two cases above, we obtain openly-symmetric valuations on
K(Xi,...,X,,) such that

oK (Xq, ..., Xp)/vK =1 and trdeg K(Xq,..., X )v|Kv=m —1
in the first case, and
rroK (X, ..., X)) /vK =2 and trdeg K(Xy,..., X,)v|Kv=m —2

in the second case. This shows that, again, case (c) can appear, and
that case (e) can appear. Note that we have realized case (c) in two
different ways.
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If the valuation v on K admits an extension to K (X;) that does not
enlarge value group and residue field, then we get rrv K (X;)/vK =0
and trdeg K (X;)v|Kv = 0. Combining this with the two cases above,
we obtain openly-symmetric valuations on K (X, ..., X,,) such that

oK (Xy, ..., X)) /vK =0 and trdeg K(Xy,..., X)v|Kv=m —1
in the first case, and
oK (Xq, ..., Xn)/vK =1 and trdeg K(Xq,..., X,)v|Kv=m —2

in the second case. Thus cases (b) and (d) can appear. This completes
the proof of Theorem 1.3. U

It remains to prove Corollary 1.7. Assume that the valuation vs
is defined on K(Xj,...,X,,) by definition (8). We can extend vs to
K*(Xy,...,X,) by applying the same definition to all polynomials f €
K*(Xq,...,X,). Now it suffices to prove that vs is openly-symmetric
on K*(Xq,...,X,,).

From our definition of vs on K?°(X3,..., X,,), we obtain that for all
a € K*,
(17) 0 > min{d,va} = v(X; —a).
Furthermore, we obtain that for 2 < ¢ < m,
(18) vs(X; — X1) = min{9,d} =

We consider the valuation v defined by (4) on K?*(Xjy,...,X,),
where we take v = vs on K*(X;). From (17) it follows that condi-
tion (5) is satisfied, so we know from Theorem 1.3 that v is openly-
symmetric. Therefore, we obtain that for 2 <7 < m,

’UXi = ’UXl = U(;Xl =9.

We show that vs coincides with v on K?(Xy,...,X,,). Indeed, for
every f € K*[Xy,...,X,,] written in the form (1),

vsf = min(vd; + (iy + ... +ip)0) = minvd X} ... Xm
< deinl-...-qu;” =vf,
and if we write f in the form (3), then by definition of v and by (18),
vf = min(vg(Xy) + (ia+ ... +im)d)

= minvs g;(X1)(Xp = X1)” - (X — X))

< v Y gi(X)(Xp — X0)2 - (X — X)) = vsf
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It follows that vs = v on K*(Xy,...,X,,), which proves that vs is
openly-symmetric. O

Finally, let us note that the comparison method of the above proof
can be adapted to show the following fact, which is of independent
interest.

Corollary 4.1. Take a valued field (K,v) and two valuations w,w’
extending v from K to a rational function field

K(Xy,...,Xn) = K(Y1,...,Y,),
induced by the definitions

w Y Y Y = min (vd; 4 101+ - ) -
i S

Then w = w'.

5. AN EXAMPLE

We construct an example of a valuation v on the rational function
field Q*¢(X,Y") over Q* which is not symmetric on Q*(X,Y’) but has
a symmetric restriction to Q(X,Y’). To this end, we write i = /—1
and extend the trivial valuation on Q*(X) to a valuation v on the
rational function field Q*(X,Y) = Q*(X,Y — iX) by definition (8),
where we take K = Q*(X),0 =1, m=1and X; =Y —iX. So we
have

(Y —iX) = 1.
Note that
(19) V(X +1Y) = vitoY —iX) = oY —iX) =1,
(20) v(Y +iX) = min{o(Y —iX),v(2iX)} = 0,
21)  v(X?+Y?) = oY —iX)+o(Y +iX) = 1.

Equations (19) and (20) together show that v is not symmetric on
Q*(X,Y), and even not on Q(z)(X,Y).

We show that v is not only trivial on Q*(X), but also on Q*(Y). It
suffices to show that v is trivial on Q*¢[Y], and since it is trivial on Q¢
and every polynomial in Q*¢[Y] splits into linear factors, it even suffices
to show that v(Y — a) = 0 for every a € Q*. Using that iX —a # 0
since X ¢ Q* and that v is trivial on Q*°(X), we compute:

v(Y —a) = min{v(Y —iX),v(iX —a)} = 0.
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Now we show that the value of every nonzero f € Q(X)[Y] with
degy f < 11is 0. This is clear when the degree is 0 since then f €
Q(X) € Q*(X), on which v is trivial. For arbitrary go, g1 € Q(X)
with g; # 0, we compute:

V(1Y +g0) = vgl+U(Y+@> :U(Y+@>

g1

- min{v(y—z'X),v(z'XJr@)} ~ 0,

0

where we use that (X + go/g1 # 0 since —iX ¢ Q(X). Similarly, we
show that the value of every f € Q(Y)[X] with degy f < 1is 0. This
is clear when the degree is 0 since then f € Q(Y) C Q*(Y), on which
v is trivial. For arbitrary hg, hy € Q(Y') with hy # 0, we compute:

v(hiX +hy) = vhi+v X—I—@ = X+@
hy hy

h
= min{v(X—i—z’Y),v (—zY+h—°)} =0,
1

where we use (19) and that —iY + ho/hy # 0 since 1Y ¢ Q(Y).

Set F(Y) = X2+ Y? € Q(X)[Y]. Using the F-adic expansion in
Q(X)[Y], every polynomial in f € Q[X,Y] can be written in the form

FCY) = 3 A Y)(X 4 YY)

with f;(X,Y) € Q(X)[Y] such that degy fi(X,Y) < 1. Then also
degy fi(Y, X) <1, and by what we have shown before,

vfi(X,Y) =0 = vfiy(Y, X)
for all ¢ such that f;(X,Y) # 0. In view of (21), we obtain:

vf(X,Y) = UZfi(X, YV)(X2+ YY) =

= min{i | i(X,Y) # 0} = min{i | fi(Y, X) # 0}
= 0 X)X = wf (Y, X)),

which shows that v is symmetric on Q(X,Y).
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