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An open problem to solve

The problem of recovering a function from its derivative appears quite
immeditely after the definition of Lebesgue integral with the following
function that has derivative that is not Lebesgue integrable.

Function with derivative not L-integrable

Define F': [0,1] — R in the following way:

2 . i .
Flz) = z° sin(fz), ?fsc € (0,1],
0, ifx=0

The function has a derivative at each point on [0, 1], but F is not
absolutely continuous on [0, 1].



Introduction
oce

Absolute Continuity and Absolute Continuity in restricted

Sense

The oscillation of the function F on an interval [¢,d] is

w(F, [e,d]) = sup{|F(y) — F(x)| : c < <y < d}



Introduction
oce

Absolute Continuity and Absolute Continuity in restricted

Sense

The oscillation of the function F on an interval [¢,d] is

w(F, [e,d]) = sup{|F(y) — F(x)| : c < <y < d}

The function F'is Absolute Continuous on E, in short F' is an
AC-function on E, (F' is Absolute Continuous in the restricted sense on
E, in short F' is an AC*-function on E respectively), as the following
definition:



Introduction
oce

Absolute Continuity and Absolute Continuity in restricted

Sense

The oscillation of the function F on an interval [c,d] is

w(F, [e,d]) = sup{|F(y) — F(x)| : c < <y < d}

The function F' is Absolute Continuous on E, in short F' is an
AC-function on E, (F' is Absolute Continuous in the restricted sense on
E, in short F' is an AC*-function on E respectively), as the following
definition:

AC- and AC*-function

F'is AC-function (or AC*-function) on E C [a, b], if for each £ > 0 there
exists § > O such that ) ;" | |[F(d;) — F(c;)| < e, (or Y0 w(F, [e;,di]) <
e) whenever {[¢;,d;] : 1 <i < n} is a finite collection of non-overlapping
intervals that have endpoints in E and satisfy >, (d; — ¢;) < 4.
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Generalized Absolute Continuity and Generalized Absolute

Continuity in restricted sense

The function F' is Generalized Absolutely Continuous on E C [a, b], in
short F'is an ACG-function on E (F is Generalized Absolutely
Continuous in the restricted sense on E C [a, b], in short F' is an
ACG*-function on E) as the following definition:

ACG- and ACG*-function

F is ACG-function (or ACG*-function) on E C [a,b], if F restricted on
E is continuous and E can be written as a countable union of sets on each
of which F' is AC (or AC* respectively).

To simplify our notation we shall consider E = [a, b] and we shall say F’

is an ACG or ACG* function.
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Characterization of Lebesgue and Denjoy integral

The main idea of Denjoy was to generalize the following characterization
of Lebesgue integral function

Characterization of Lebesgue integral

A function f : [a,b] — R is Lebesgue integrable if and only if there exists
an absolutely continuous function F : [a,b] — R such that F’ = f almost
everywhere.

Denjoy integral

Characterization of Denjoy integral

A function f : [a,b] — R is Denjoy integrable if and only if there exists an
ACG* function F : [a,b] — R such that F/ = f almost everywhere.

This integral recovers a function from its derivative, i.e., supposing F' is
continuous on [a, b], and differentiable nearly everywhere on [a, b], then
F’ is integrable on [a,b] and [ F' = F(z) — F(a) for all € [a,b].
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integral that also recovers a function from its derivative. He introduced
the notion of major and minor functions and gave another
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In 1914 Oskar Perron developed another extension of the Lebesgue
integral that also recovers a function from its derivative. He introduced
the notion of major and minor functions and gave another
characterization of a generalization of the Lebesgue integral.

Let f: [a,b] — R. A function U : [a,b] — R is major function of f on
[a,b] if DU(x) > —o0 and DU (z) > f(x) for all z € [a,b]; a function

V : [a,b] — R is minor function of f on [a,b] if DV (x) < +oco and

DV (x) < f(x) for all z € [a,b].

Supposing that U is a major function and V' minor function of f on [a, b]
it can be proved that

—oo < sup{V(b) — V(a)} <inf{U(b) — U(a)} < +o0

where the supremum is taken over all minor function of f and the
infimum is taken over all major function of f.
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Hence, the quantities in the definition of Perron integral are finite-valued.

Perron integral

A function f : [a,b] — R is Perron integrable if f has at least one major
and one minor function on [a, b] and the numbers inf{U(b) —U(a)}, where
U is a major function of f on [a,b], and sup{V(b) — V(a)}, where V is a
minor function of f on [a,b], are equal.

The common value is the Perron integral of f on [a,b] and is denoted by
(P) [, 1.

The same value is obtained if we consider the family of continuous major
and minor functions getting the so-called Perron continuous integral that
is equivalent to the above Perron integral. Moreover, another equivalent
Perron integral is obtained if in the definition of derivates of major and
minor function we suppose that U(z) > —oo and V(z) < +o0 nearly
everywhere on [a,b] and that U(z) > f(x) and V(x) < f(z) almost
everywhere.
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The original idea of Perron was to generalize the following
characterization of Lebesgue integral

Characterization of Lebesgue integral

A measurable function f : [a,b] — R is Lebesgue integrable on [a, b] if and
only if for each € > 0 there exist an absolutely continuous major function

U and an absolutely continuous minor functions V' of f on [a, b] such that
[U(b) —U(a)] - [V(b) — V(a)] <e.
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Perron Characterization

The original idea of Perron was to generalize the following
characterization of Lebesgue integral

Characterization of Lebesgue integral

A measurable function f : [a,b] — R is Lebesgue integrable on [a, b] if and
only if for each € > 0 there exist an absolutely continuous major function

U and an absolutely continuous minor functions V' of f on [a, b] such that
[U(b) —U(a)] - [V(b) — V(a)] <e.

Characterization of Perron integral

Characterization of Perron integral

A function f : [a,b] — R is Perron integrable on [a,b] if and only if for
each & > 0 there exist a major function U and minor function V' of f on
[a,b] such that [U(b) — U(a)] — [V(b) — V(a)] < &.
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A function f : [a,b] — R is Riemann integrable on [a,b] if there exists
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The Henstock-Kurzweil integral theory comes directly from the Riemann
integral sums. The basic idea is to control the length of intervals of a
partition by a positive function, §, instead of a positive constant.

Riemann integral

A function f : [a,b] — R is Riemann integrable on [a,b] if there exists
a value L with the following property: for each € > 0 there exists a
positive number & such that | > | f(2;)(d; —¢;)—L| < e for any partition
P = {[c;,d;] : 1 < i < n} such that z; € [¢;,d;] and max|d; — ¢;| < 6,
1 <7< n.

The Henstock-Kurzweil-integral definition is the following

Henstock-Kurzewil integral

A function f : [a,b] — R is Henstock-Kurzweil integrable on [a, b] if there
exists a value L with the following property: for each € > 0 there exists a
positive function & defined on [a, b] such that | Y7 | f(z;)(di—¢;)—L| < e
for any tagged partition P = {(;, [¢;,d;]) : 1 < i < n} of [a, b] subordinate
to 6.
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Let 0 a positive function defined on [a,b], a tagged partition of [a, b]
subordinate to ¢ is a finite collection P = {(x;, [¢;,di]) : 1 < i < n} of
pairs point-interval such that Ul [c;, d;] = [a,b], z; € [c;, di],

[ciyd;] C [xs — 6(m;), @y — 6(w;)] foreach i =1,...,n .

For any positive function ¢ defined on [a, b] we get.
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Let 0 a positive function defined on [a,b], a tagged partition of [a, b]
subordinate to ¢ is a finite collection P = {(x;, [¢;,di]) : 1 < i < n} of
pairs point-interval such that Ul [c;, d;] = [a,b], z; € [c;, di],

[ciyd;] C [xs — 6(m;), @y — 6(w;)] foreach i =1,...,n .

For any positive function ¢ defined on [a, b] we get.

If 0 is a positive function defined on [a,b], then there exists a tagged
partition of [a, b] that is subordinate to 4.

It is easy to understand that, by the Henstock-Kurzweil-integral
definition, the main "work” is to find a suitable positive function ¢ in
order to verify the integrability of the function f.
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Tagged partition P

Let 0 a positive function defined on [a,b], a tagged partition of [a, b]
subordinate to ¢ is a finite collection P = {(x;, [¢;,di]) : 1 < i < n} of
pairs point-interval such that Ul [c;, d;] = [a,b], z; € [c;, di],

[ciyd;] C [xs — 6(m;), @y — 6(w;)] foreach i =1,...,n .

For any positive function ¢ defined on [a, b] we get.

If 0 is a positive function defined on [a,b], then there exists a tagged
partition of [a, b] that is subordinate to 4.

It is easy to understand that, by the Henstock-Kurzweil-integral
definition, the main "work” is to find a suitable positive function ¢ in
order to verify the integrability of the function f.

There are some "tricks” to force the "tags” x; to have some special
properties: for example in the points where the function is not
continuous.
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Also for Henstock-Kurzweil integral there is a characterization in terms of
suitable absolutely continuity.

Let F': [a,b] — R. The function F'is AC5 on [a,b] if for each € > 0
there exist a positive number 1 and a positive function § such that
Yo |F(d;) — F(ci)| < e whenever {[¢;,d;]} is a finite collection of
tagged intervals subordinate to § and >_ |d; — ¢;| < 1. The function F is
ACG5 on [a,b] if [a,b] can be written as a countable union of sets on
each of which the function F'is ACj.
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ACGs and Henstock-Kurzweil-characterization

Also for Henstock-Kurzweil integral there is a characterization in terms of
suitable absolutely continuity.

Let F': [a,b] — R. The function F'is AC5 on [a,b] if for each € > 0
there exist a positive number 1 and a positive function § such that
Yo |F(d;) — F(ci)| < e whenever {[¢;,d;]} is a finite collection of
tagged intervals subordinate to § and >_ |d; — ¢;| < 1. The function F is
ACG5 on [a,b] if [a,b] can be written as a countable union of sets on
each of which the function F' is ACj.

Charaterization of Henstock-Kurzweil integral

Characterization of Henstock-Kurzweil integral

A function f : [a,b] — R is Henstock-Kurzweil integrable on [a,b] if and
only if there exists a ACG; function F on [a,b] such that F’ = f almost
everywhere.
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They are equivalent also the the following integral definition that
represents a transition between Henstock-Kurweil-integral and
Perron-integral. It avoids Riemann sums and derivates.
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Variational-integral

The Denjoy, Perron and Henstock-Kurzweil integrals are all equivalent.
They are equivalent also the the following integral definition that
represents a transition between Henstock-Kurweil-integral and
Perron-integral. It avoids Riemann sums and derivates.

Variational-integral

A function f : [a,b] — R is variational integrable on [a, b] if there exists
a function Fla,b] — R with the following property: for each & > 0 there
exists a non-decresing function ¢ defined on [a, ] and a positive function
4 defined on [a, b] such that ¢(b) — ¢(a) < € and

[f(@)(d = ¢) = (F(d) = F(c))| < ¢(d) = ¢(c)

whenever (z, [c, d]) is a tagged interval in [a, b] subordinate to 0.
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Zygmund-Calderon ideas

Similar problems of recovering primitives in terms of various generalized
derivatives arise in many areas of analysis. Generalizations of Denjoy,
Perron and Henstock-Kurzweil integrals were introduced to integrate
each of those generalized derivatives.

It is remarkable that such generalized Perron-type integrals were, as a
rule, equivalent to the respective Henstock-Kurzweil-type integrals as well
as to descriptively defined Denjoy-Lusin-type integrals, i.e. using a
suitable AC' property of integral function.

We consider now integrals defined to deal with another type of derivative,
the L"-derivative, i.e., a derivative in the metric L”". It was introduced by
Calderon and Zygmund in 1961 in order to establish pointwise estimates
for solutions of elliptic partial differential equations.
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L. Gordon in 1968 described a Perron-type integral, the P,-integral, that
recovers a function from its L"-derivative, and considered an application
of the L"-derivative and the P,.-integral to Fourier series. In 2004, Musial
and Sagher defined the L"-Henstock-Kurzweil integral, the

H K ,-integral, that also recovers a function from its L"-derivative, and
showed that it is an extension of the P,-integral.
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In 2022 Tulone, Musial and Skvortsov showed that, in contrast to the
classical case and to many other cases related to generalized derivatives
mentioned above, the H K, -integral is not equivalent to the P,.-integral.
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Zygmund-Calderon ideas

L. Gordon in 1968 described a Perron-type integral, the P,-integral, that
recovers a function from its L"-derivative, and considered an application
of the L"-derivative and the P,.-integral to Fourier series. In 2004, Musial
and Sagher defined the L"-Henstock-Kurzweil integral, the

H K ,-integral, that also recovers a function from its L"-derivative, and
showed that it is an extension of the P,-integral.

They also obtained a descriptive definition of the H K .-integral in terms
of ACG,-functions, but it has been an open problem since 2004 as to
whether the P,-integral integrates all H K ,-integrable functions.

In 2022 Tulone, Musial and Skvortsov showed that, in contrast to the
classical case and to many other cases related to generalized derivatives
mentioned above, the H K, -integral is not equivalent to the P,.-integral.

Nevertheless the H K -integral is equivalent to L"-variational integral.



L"-derivatives

We assume that r > 1 and we work on the closed interval [a, b]. We start
with the definition of the upper right L"-derivative

Definition: upper right L"-derivative (L. Gordon 1968)

Let f € L"[a,b]. The upper right L"-derivate of f at x, denoted by
D;f f (z), is the greatest lower bound of all « such that

1 b ¥
(E/o- [f(:l:—l—t)—f(x)—at]idt) =o(h) ash—0". (1)

If no real number « satisfies (1), we set D) f (z) = +oo. If (1) holds for
every real number «, we set D} f () = —cc.
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We assume that r > 1 and we work on the closed interval [a, b]. We start
with the definition of the upper right L"-derivative

Definition: upper right L"-derivative (L. Gordon 1968)

Let f € L"[a,b]. The upper right L"-derivate of f at x, denoted by
D;f f (z), is the greatest lower bound of all « such that

P

1 b
(E/O [f(:l:—l—t)—f(x)—at]:dt) =o(h) ash—0". (1)

If no real number « satisfies (1), we set D) f (z) = +oo. If (1) holds for
every real number «, we set D} f () = —cc.

v

We define the lower right L"-derivate, D, . f (x), the upper left
L"-derivate, D, f (z), and the lower left L™-derivate, D_ ,.f (x), in a
similar manner.
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We define the upper and lower (two-sided) L"-derivate as follows:

Definition: upper and lower two-sided L"-derivative

The upper (two-sided) L" derivate is as follows:

Similarly we define the lower (two-sided) L"-derivate as follows:

Qrf ({E) = min {D+,rf ({E) 7D7,rf (I)} :




L"-derivative

We define the upper and lower (two-sided) L"-derivate as follows:

Definition: upper and lower two-sided L"-derivative

The upper (two-sided) L" derivate is as follows:
D, f (x) = max {D} f (z), Dy f ()} -

Similarly we define the lower (two-sided) L"-derivate as follows:

Qrf ({E) = min {D+,rf ({E) 7D7,rf (I)} :

Definition: L"-derivative (L. Gordon 1968)

Let f € L"[a,b]. If D,f(z) and D, f () are the same real number,
i.e., if all four L"-derivates are equal and finite, then we say that f is
L"-differentiable at z. The common value, denoted by f/(z), is the L"-
derivative of f at .

V.




L"-derivative

We define the upper and lower (two-sided) L"-derivate as follows:

Definition: upper and lower two-sided L"-derivative

The upper (two-sided) L" derivate is as follows:
D, f (x) = max {D} f (z), Dy f ()} -
Similarly we define the lower (two-sided) L"-derivate as follows:

Qrf ({E) = min {D+,rf ({E) 7D7,rf (I)} :

Definition: L"-derivative (L. Gordon 1968)

Let f € L"[a,b]. If D,f(z) and D, f () are the same real number,
i.e., if all four L"-derivates are equal and finite, then we say that f is
L"-differentiable at z. The common value, denoted by f/(z), is the L"-
derivative of f at .

V.

It is clear that if a function f is differentiable at a point = then it is also
L7-differentiable at the same point and f/(x) = f'(z).
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L"-continuity

To define L™-major functions and L"-minor functions, we need a notion
of L"-continuity.
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L"-continuity

To define L"-major functions and L"-minor functions, we need a notion
of L"-continuity.

Definition: L"-continuity

A function F € L" [a, b] is said to be L"-continuous at = € [a, b] if

1
lim — |F (y) — F (x)|" dy = 0.
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L"- major and -minor function

Definition: L"-major function

Suppose f is a function defined on [a,b]. A finite-valued function ¢ €
L" [a,b] is said to be an L"-major function of f if

Q ¥ (a) =0,
@ ¢ is L"-continuous on [a, b],

@ except for at most a denumerable subset of [a, b] we have

— o0 # D,p(x) > f(z). (2)
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L"- major and -minor function

Definition: L"-major function
Suppose f is a function defined on [a,b]. A finite-valued function ¢ €
L" [a,b] is said to be an L"-major function of f if

Q ¢ (a) =0,

@ 1 is L"-continuous on |a, b],

@ except for at most a denumerable subset of [a, b] we have

— o0 # D,p(x) > f(z). (2)

v

A function ¢ is an L"-minor function of f if —y is an L"-major function
of —f.



Gordon
[e]e]e]e] }

P,-integral

L. Gordon proved that for any L"-major function 4 and any L"-minor
function ¢ of f, the function ¢ — ¢ is non-decreasing on [a,b]. This
property allows us to define a Perron-type integral, the P.-integral, in a

standard way:
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P,-integral

L. Gordon proved that for any L"-major function 4 and any L"-minor
function ¢ of f, the function ¢ — ¢ is non-decreasing on [a,b]. This
property allows us to define a Perron-type integral, the P.-integral, in a
standard way:

Definition: P,.-integral

Suppose f is a function defined on [a,b]. If inf) (b) taken over all L"-
major functions of f equals sup ¢ (b) taken over all L"-minor functions of
f, then the common value, denoted by

(P.) /:f

is called the P,-integral of f on [a,b], and f is said to be P,-integrable on
[a,b].

<
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Now we recall the definition of L"-Henstock-Kurzweil-type integral.
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H K ,-integral

Now we recall the definition of L"-Henstock-Kurzweil-type integral.

Definition: H K,.-integral (Musial and Sagher 2004)

A function f : [a,b] — R is L"-Henstock-Kurzweil integrable (HK,-
integrable) on [a,b] if there exists a function F € L"[a,b] so that
for any € > 0 there exists a positive function § defined on [a,b] so
that for any finite collection of nonoverlapping tagged intervals O =
{(zi,[ci,ds]) ,1 < i < g} subordinate to 6 we have

1 d; 1/r
Z(di—Q / F(y)—F(xi)—f(xi)(y—xiwdy) <e.
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H K ,-integral

Now we recall the definition of L"-Henstock-Kurzweil-type integral.

Definition: H K,.-integral (Musial and Sagher 2004)

A function f : [a,b] — R is L"-Henstock-Kurzweil integrable (HK,-
integrable) on [a,b] if there exists a function F € L"[a,b] so that
for any € > 0 there exists a positive function § defined on [a,b] so
that for any finite collection of nonoverlapping tagged intervals O =
{(zi,[ci,ds]) ,1 < i < g} subordinate to 6 we have

q d; 1/r
Z(diici/ F<y>—F(x»—f(xi)(y—x»rdy) .

i=1 i

The function F' in Definition is unique up to an additive constant, so we
can consider the indefinite H K .-integral.

F(z)=(HK,) /m f, for each = € (a, b
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Some results

The indefinite H K, -integral F' is L"-continuous on [a, b] with
F!(x) = f(x) a.e. on [a,]
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Some results

The indefinite HK -integral F' is L"-continuous on [a, b] with
F!(x) = f(x) a.e. on [a,]

P, is contained in HK, (Sagher Musial 2004)

If f:[a,b] = R is P-integrable then it is HK -integrable and the values
of integrals coincide.
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Charaterization of H K ,-integral

Fis AC, on [a,b] if for all € > 0 there exist > 0 and a positive
function ¢ defined on [a, b] so that for any finite collection of
nonoverlapping tagged intervals {(z;, [c;,d;]),1 < i < g} subordinate to
& such that .7, (d; — ¢;) < n we have

q d; 1/r
Z (di i C; /;1 |F(y) - F(xi)|rdy> < €.

i=1

F € ACG, on [a,}b] if [a,b] can be written as countable union of sets on
each of which F' € AC,..
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Charaterization of H K, -integral

Fis AC, on [a,b] if for all € > 0 there exist > 0 and a positive
function ¢ defined on [a,b] so that for any finite collection of
nonoverlapping tagged intervals {(z;, [c;,d;]),1 < i < g} subordinate to
& such that .7, (d; — ¢;) < n we have

q d; 1/r
Z (di i C; /;1 |F(y) - F(l‘z‘)|rdy> < €.

i=1

F € ACG, on [a,}b] if [a,b] can be written as countable union of sets on
each of which F' € AC,.

Characterization of H K -integral (Sagher Musial 2004)

A function f is HK,-integrable on [a,b] if and only if there exists F' €
ACG,[a,b] such that F/ = f a.e.; the function F(z) — F'(a) being the
indefinite H K -integral of f.
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Main result

The converse of the theorem obtained in 2004 by Sagher and Musial that
says P, is contained in H K, is not true, i.e., the class of P,.-integrable
functions is strictly included in the class of H K ,-integrable functions.
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Main result

The converse of the theorem obtained in 2004 by Sagher and Musial that
says P, is contained in H K, is not true, i.e., the class of P,.-integrable
functions is strictly included in the class of H K ,-integrable functions.

P, is strictly included in HK, (Musial, Skvortsov, Tulone 2022)

There exists a function which is H K,.-integrable on [a, b] but which is not
P,-integrable on [a, b]
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Main result

A function f : [a,b] — R is L"-variational integrable on [a, ] if there
exists a function F' € L" [a, b] with the following property: for each £ > 0
there exist a non-decreasing function ¢ defined on [a,b] and a positive
function ¢ defined on [a,b] such that ¢ (b) — ¢ (a) < € and for any
tagged interval (z, [, d]) subordinate to &, where [¢,d] C [a, b],

1 d 1/r
(d_c/ |F<y>—F<x>—f(x)(y—xwdy) <p(d)— o).
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Main result

A function f : [a,b] — R is L"-variational integrable on [a, b] if there
exists a function F' € L" [a,b] with the following property: for each £ > 0
there exist a non-decreasing function ¢ defined on [a,b] and a positive
function ¢ defined on [a,b] such that ¢ (b) — ¢ (a) < € and for any
tagged interval (z, [, d]) subordinate to &, where [¢,d] C [a, b],

1 d 1/r
(d_c/ |F<y>—F<x>—f(x)(y—xw“dy) <p(d)— o).

L" is equivalent to H K, -integral (Musial and Tulone 2022)

A function f : [a,b] — is L"-Henstock-Kurzweil integrable on [a, b] if and
only if f is L"-variational integrable on [a, ] .
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