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Preface

This is an extended version of my doctoral thesis “Henselian function fields” (Heidelberg
1989). I have added results that I obtained during the last year and which round up the
results of my thesis. In particular, the structure theorems on henselian rationality of im-
mediate henselian function fields over tame fields of mixed characteristic and over separably
tame fields and their applications to the model theory of these fields were added. These are
analogues to results about tame fields of equal characteristic as presented in my thesis, but
they needed new ideas and improvements of the original concepts (e.g. the notion of the
“relative approximation degree”). Furthermore, I added criteria for Ax—Kochen—Ershov—
classes which are meant to establish a unified approach to the model theory of valued fields;
it has turned out that some concepts introduced in my thesis and in particular the notion
of a tame field serve such a unification well.

My work was originally initiated by the question whether the (valued) power series field
IF,((t)) has a decidable theory. Viewing the solution of this problem as very remote and
difficult, my own interest was rather to expand on the existing model theory of valued fields
and to analyse the valuation theoretical problems related to the open questions. Even this
extended version of my thesis is a summary of approaches and results in different directions
and may thus show a somewhat inhomogeneous appearance. I want to apologize for that by
expressing my hope that these results are not an endpoint, but a basis for new investigations
in the model theory and algebra of valued fields.

With regard to the problem mentioned above concerning the theory of IF,((t)) and of
other valued fields of characteristic p > 0 which are not covered by earlier model theoretical
results, I want to call special attention to one positive and one negative result. The positive
result states that tame fields have a good model theory, which may be expressed by saying
that they satisfy an Ax—Kochen—Ershov—principle. In positive characteristic, these fields
are just the algebraically maximal perfect fields. The tame fields constitute a bigger and
more natural elementary class than the algebraically maximal Kaplansky fields, which in
some sense represented the limit of known model theory for valued fields when I started
my thesis. The negative result states that algebraically complete fields in general do not
satisfy the Ax—Kochen—Ershov—principle and that the axiom system
— (K, v) is algebraically complete
— char(K)=p>0
— v(K) is a Z—group
R-TF,
is not complete and is thus (unfortunately) not an axiomatization of the theory of IF,((t));
on the other hand, this negative result also carries an idea how the axiom system may
possibly be completed.

At several instances throughout my work it turned out that an advance in the model
theory of valued fields is based on new valuation theoretical results. In the preparation of
my thesis, these valuation theoretical results step by step gained more independent interest
which culminated in an unexpected discovery of close connections between the work of M.
Matignon, J. Ohm and other authors, dealing with nonarchimedean analysis and valued
function fields, and my results which were inspired by model theoretical questions. The
valuation theoretical part of my work may be characterized as follows: it is a study of the
“defect” of valued field extensions, i.e. of finite extensions (for which the defect is classically
defined), but also of certain valued function fields for which it may also be defined. Fields



which do not admit finite extensions with nontrivial defect are called “defectless”, and the
following is a main question studied in my work: when does an extension of a defectless
field inherit this property? Extensions with nontrivial defect are closely related to im-
mediate extensions of valued fields, for which the theory of pseudo Cauchy sequences as
developped by Ostrowski and Kaplansky, is a good tool. But for the aims of my work,
it has to be very much refined, and I take the occasion to introduce the more advanced
notion of “approximation types”.

In this work, many concepts and proofs will not have reached their optimal form, and
hurrying to finish this print, I will certainly have failed to notice a lot of typing errors and
more serious mistakes. I want to apologize for this. Nobody is defectless.

Heidelberg, August 1990 Franz—Viktor Kuhlmann
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1 Introduction.

1.1 Results on the algebra of valued fields.

In the theory of algebraic function fields (which we will simply call function fields), the
valued function fields (where the valuation is not necessarily trivial on the ground field) play
an important role; for instance, constant reduction of function fields is given by valuations
with certain properties that we will discuss later. One can read off important information
about a valued function field from its henselizations, hence henselizations of valued function
fields appear in a natural way when valued function fields are studied; in particular, if the
valuation is nontrivial on the ground field or the transcendence degree is greater than 1
since then the completion is in general not an adequate device for the study of such valued
function fields. For example, the question may arise whether a given valued function field
F' has the property that every finite extension E of F is defectless, i.e. satisfies the basic

equality

where n = [E : F| is the degree of the extension and e;, f; are ramification index and inertia
degree of the finitely many prolongations of the valuation of F' to the extension field E.
If a valued field has this property, then we will call it a defectless field. Note that every
valued field of residual characteristic 0 is a defectless field; this follows from the Lemma of
Ostrowski, cf. Lemma 2.4. Now if F" is a henselization of F, then it is known that F is a
defectless field if and only F" is a defectless field. Though F” has the disadvantage that it
is not itself a function field (if the given valuation is nontrivial), it has the advantage that
it satisfies Hensel’s Lemma and that the valuation admits a unique prolongation to every
algebraic extension. These facts can be very helpful for the study of the given valuation.
Note that a henselization is an immediate extension; an extension L|K of valued fields is
called immediate, if v(K) = v(L) and K = L. Here v(K), v(L) denote the value groups
and K, L denote the residue fields of K and L; we will also write K /v instead of K if
several valuations are considered. Henselian defectless fields are the same as algebraically
complete fields, i.e. fields that have a unique prolongation of the valuation to every finite
extension field and which moreover satisfies the basic equality

n=e-f 2)

which is just the version of (1) for the case of a unique prolongation.

Henselizations of valued function fields will be called “henselian function fields” though
they are in general not function fields, as we have mentioned already. Both, henselian
function fields and defectless fields will play the central role in our investigations. Without
any additional assumptions there is no hope for a simple structure theory of henselian
function fields. But under certain assumptions which are common in the theory of valued
function fields, we will prove that henselian function fields have a rather simple structure.

Let us discuss two special cases to illustrate the significance of defectless fields and
the possible assumptions on the henselian function field F'|K. The valuation on both
F and K will be denoted by v. The first special case is given by the hypothesis that
F|K is a henselian function field of transcendence degree 1 and that F'|K is an immediate
extension. Let us take an arbitrary element x € F' which is transcendent over K. Choosing
a henselization K (z)" of K(x) inside the henselian field F', we find that F|K (z)" is a finite



extension which is immediate since F'|K is immediate. Note that the henselian field K (z)"
admits a unique prolongation of the valuation v to the algebraic extension field F'. If in
this situation we would know that K(z)" is a defectless field (e.g. if char(K(z)") = 0),
then the finite immediate extension F'|K(x)" would necessarily be trivial:

F:K@"=e f=wF):v(K@)") [F:K@xh=1-1=1;
here we have used equation (2). Consequently,
F=K(x)",

the henselization of a rational function field; such a henselian function field will be called
henselian rational function field. The assumption “char(K(z)) = 0” may also be expressed
as an assumption on the ground field K; indeed, it holds if
— char(K) = 0.
There are other possible sufficient assumptions on K:
— (K,v) is a (formally) p—adic field,
or, more generally,
— (K, v) is a finitely ramified field,
i.e. v(K) admits a least positive element and there is a prime p such that v(p - 1g) is a
multiple of this element; in this case, char(K) = 0 and char(K) = p. The structure of
these fields is slightly more general than that of formally p—adic fields. The difference is
that the residue fields may be arbitrary not necessarily finite fields of characteristic p > 0.
It is well known that all finitely ramified fields are defectless. On the other hand, it can be
read off from the definition that an immediate extension of a finitely ramified field is again
finitely ramified, so if we assume that the ground field K is finitely ramified, the same will
hold for the immediate extension K ()" and again, we obtain that K (x)" is defectless and
that F' = K(x)". Note that the henselian field F' contains a henselization K" of K, so we
may assume from the start that the ground field K is henselian.

Other possible assumptions on the ground field may fail in this situation, even if they
are as common as the following one:
— K is algebraically closed.
Note that every algebraically closed valued field is trivially a defectless field. Another
possible condition is known from the article “Maximal fields with valuations” of Kaplansky
[KAP1]:
~ (K,v) is a henselian defectless Kaplanskyfield;
a Kaplansky—field is a valued field satisfying Kaplansky’s hypothesis (A), cf. [KAP1], p.
312. This hypothesis (A) was later shown by Whaples [WHA] and, independently, by
Delon [DEL1] to mean that

(Kf 1) the value group v(K) is p—divisible (p = char(K) > 0),

(Kf 2) the residue field K is perfect (i.e. it allows no inseparable algebraic exten-
sions),

(Kf 3) every finite separable extension of the residue field has degree not divisible
by p.



In general, henselian Kaplansky-fields are not defectless fields. Even if the ground field
K is a henselian defectless Kaplansky—field, an immediate henselian function field may
not be defectless, though it is also a Kaplansky-field (since (Kf 1), (Kf 2) and (Kf 3)
are conditions only on the value group and the residue field). Similarly, there exist im-
mediate henselian function fields over algebraically closed ground fields of positive residual
characteristic which are not defectless fields. In both cases it turns out that it is not a
sufficient approach if we choose the transcendental element x without any care. We will
show that it is indeed possible to choose x well; we will do this e.g. under the assumption
that K is a perfect henselian defectless field of positive characteristic. This class of fields
includes the algebraically closed valued fields of positive characteristic and the henselian
defectless Kaplansky—fields of positive characteristic. Recall that “henselian defectless” is
the same as “algebraically complete”. For perfect fields of positive characteristic and for
Kaplansky—fields of positive characteristic, “algebraically complete” is equivalent to alge-
braically maximal which means that the valued field has no immediate algebraic extensions.
Our result for algebraically maximal perfect fields of positive characteristic is the following:

Let K be an algebraically maximal perfect field of positive characteristic and F an im-
mediate henselian function field over K. If its transcendence degree over K is 1, then F' is
a henselian rational function field over K. In the general case of transcendence degree > 1,
there is a finite immediate extension F' of F' such that F' is a henselian rational function

field over K.

In section 10 we will show that this theorem does not remain true if the condition
“perfect” is dropped without a substitute, cf. Corollary 10.9. Note that if we replace the
condition on the characteristic by “char(K) = 0” then the theorem remains true: for
every transcendence basis 7 of F|K we have F' = K(7)". This is proved as we described
above in the case of transcendence degree 1. In contrast to this short proof, the proof of
the above result requires the entire section 7.1, including material from other sections, in
particular from section 6. In section 7.1 we will give normal forms for certain classes of
immediate extensions. Since immediate algebraic extensions are purely wild, we will start
from a description of the structure of minimal purely wild algebraic extensions of henselian
fields of positive characteristic given by F. Pop, cf. Lemma 7.3. The theory of purely wild
algebraic extensions was developed by M. Pank [PAN1]|, [PAN2] and is summarized in
[KPR]. We will use it at several points as a basic tool for our investigations. In particular,
it is used in section 6 where algebraically complete perfect fields of positive characteristic
are characterized to be just the tame fields of positive characteristic (cf. Lemma 6.2). A
field K is called tame if its algebraic closure is a tame extension in the sense of [KPR],
and this holds if and only if its (absolute) ramification field K" is algebraically closed. The
class of tame fields comprises almost all assumptions on K that we have discussed so far:
— algebraically closed valued fields
— henselian fields of residual characteristic 0
— algebraically maximal Kaplansky fields
— algebraically maximal perfect fields of positive characteristic
are tame fields. The henselian formally g—adic fields and the henselian finitely ramified
fields are missing in this list. But their valuation admits a finest coarsening under which
they become a tame field having a residue field of characteristic 0 with a discrete henselian

valuation of residual characteristic p > 0; this special structure guarantees that they are
defectless fields.



Generalizing the proof given in section 7.1, we will prove that the above result holds
for all tame fields:

(Theorem 7.1) Let K be a tame field and F an immediate function field over K. If
its transcendence degree over K is 1, then F" is a henselian rational function field over
K". In the general case of transcendence degree > 1, given any immediate extension N of
F which is a tame field (such an extension does always exist), there is a finite immediate
extension Fy of F within N such that Fl is a henselian rational function field over K.

For this generalization, we have to treat the case of a tame ground field (K, v) of “mixed
characteristic”, i.e. char(K) = 0 and char(K) = p > 0; this is done in section 7.3. Since
in the mixed characteristic case, we do not know an analogue of the lemma of Pop, we
start the proof assuming K to be algebraically closed, and then we involve a “pull down
principle for henselian rationality through tame extensions” which we prove in section 7.2.
This in turn uses a valuation theoretical property that characterizes the Galois groups of
tame Galois extensions, cf. Theorem 6.24. In both characteristic cases, our proof requires

an important property of tame fields:

(Lemma 6.6) Let L be a tame field and K C L a relatively algebraically closed subfield.
If in addition L|K is an algebraic extension, then K is also a tame field and moreover,
v(K) is pure in v(L) and K = L.

This lemma is used several times in the proof of Theorem 7.1 and in the applications
of this theorem which we will describe in sections 8 and 9. It allows us to break up a
given transcendental extension of tame fields into an immediate and an “anti-immediate”
extension of tame fields (the meaning of the latter notion is explained below). Moreover,
it shows the immediate extension to be a tower of extensions of transcendence degree
1 of tame fields. Note that the lemma does not remain true if one replaces “tame” by
“algebraically complete” or drops the condition on the residue fields.

The above results may be further generalized to separably tame fields; these are henselian
fields for which every separable-algebraic extension is tame. In characteristic 0, they co-
incide with the tame fields; but in positive characteristic, they form a bigger (elementary)
class. They are connected to tame fields as follows:

(K, v) is a separably tame field if and only if its perfect closure (VK ,v) is a tame field. In
this case, (vK,v) lies in the completion of (K,v).

See Lemmata 6.13 and 6.14.

The second special case of henselian function fields is somewhat the complement of the
first: it is the “anti-immediate” case. We have to make this precise. The assumption will
be that the henselian function field F'|K has no transcendence defect, i.e.

trdeg(F|K) = trdeg(F|K) + rr(v(F) /v(K))

where rr(v(F)/v(K)) denotes the rational rank (i.e. the maximal number of rationally
independent elements) of the abelian group v(F)/v(K). The assumption is fulfilled if
constant reduction of function fields is studied: in this case we have by definition that

trdeg(F|K) = trdeg(F|K)

which implies rr(v(F)/v(K)) = 0 (cf. Lemma 2.20). For tame fields, extensions without
transcendence defect are indeed the complement to immediate extensions, in the following

4



sense: with the help of Lemma 6.6 it can be shown that every extension L|K of tame fields
admits a subextension L'| K such that L’ is a tame field, L'| K is an extension without trans-
cendence defect, and L|L’ is an immediate extension; this is the content of Corollary 6.8. In
this situation, every henselization of a finitely generated subextension L of L'| K is a hen-
selian function field without transcendence defect; we will use this fact and Corollary 6.8
when studying the model theory of tame fields, as we will describe below.

For henselian function fields without transcendence defect, we will prove in section 3:

(Theorem 3.1) Let F|K be a henselian function field without transcendence defect. If
K is a defectless field then F' is a defectless field.

With the help of this theorem it is easy to show that a henselian function field F'|K
without transcendence defect over a defectless ground field K is not only itself a defectless
field, but also that it has a simple structure: it is a finite defectless extension of a henselian
rational function field (cf. Theorem 3.2). Depending on the value group and the residue
field of F, the structure may even be much simpler. If for instance, F' = K or F|K is a
rational function field and if v(K) is pure in v(F'), then F' is a henselian rational function
field (cf. Theorem 3.4). If F|K is separable and v(K) pure in v(F) then F" is “almost” a
henselian rational function field: it is a finite inert extension of a henselian rational function
field (cf. Theorem 3.4). These results together with Theorem 7.1 generalize a theorem that
was proved by M. Matignon in an unpublished paper [MAT1] and announced, together
with a sketch of the proof, in [MAT1al, cf. Théoreme 3, p. 7, and in [MAT1b]. (Matignon
proves that the completion of F' is the completion of a suitable rational function field,
under the following additional assumptions: v(F) is of rank 1, i.e. archimedean, F = K,
and K is algebraically closed and complete with respect to the valuation v.)

Theorem 3.1 is a generalization of a theorem of Grauert and Remmert [GR] which works
with completions instead of henselizations and is restricted to the case of algebraically
closed complete ground fields of rank 1 (the value group is archimedean). A generalization
of the Grauert-Remmert Theorem was given by Gruson [GRU], an improved presentation
of it can be found in the book [BGR] of Bosch, Giintzer and Remmert. The proof uses
methods of nonarchimedean analysis. Further generalizations are due to M. Matignon
and J. Ohm; see also [GMP]. In a recent paper [OHM3], Ohm arrived independently of our
thesis at a version of Theorem 3.1 which is restricted to the case trdeg(F|K) = trdeg(F|K).
The idea of Ohm’s proof is to rule back the general case of valuations of arbitrary rank to
the case of rank 1 and to give an auxiliary argument for the transition from completions
to henselizations. In this way, he is able to deduce his theorem from [BGR], Proposition
3, p- 215 (more precisely, from the generalized version of this proposition which is proved
but not stated in [BGR]).

In contrast to this approach, we will give in section 3 a new proof which replaces
the analytic methods of [BGR| by valuation theoretical arguments. Such arguments may
seem to be more adequate for a theorem that appears to be of valuation theoretical nature.
Nevertheless, for the case of trdeg(F|K) > 0 there appears an argument in our proof which
may be rather unexpected. We have to use the existence of certain bases for the function
field F|K which we will call Frobenius—closed bases. These are bases where every p-th
power of a basis element is also contained in the basis (here p denotes the characteristic
of K). The existence of such bases is shown at the end of section 3. It seems that the
deployment of such bases is fit to replace arguments of algebraic geometry that were used
in the “classical” approaches; it would certainly be an interesting task to determine the



connection between both methods.

Our proof of Theorem 3.1 also uses reduction to valuations of rank 1; further reduction
leads to Galois extensions of degree p = char(K) > 0 over a henselian “almost” rational
function field Fy over an algebraically closed ground field. Such a Galois extension is an
Artin—Schreier—extension generated by an element ¥ with 9? — 9 = a € Fy if char(F) = p,
and a Kummer—extension (by a p-th root of an element a € Fp) if char(F) = 0. We
deduce a normal form for a which allows us to read off that the extension is defectless. A
normal form for a can also be read as a result on the structure of the group Fy/o(Fo) resp.
F5¢J(Fy)P. Such results can already be found in the work of Hasse, Whaples and others,
in the article “Eliminating wild ramification” of H. Epp [EPP], and in Matignon’s proof
of Theorem 3.1. In the case of char(F') = 0, we have taken over Matignon’s approach to
replace a former proof which worked with extensions of the form ¥ — ¢ = a € Fjy but
did not lead to a normal form result for a (since it was an indirect proof, replacing an
extensions which was assumed to be immediate, by other immediate extensions).

A main application of generalizations of the Grauert-Remmert Theorem is that they
enable us to define a defect for valued function fields, which has good properties if the
function field has no transcendence defect. For an arbitrary algebraic extension L|K of
valued fields, the defect is defined to be

(LM K"

AL = ALK = 6y oK) (£ K]

if the extension L"|K" is finite; here the henselization K" is always chosen inside of L".
The defect is a measure for the deviation from the property of being defectless. It is also
possible to use the respective ramification fields in the place of the henselizations in order
that the definition works in all cases where the extension L"|K" of the ramification fields
is finite; if in addition also L"|K" is finite then both definitions coincide (cf. p. 21 and
Lemma 2.11). Now the defect of a valued function field F|K may be defined to be

d(F|K) = Sup d(FIK(T))

where the supremum runs over all transcendence bases 7 of F|K. For the case that F|K
has no transcendence defect, we will show in section 5 that this supremum is a finite
number and moreover, that it is equal to d(F|K (7)) for every valuation transcendence
basis 7 of F|K; this is the assertion of Theorem 5.4. A valuation transcendence basis
is a transcendence basis with special valuation theoretical properties, comparable to the
additional properties of a basis to be a valuation basis. Both, valuation bases and valuation
transcendence bases are defined and their basic properties are outlined in section 2.

Again, Theorem 5.4 was independently obtained by Ohm [OHM3]| in the case where
trdeg(F|K) = trdeg(F|K). He calls this result “Independence Theorem” since it shows the
independence of the defect from the chosen valuation transcendence basis. In section 5, we
will carry through a closer investigation of the defect of function fields without transcen-
dence defect, in particular, we will connect it to certain algebraic extensions of the ground
field K and their defect, cf. Theorem 5.4 and Corollary 5.6.

Matignon [MAT?2] and later Green, Matignon and Pop [GMP)] use a different definition
of the defect of valued function fields for the formulation and the proof of important
genus reduction inequalities. These inequalities connect the genus of a function field F|K



of transcendence degree 1 (where K is the exact constant field) with the genera of the
reduced function fields
Flv|K/v (1<i<ys)

where the valuations v; are distinct prolongations of a given valuation v on K, all valuations
being of rank 1 and such that all extensions F'/v; | K/v are transcendental, hence finitely
generated of transcendence degree 1. The defect used here coincides with the “henselian”
defect that we have introduced above, if (K, v) is henselian (see [GMP] for details). Recent
generalizations of Matignon’s results to valuations of arbitrary rank (cf. [GMP]) have led
to an increased interest in several possible notions of the defect for valuations of arbitrary
rank (and the corresponding independence results).

Matignon and Ohm (cf. [MAT2],[OHM3|) have used a completion defect which measures
the defect (for valuations of rank 1) using completions instead of henselizations; it can
be analogously defined for valued function fields. This defect is always less or equal to
the henselian defect. In [MAT2|, Matignon has shown an independence result for the
completion defect of valued function fields (for valuations of rank 1). Apart from the
defect for general function fields without transcendence defect that we discussed already,
we will study in section 5 a possible generalization of the completion defect. Since for
valuations of arbitrary rank, the completion is in general not henselian, we will measure
the defect over the completion of the henselization: we will define the completion defect to
be

dm (L|K) := d(L"|K") |

where “/” denotes the completion of a henselization. This defect coincides with
Matignon’s and Ohm’s completion defect if the valuation is of rank 1.

We will characterize those extensions for which the completion defect is equal to the
henselian defect, and compute the defect quotient which will be defined to be the quotient
of the henselian defect and the completion defect:

_AWE) (D Kl
Ao () = G () ~ [ K]

insep

where “.¢” denotes the completion (cf. Corollary 5.14). For the proof, a special character-
ization of elements of henselizations is required. We will discuss this when talking about
approximation types.

The completion defect of valued function fields without transcendence defect may be
defined similarly as it was done for the henselian defect. In subsection 5.2, we will prove the
Independence Theorem for the completion defect and the defect quotient (Theorem 5.22).
Furthermore, we will study the behaviour of henselian defect, completion defect and defect
quotient under a given decomposition of the valuation (Corollary 5.8 and Corollary 5.33).

A valued field K is called c—defectless (resp. q—defectless) if every finite extension L|K
has trivial completion defect (resp. defect quotient). As an analogue to Theorem 3.1, we
will prove for the defect quotient:

(Theorem 5.20) Let F' be a henselian function field without transcendence defect over
K. Assume that K is a g—defectless field or that v(K) is not cofinal in v(F). In both cases,
F is a q—defectless field.

The properties of being “c—defectless” or “q—defectles” are weaker than “defectless”.
Another pair of weaker properties are inseparably defectless (= every finite purely insepa-
rable extension is defectless) and separably defectless (= every finite separable extension
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is defectless). For the first property, a theorem which corresponds to Theorem 3.1 is the
following;:

(Theorem 4.16) Let F|K be a henselian function field without transcendence defect. If
K is inseparably defectless then F' is inseparably defectless.

A special case of this theorem is actually one step in the proof of Theorem 3.1, but results
from section 4 are needed to obtain it in full generality.

The corresponding theorem for the second property is:

(Theorem 5.29) Let F|K be a henselian function field without transcendence defect. If
K is separably defectless and v(K) is cofinal in v(F') then F is separably defectless.

For the proof of this theorem, we will first study the properties of separably defect-
less fields in section 4. This will enable us to characterize these fields as just being the
c—defectless fields, and on the basis of this identification the theorem will be proved in
section 5 (cf. Lemma 5.28 and Theorem 5.29). Since the notion “separably defectless”
appears to be quite natural, this identification also shows that it is a reasonable approach
to measure the defect over the completion of the henselization. This in turn means that
completions are of interest even for valuations of arbitrary rank; indeed, they eliminate
immediate extensions of a very special form (which in some sense are not as “wild” as the
other immediate algebraic extensions of henselian fields).

Section 4 is devoted in particular to the characterization of henselian defectless fields.
The result which is used for the proof of Theorem 5.29 is the following:

(Theorem 4.19) Let K be a separable—algebraically complete (= separably defectless hen-
selian) field of characteristic p > 0. If in addition K¢|K is separable, then K is algebraically
complete.

A slightly different characterization is given by the following Corollary to Theorem 4.19
which we also involve in our study of separably tame fields:

(Corollary 4.20) Let K be a henselian field of characteristic p > 0. If K is a separable—
algebraically complete field, then K¢ is an algebraically complete field, and vice versa.

Furthermore, we will prove

(Theorem 4.17) Let K be a separable-algebraically mazimal field of characteristic p > 0.
If in addition K s inseparably defectless, then K is algebraically complete.

This theorem shows that a valued field is algebraically complete if and only if it is algebra-
ically maximal and inseparably defectless (since the two latter properties are consequences
of “algebraically complete”).

The key to these theorems and to other results in section 4 is the closer investigation
of immediate extensions of degree p (where 0 < p = the characteristic of the residue field
of the given valued field). These extensions are crucial since every finite extension L|K of
a henselian field K, if lifted up through a tame extension N|K, will become an extension
L.N|N which is a tower of normal extensions of degree p where some of them are immediate
if L|K is not defectless (cf. Lemma 3.15). This reduction to normal extensions of degree p
is also a main ingredient of the proof of Theorem 3.1 in section 3. If the characteristic of
K is p, then normal extensions of degree p are either purely inseparable or Artin—Schrei-
er—extensions. Both are studied in section 3 and 4. In the setting of section 3, we will
deduce certain normal forms for Artin—Schreier—extensions in order to prove that they are



defectless under the given assumptions. After gaining some familiarity with such Artin—
Schreier—extensions, the significance of Frobenius closed bases is no longer as surprising as
may appear at first sight.

The characterization of henselian defectless fields which is given by Theorem 4.17, is
very helpful if one wants to construct henselian defectless fields, as it is done in section 10.
The “classical” method of just taking maximally valued fields (which are always henselian
defectless fields) is too coarse for certain purposes, and section 10 establishes an interesting
example for this fact. Dealing now with nonperfect fields of characteristic p > 0, we will
give a valuation theoretical axiom (suggested by L. van den Dries) for valued fields of
p—degree 1 (cf. page 168):

melyﬂxo, vy Tp—1 -
(xo=0Vu(ze) =0) AN x =y —y+ag+tal + ...+t ah . (3)

We will show that it is satisfied by all maximally valued fields of p-degree 1, hence in
particular by the power series field IF,((t)). On the other hand, we succeed in constructing
an algebraically complete field (K, v) of p—degree 1 which does not satisfy this axiom: there
is an element x € K which is not of the form

v=y’ —y+zo+tal + .+ b with zg=0Vv(zg) =0 (4)
in K. But we will construct an immediate function field of transcendence degree 1 over
(K,v) in which x is of the form (4). The model theoretical consequence of this will be
discussed later. Here, we should state that it can be deduced that F' cannot be a henselian
rational function field over K, hence Theorem 7.1 does not remain true if “tame” (which
is equivalent to “algebraically complete and perfect” if char(K) = p > 0) is replaced just
by “algebraically complete”.

Finally, we want to mention valuation theoretical results obtained in section 9 by an
application of one of the model theoretical results, namely the AKE-principle for tame
fields (which we will describe later).

In the article [KP], Prestel and the author deduced results on places of function fields
over ground fields of characteristic 0, using the AKE—principle for henselian fields of resid-
ual characteristic 0. By an application of the AKE-principle for tame fields, it is possible
to generalize two results of [KP] to the case of perfect ground fields (of arbitrary charac-
teristic). The generalization of the Main Theorem of [KP| reads as follows:

(Theorem 9.1) Let F|k be a function field in n variables with perfect ground field k. Let
Q be a place of Flk and x1, ..., Ty, Typi1y -y Tmrs € F'. Then there exists a place P of F|k
with a finitely generated residue field over k such that

Q) = x;P for 1<i<m,
vo(x;) = wvp(x;) for m+1<i<m+s.

Moreover, if r1 and dy are natural numbers satisfying
dim(Q) <dy <n-1, r(Q)<r;<n-—d,

then P may be chosen to satisfy in addition:



(1) dim(P) = dy and FP is a subfield of a purely transcendental extension of the
perfect hull of F'Q), finitely generated over k,

(2) rr(P) =1 and vp(F) is a finitely generated subgroup of a discrete lexicographic
extension of the p—divisible hull of vo(F'), where p = char(k) > 0 or p =1 if char(k) = 0.

For the other generalized result, see Theorem 9.2, p. 165. Note that the second impor-
tant ingredient for the proof of these generalizations is Lemma 6.6 on relatively algebraically
closed subfields of tame fields, which we have already introduced above.

1.2 Results on the model theory of valued fields.

The theory of henselian function fields that we have described so far, has interesting appli-
cations to the model theory of valued fields. We will consider AKFEfields, i.e. valued fields
(K, v) that satisfy the following Ax—Kochen—Ershov—principle (“AKE-principle”):

if (L,v)|(K,v) is an extension of valued field such that

v(K) <3 v(L) and K <3 L,

i.e. v(K) is existentially closed in v(L) in the language of ordered groups resp. K is exis-
tentially closed in L in the language of fields, then

(K,v) <3 (L,v)

i.e. (K,v) is existentially closed in (L, v) in the language of valued fields.

For a submodel N of a model M, the notion “A/ <3 M” means that every existential
sentence with constants from N, which holds in M, will also hold in N. An elementary
class of valued fields, in which every member is an AKE-field, will be called AKFE—class.
This notion is basic, in so far as model completeness and completeness results may be
derived from it. Indeed, if an elementary class K of valued fields is an AKE—class, then it
is model complete, provided that the classes

v(K) = {v(K)|(K,v) € L}
K = {K| (K ek}

of value groups and residue fields are elementary model complete classes. Furthermore,
in many cases completeness can be deduced from model completeness by means of prime
models.

The following classes of valued fields were shown to be AKE—classes (in literature, this
was usually implicitly proved by corresponding model completeness results):

a) The class of all algebraically closed valued fields (by A. Robinson [ROB]J). This may be
viewed as the beginning of the (explicit) model theory of valued fields. For applications of
Robinson’s result in number theory, see [ROQ2].

b) The class of all henselian fields of residual characteristic zero (by Ax and Kochen [AKI]
and, independently, by Ershov [ER3]). An application of this result to diophantine prob-
lems concerning the p-adics was given by Ax and Kochen in [AK1]. A short proof, this
time using the notation “existentially closed”, and an application to places of function
fields was given by Prestel and the author in [KP].
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¢) The class of all p-adically closed fields (by Ax and Kochen [AK2| for p-adically closed
fields; cf. also Prestel and Roquette [PR]).

d) The class of all henselian valued fields of finite ramification (by Ershov [ER5]; cf. also
Ziegler [ZIE]).

e) The class of all algebraically maximal Kaplansky—fields (by Ershov [ERA4]; cf. also Ziegler
[ZIE]).

f) The class of all separable—algebraically maximal Kaplansky—fields of characteristic p > 0;
but here one has to add predicates for p—independence to the language of valued fields (by
Delon, cf. [DEL1]); this means that the AKE-principle is restricted to separable exten-
sions L|K. “separable-algebraically maximal” means that these fields have no separable—
algebraic immediate extension. This result is interesting in so far as a weakening of the
condition “algebraically maximal” may be compensated by additional predicates.

In addition to these results, we will prove in section &:
(Theorem 8.9) Ewvery tame field is an AKE-field.

(Theorem 8.20) Let (K,v) be a separably tame field and (L,v)|(K,v) a separable ez-
tension. If v(K) <3 v(L) and K <35 L, then (K,v) <3 (L,v).

Direct proofs for all above classes to be AKE—classes may be carried out by means of
embedding lemmata. It is deducible from general model theory that (K, v) is existentially
closed in (L, v) if and only if (L, v) is embeddable over (K, v) into every | L|T—saturated ele-
mentary extension (K,v)* = (K* v*) of (K, v); by an “embedding of (K, v)” we will always
mean a valuation—preserving embedding. This makes sense since we assume v(K) <3 v(L)
and K <5 L which by the same principle as we have sketched for valued fields, shows that
v(L) may be viewed as embedded into v*(K*) over v(K), and L/v as embedded over K /v
into K*/v*; here “/v” and “/v*” denote the respective residue fields. (Note that v*(L*) is
|L|*—saturated and thus also |v(L)|t—saturated, and an analogue holds for L*/v*). Fur-
thermore, it is deducible from general model theory that (L, v) is embeddable in this way
if already every finitely generated subextension (Lg,v) of (L, v)|(K,v) is embeddable over
(K,v) into (K,v)*. Now a finitely generated extension Ly|K is nothing else but a function
field over K, so at this point, we encounter anew valued function fields.

On the other hand, it can be shown that a valued field will only satisfy the AKE-
principle if it is henselian (more precisely, it must even be algebraically complete, cf.
Lemma 10.2). In the above approach this means that (K,v) and also (K,v)* (being an
elementary extension of (K,v)) will be henselian. In this situation, we will ask for an
embedding of a henselization (Lg,v)" of (Lg,v) over (K,v) into (K,v)*; such embedding
would yield the desired embedding of (L, v) just by restriction. Though we are now dealing
with the larger field (Lg,v)", we gain the possibility of using helpful structure theorems for
the henselian function field (F,v) = (Lo, v)".

To illustrate this, we want first to sketch the case where the extension (F,v)|(K,v)
is immediate: let us assume v(K) = v(F) and K = F, which trivially yields that the
conditions “v(K) <3 v(F)” and “K <3 F” are fulfilled. In addition, let us assume that
the transcendence degree of F'|K is 1. In order to solve the embedding problem, a suitable
property has to be imposed on (K,v) (as we have mentioned already, (K, v) has to be
algebraically complete if the AKE—principle should be satisfied in the simple language of
valued fields).

Let us now assume that (K,v) is a tame field. By Theorem 7.1 that we have cited
above, we know that (F,v) is a henselian rational function field (K (x),v)" for a suitable
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x € F which is transcendent over K. Using that (K,v)* is highly enough saturated
by assumption, it is possible to embed (K (z),v) over (K,v) into (K,v)*, cf. Embedding
Lemma III, p. 149. Such embedding can be prolongated to an embedding of K (x)"; this
follows from the fact that (K, v)* is henselian and the universal property of henselizations
(they are “minimal” henselian extensions, i.e. they admit a valuation preserving embedding
into every other henselian extension field). The henselization may be viewed as a certain
closure which is unique up to valuation preserving isomorphism. It is interesting to see
that apart from the above approach which uses the henselian rationality, the embedding
problem for the mentioned classes a) — e) may as well be solved by using the uniqueness
(up to valuation—preserving isomorphism) of suitable closures:

— the algebraic closure in the case of algebraically closed valued fields,

— the henselization for the classes as described in b), ¢), d),

— the henselization and its maximal algebraic purely wild extensions in the case of
Kaplansky—fields.

(A similar situation is found for real fields: the uniqueness of the real closure may serve to
prove an embedding lemma from which model completeness can be deduced.)

The solution of the special embedding problem yields that tame fields are existentially

closed in every immediate extension of transcendence degree 1 (cf. Corollary 8.7). On the
other hand, we are able to show that this does not remain true if “tame” is replaced by
“algebraically complete”. This is done in section 10 by using the example that we have
introduced above. Recall that this example consists of an algebraically complete field (K, v)
of p—degree 1, admitting an element x € K which is not of the form (4), together with an
immediate function field (F, v) of transcendence degree 1 over K in which x is of the form
(4). The fact that x is of the form (4) is an existential sentence with just two constants,
namely = and ¢, both of them being elements of K. Since this sentence holds in F' but not
in K, we see that (K,v) is not existentially closed in the immediate function field (F,v).
Hence we conclude that
in general, algebraically complete fields do not satisfy the AKE-principle.
Moreover, since every maximally valued field (of p-degree 1) satisfies the axiom (3) as we
mentioned above, (K,v) is an example of an algebraically complete field which does not
have the property of admitting a maximal immediate extension in which it is existentially
closed. On the other hand, the latter property can be shown to imply “algebraically com-
plete” (cf. Lemma 10.2), so it is stronger than “algebraically complete”. It is an open
question whether this property allows an algebraic axiomatization.

For the proof of the AKE—principle for tame fields, it is necessary to deal also with
the case of henselian function fields without transcendence defect. From Theorem 3.1 we
will deduce in section 8 the AKE—principle for extensions without transcendence defect of
algebraically complete fields:

(Theorem 8.4) If (L,v) is an extension without transcendence defect of the algebraically
complete field (K, v) then the “side conditions”

v(K) <3v(L) and K <3 L

imply
(K,U) =3 (L,U) :
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Note that this theorem is not only of interest for the proof of the AKE-principle for
tame fields: contrary to the case of immediate extensions, it works already for all al-
gebraically complete ground fields. There is no elementary axiomatization of the class of
extensions without transcendence defect of algebraically complete fields, hence at this point
it turns out to be adequate to investigate a single extension rather than all extensions in an
elementary class. Moreover, the notion “<3” appears to be more adequate than “<”, since
Theorem 8.4 becomes false if we replace <5 by <. As an example for this fact, we can use
again the algebraically complete field (K, v) which does not satisfy the axiom (3). Indeed,
we will construct (K, v) to be an extension without transcendence defect of the henselian
field (IF,(t),v)" (valued such that v(t) is the smallest positive element in the value group),
and this extension even satisfies

WIF,0)") =Z < v(K)

IF,(Hh=1F, < K;
on the other hand, we will show that (IF,(t), v)" satisfies (3); this will be done in Lemma 10.3.
Since (K,v) does not satisfy (3), we have (IF,(t),v)" £ (K, v).

Let us return again to the class of tame fields. This class appears at the first glimpse to
be only a slight generalization of the class of all algebraically maximal Kaplansky—fields,
since only condition (Kf 3) is dropped. Nevertheless, this turns out to be a qualitative
difference in two respects. Firstly, it allows a fruitful application to places of function fields
over perfect fields of positive characteristic, whereas to our knowledge, the AKE—principle
for algebraically maximal Kaplansky—fields has found no applications to algebra (except
for the subclass of algebraically closed valued fields which is already covered by Robinson’s
model completeness result). Though the very special form of Kaplansky—fields has evoked
a nice structure theory (Kaplansky [KAP1]) and a nice Galois theoretical interpretation
(cf. [KPR]), it seems that for applications, these valued fields are of minor interest.

Secondly, with tame fields of positive characteristic we encounter the first AKE—class of
fields whose maximal immediate extensions are in general not unique up to isomorphism.
We may thus conclude that this property is not necessary for fields to be AKE-fields, and
it is adequate to replace its use by a good structure theory for henselian function fields.

Thirdly, our results on tame fields enable us to transfer our approach for tame fields to
the classes a) — e) mentioned above. This gives a unified proof for the fact that all these
classes are AKE—classes, see section 8.4. The proof is based on criteria for AKE—classes
that reflect main properties of tame fields which we have used in our proof of Theorem 8.9.

Finally, let us point out that model theoretical questions about valued fields have led
to the discovery of the interesting new axiom (3) for valued fields, and a whole scheme
of axioms related to it, which remain to be studied carefully. Since these axioms show a
certain relation to the theory of purely wild extensions of henselian fields, there is some
hope that they are fit to replace the insufficient axiom “algebraically complete” in the case
of nonperfect fields. But also from the valuation theoretical viewpoint, the investigation
of fields satisfying these axioms should be interesting and fruitful.
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1.3 A valuation theoretical tool of independent interest: approx-
imation types.

We will use the new notion of approximation types at several instances. We use them
instead of pseudo Cauchy sequences which have been developed by Ostrowski [OS] and
Kaplansky [KAP1]. The concept of approximation types is more intrinsic than the one
of pseudo Cauchy sequences, and they eliminate the arbitrariness that lies in the choice
of one single pseudo Cauchy sequence. Moreover, they facilitate computations as well
as the comparison of two different elements in a valued field extension concerning their
approximation by elements from the ground field.

One basic advantage of approximation types in comparison to pseudo Cauchy sequences
is that they allow the treatment of elements in valued field extensions with a uniform
machinery, whether the extension is immediate or not. For instance, an element in a
valued field extension L|K may be the limit of a pseudo Cauchy sequence over K, whereas
over an intermediate field K’ of L|K it may not. In this situation, pseudo Cauchy sequences
are not adequate for a proper analysis. Furthermore, only pseudo Cauchy sequences which
cannot be prolongated, carry the full information. For the formulation of certain properties,
one would thus be forced to restrict the scope to those pseudo Cauchy sequences which are
maximal, i.e. which cannot be prolongated. In contrast to pseudo Cauchy sequences, the
definition of approximation types guarantees in itself the maximality, the full information.

In section 2, we will give a purely valuation theoretical definition of approximation
types. They may be viewed as filters which do not forget the values, or as a collection of
cosets. In section 11, we will give a full presentation of the theory of approximation types
as far as we were able to develop it. Since we are trying by this to replace a classical notion,
we did not respect the frame that is set by applications in other chapters; in other words,
we have developed the major part of the theory for its independent interest. It covers the
theory of pseudo Cauchy sequences and exceeds it at several points.

Starting from the abstract valuation theoretical definition of approximation types, we
will show in section 11 how approximation types can be determined by sets of simple
formulas, which may be considered as subsets of 1-types over the valued ground field.
We will also show the relation to the reduct of these types to the language of valued
vector spaces over the given ground field. This idea is recovered later when a transfer of
Kaplansky’s theory of pseudo Cauchy sequences leads to the determination of valued vector
spaces whose valuation is fixed by the approximation type. The interpretation of approxi-
mation types as subsets of 1-types also enables us to show that every approximation type
over a valued ground field K is realized by an element z in a valued field extension, so
an approximation type is no longer as abstract as appeared by its definition. In certain
cases (e.g. if the approximation type is immediate, cf. section 2), we may even assume that
(K,v) is existentially closed in (K (x),v).

The immediate approximation types are the analogue to pseudo Cauchy sequences. For
them we will define a degree and the distinction whether they are algebraic or transcendent.
Parallel to the theory of Kaplansky, we will show that algebraic approximation types
are realized in certain immediate algebraic extensions, and that transcendent approxi-
mation types are realized in certain immediate transcendent extensions. As to these results,
they are merely a transposition of Kaplansky’s work, just a bit more detailed. Then
associated minimal polynomials may be associated to algebraic approximation types; these
are the potential minimal polynomials for those immediate algebraic extensions in which
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the approximation type can be realized. In his Lemma 10 in [KAP1] which Kaplansky
states without using it further, the idea is expressed that for such associated minimal
polynomials, interesting normal forms can be found. However, Kaplansky’s hypothesis
in Lemma 10 is quite restrictive. Developing Kaplansky’s approach further, we will give
normal forms in full generality.

One reason for the deployment of approximation types is to distinguish properties of
elements in valued field extensions over a common ground field by their approximation
types over that ground field. This principle will be used in section 4 for the classification
of immediate extensions of degree p of a henselian ground field. A second application is
the proof that approximation types of elements in henselizations over a valued field have
a special structure. This leads to the following lemma which in turn is used for the study
of the completion defect:

(Lemma 11.92) Let z,y € K, y ¢ K. Assume appr(y, K) = appr(z, K) and z € K".
Then
[K"(y) : K" < [K(y) : K]

In particular, K(y)|K is not purely inseparable.

A particularly interesting application of the theory of immediate approximation types
is the following. In our study of immediate henselian function fields it is a question of
central importance whether a given immediate henselian function field of transcendence
degree 1 is henselian rational and which are its henselian generators. This amounts to the
determination of the degree

(K (2)" - K(y)"]

for elements y € K(x)" \ K which are not necessarily polynomials in x. Under certain
hypotheses, we can determine this degree by relating it to the relative approximation
degree h (x : y) which we define in section 11.3. Assume that (K, v) is algebraically maxi-
mal or just that the approximation type appr(x, K) is transcendental. If y is a polynomial
f(z), then by a combination of Kaplansky’s results with Hensel’s Lemma, we get

[K(2)" : K(f(2))"] < hg(a: f(2))

(cf. Lemma 11.58). If moreover we assume that the rank of (K, v) is 1 and that x does not
lie in the completion of (K, v), then for every y € K(x)", we can prove

[K(x)": K(y)"] <hg(z:y),

cf. Lemma 11.60, and
K(z)" = K(y)" <= hg(e:y) =1,

cf. Corollary 11.64. These results and the further theory of relative approximation de-
grees constitute the main ingredient in the proof of the pull down principle for henselian
rationality through tame extensions (see section 7.2).

Through all of these examples, it appears that the tool of approximation types is
suitable to describe properties and situations which had been remote before. We hope that
the approaches and tools as well as the new results that we introduce in this thesis, will
help to get access to some of the unsolved problems in valuation theory and the model
theory of valued fields.

®
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2 Preliminaries.

Throughout our investigations we will work in a large enough fixed algebraically closed
topologically complete valued field (£2,v) that contains all other appearing valued fields.
In doing so, every appearing field (K, v) has a unique henselization (K", v) which is the
relative henselization inside the henselian field (€2,v). In this sense we will speak of the
henselization of a field K. In an analogous way we will speak of the completion K¢ of K,
assuming for the moment that this completion is the unique one in €, i.e. that v(F) is
cofinal in v(€2). This guarantees that for every extension L|K of valued fields we will have
K" C L" and moreover that for every extension L|K with v(K) being cofinal in v(L) we
will have K¢ C L°¢. For general valuation theory and in particular for the definition and
the properties of henselization and completion, see [RIB1].
Here are some basic definitions of objects that we will deal with:

An extension field F' of a valued field K will be called a henselian function field if it is
the henselization of an ordinary valued function field Fj over K. If F'is the henselization
of a rational function field Fy over K then F' will be called a henselian rational function
field over K. Furthermore, F' will be called a subhenselian function field over K if its
henselization is a henselian function field over K, i.e. if F'is an intermediate field between
a suitable function field and its henselization. Finally, an algebraic extension L|K will be
called h-finite if the extension L"|K" is finite. For h-finite extensions and subhenselian
function fields we note the following easy observations:

Lemma 2.1 Let E and F be subhenselian function fields over K. Then for every trans-
cendence basis T of F|K, the extension F|K(7T) is h—finite. If E is algebraic over F, then
E|F is an h-finite extension. Any h—finite purely inseparable extension is finite.

For a finite extension L|K over a henselian field K we will denote by d(L|K) the

ordinary defect of the extension L|K i.e.

L : K]
L: K| (o(L): 0(K))

d(LIK) =

Here, the prolongation of the valuation v from K to L is uniquely determined since K is
assumed to be henselian. But also in general the prolongation is fixed by our convention
to work in a comprising valued field €2, thus it is convenient to take the following definition
for the defect of an extension of not necessarily henselian fields: for an h—finite extension
L|K over an arbitrary, not necessarily henselian field K we define the defect of L|K to be

d(L|K) = d(L"K") .

In the literature, it is sometimes called the henselian defect. An h—finite extension L|K is
called defectless if d(L|K) = 1. Note that in the case of a finite normal extension L|K, this
extension is defectless in the sense defined here if and only if it is defectless in the classical
valuation—theoretical sense, i.e. if

[L:K]=e-f-g

where g is the number of different prolongations of the valuation v from K to L, and e resp.
f are the ramification index resp. residue degree common to all these prolongations. The
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valued field K is called a defectless field if every finite extension of K is defectless. Similarly,
it is called separably defectless if every finite separable extension of K is defectless, and
inseparably defectless if every finite purely inseparable extension of K is defectless.

For the most general definition of the defect see (9) on page 21 below. This definition
will work for extensions L|K for which the extension L"|K" of their respective ramification
fields is finite. It will be employed when we study the behaviour of the defect under
decompositions of the valuation.

Finally, we recall the following definitions which we will frequently use. An extension
L|K of valued fields is called immediate if v(L) = v(K) and L = K. (Note that in
particular, the henselization of a valued field is an immediate extension.) We will need the
following general lemma:

Lemma 2.2 Let (L, P)|(K, P) be a valued field extension and P = QQ a decomposition
of the place P. Then (L, P)|(K, P) is immediate if and only if vg(L) = vg(K) holds and
(LQ,Q)|(KQ, Q) is immediate.

The proof is left to the reader.

A valued field K is called algebraically maximal if it admits no nontrivial immediate
algebraic extension, and maximal or maximally valued if it admits no nontrivial immediate
extensions at all. K is called algebraically complete if it is henselian and defectless, i.e.

if every finite extension L|K admits a unique prolongation of the valuation and satisfies
[L:K]=e-f.

2.1 Some generalities about the defect and defectless fields.
The following lemma is an easy consequence of our definition of the defect:

Lemma 2.3 A wvalued field K is a defectless field if and only if its henselization is a
defectless field. The same holds for “separably defectless” and “inseparably defectless” in
the place of “defectless”.

Furthermore we note the important

Lemma 2.4 (Lemma of Ostrowski)
The defect d(L|K) is always a power of p where p = char(K) > 0 resp. p =1 if char(K) =
0. In particular, every valued field of residue characteristic 0 is a defectless field.

For the proof cf. [RIB1], p. 236, Théoreme 2. In the literature it is even more usual to
call e the defect of L|K if p¢ = d(L|K) (which turns the multiplicativity of the defect
into additivity), but we suggest our use of the defect because it makes formulas easier and
allows a generalization to valued vector spaces which will be developped in a subsequent

paper.

Let us also recall

Lemma 2.5 Fvery algebraically complete field is algebraically maximal since the defect of
a finite immediate extension equals the degree of the extension. FEvery algebraically maximal
field is henselian since the henselization is an immediate algebraic extension. For valued
fields of residue characteristic 0, the properties “henselian”, “algebraically mazimal” and
“algebraically complete” are equivalent by the Lemma of Ostrowsk:.
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A subset S of a valued extension field L of K will be called linearly valuation—independent

over K if

v(sé CsS) = min v(css)
for every choice of coefficients ¢; € K, only finitely many of them being nonzero. In
particular, a set S is linearly independent over K if it is linearly valuation—independent
over K. A basis B of the valued field extension L|K will be called valuation basis of
F|K if it is linearly valuation-independent over K. We note the following two well known
lemmata:

Lemma 2.6 Let L|K be a valued field extension and
{21, oy Zmy U1, ooy} C L

such that the values v(z1), ..., v(zy) € v(L) belong to different cosets modulo v(K) and that
Uy, ..., Uy, are elements of O having residues Uy, ..., u, € L which are linearly independent
over K. Then S = {zu; |1 <i<m,1<j<n} is linearly valuation—independent over
K.

Lemma 2.7 Assume that the finite valued field extension L|K admits a unique prolon-
gation of the valuation from K to L. Then L|K is defectless if and only if it admits a
valuation basis. If L|K admits a valuation basis, then it also admits a valuation basis
containing 1.

The defect is multiplicative in the following sense:
Let L|K and M|L be h-finite extensions. The defect satisfies the following product formula

dM:K)=d(M:L)-d(L: K) (5)

which is a consequence of the multiplicativity of the degree of field extensions and of
ramification index and inertia degree. This formula implies:

Lemma 2.8 M|K is defectless if and only if M|L and L|K are defectless.

Corollary 2.9 If K is a defectless field and if L is a finite extension of K then L is also
defectless. Conversely, if there exists a finite extension L of K such that L is a defectless
field and the extension L|K is defectless, then K is a defectless field. The same holds for
“separably defectless” and “inseparably defectless” in the place of “defectless”.

For some proofs in the sequel we assume the reader to be familiar with tame and purely
wild extensions of valued fields as described in [KPR]. Their definitions and some basic
facts will be recalled at the beginning of section 6. We will now consider the behaviour of
the defect when a finite extension L|K of a henselian field K is shifted up through a tame
extension N|K. We will frequently use the (absolute) ramification field K" of the henselian
field K, which we take to be the ramification field of the extension K*?|K, where K*%
denotes the separable-algebraic closure of K. By Proposition 4.1 of [KPR] is the unique
maximal tame algebraic extension of K; it is a normal separable extension of K. By
Lemma 4.2 of [KPR], an algebraic extension L|K is purely wild if and only if it is linearly
disjoint from K"|K. If K is not henselian, then K" is defined to be the ramification field
of K"; since K" is uniquely determined by working in a fixed valued universe, so is K.
Moreover, we need the following information on K":
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Lemma 2.10 Let L|K be algebraic. Then L™ = L.K"; consequently, if L C K", then L™ =
KT". The separable-algebraic closure K*% is a p—extension of K for p = max{1,char(K)}.
Furthermore, LN K"|K is the mazimal tame subextension of L|K, and L|LN K" is purely

wild.

Proof: For separable extensions, the first assertion follows from [END2], page 166,
(20.15) b) (where we put N = K*% since we are considering the ramification field of the
separable extension K*®|K ). Since a general algebraic extension can be viewed as a purely
inseparable extension of a separable extension, it remains to show the first extension for
a purely inseparable extension L|K. Here, it follows from the fact that Gal(K) = Gal(L)
and that by this isomorphism, the galois group of an intermediate field K’ of K*?|K
is isomorphic to the galois group of the intermediate field L.K’ of L*?|L. The second
assertion follows from [END2], p. 167, Theorem (20.18).

For the third assertion, the fact that K" is the unique maximal tame extension of K
shows that LN K"|K is the maximal tame extension contained in L|K. It remains to show
that L|L N K" is purely wild. By what we have shown, (LN K")" = K". Hence we have to
show that L|L N K" is linearly disjoint from K"|L N K". In view of the fact that K" is a
normal extension of K and thus also of L N K", the latter is equivalent to LN K" = LN K"
which is a triviality. O

The next lemma will be needed at several instances in our work. It shows the invariance
of the defect under a lifting up through tame extensions.

Lemma 2.11 Let K be a henselian field and N an arbitrary tame algebraic extension of
K. If L|K is a finite extension, then

d(L|K) = d(L.N|N) .

In particular, L|K is defectless if and only if L.N|N 1is defectless. This implies: K is
a defectless field if and only if N is a defectless field, and the same holds for “separably
defectless” and “inseparably defectless” in the place of “defectless”.

Proof: Weput Ly := LNK" where K" denotes the ramification field of K. Since Ly and N
are subfields of K", we have Ly = K", N” = K" and (L;.N)" = K" by Lemma 2.10. Again
by Lemma 2.10, Lg|K is the maximal tame subextension of L|K, and L|Lg is purely wild.
Thus L|Ly is linearly disjoint from K"|Ly which yields that L.N|Ly.N is linearly disjoint
from K"|Lo.N. This shows that L.N|Ly.N is purely wild and that consequently Lo.N|N
is the maximal tame subextension of L.N|N (Lo.N|N is tame since Lo.N C K" = N").
Note that Lo.N|Lg and Ly.N|K are tame extensions because Ly.N C K" = L.
Both extensions Lg|K and Ly.N|N are defectless, since they are tame; hence

d(L|K) = d(L|Ly) and d(L.N|N)=d(L.N|Lo.N) .

It remains to show d(L|Lg) = d(L.N|Lo.N). Now L|Lqy (being a purely wild extension) is
linearly disjoint from the tame subextension Ly.N|Lg of K"|Lg. In view of L.N = L.(Ly.N)
we thus find

[L.N : Ly.N| = [L: Lo . (6)
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Since L|Lyg is purely wild, v(L)/v(Lg) is a p-group and L | Ly is purely inseparable. On the
other hand, since Lo.N|Lg is tame, v(Lg.N)/v(Lg) has no elements of order divisible by p,
and Lg.N | Ly is separable. This shows that

(v(L) +v(Lo.N) : v(Lo.N)

~—

= (v(L) = v(Lo))

[ZL()N . L()N] = [L . Lo]
Consequently, we find
(v(L.N) :v(Lo.N)) > (v(L) +v(Lo.N) : v(Lo.N)) = (v(L) : v(Lo)) (7)
LN :LoN| > [L.ToN :LoN| = (L L) (®)

On the other hand, if “>” would hold in one of these inequalities, then v(L.Ny) # v(L) +
v(Ny) or L.Ny # L. Ny would hold already for a finite tame subextension Ny| Lo of Lg.N| L.
But since v(Vp) is linearly disjoint from v(L) over v(Lg) (in the group theoretical sense)
and Ny is linearly disjoint from L over Ly, we have

(0(L) +v(No) s v(L)) = (v(No) : v(Lo))
[L.No:L] = [No:Lo.

Using this and the fact that Ny|Lg is tame, hence defectless and linearly disjoint from L|Ly,
we compute:

[L.No: L] >
> L. L

I
<
5
=
h
<
e
h
=
!
£
h
2.
v
=~
£
=

showing that “=" holds everywhere and that

v(L.No) = v(L) +v(Ny), L.Ng=L.Ny .

We have shown that “=" holds in (7) and (8). From this and (6) we deduce

B [L.N : Lo.N]
d(L-N|Lo-N) = (v(L.N) : v(Lo.N)) - [L.N : Ly.N]
(L : L)

(D) v(lo) LTy

It remains to show the second assertion. Assume that N is a defectless field and let L|K
be an arbitrary finite extension. Then by hypothesis, L.N|N is defectless; hence by what
we have shown, L|K is defectless. Since L|K was arbitrary, K is shown to be a defectless
field. Note that L.N|N is separable if L|K is separable, and L.N|N is purely inseparable
if L|K is.

Conversely, assume that K is a defectless field. Since any finite extension N'|N is
contained in an extension L.N|N where L|K is a finite and, by hypothesis, defectless
extension, we see that by what we have shown, L.N|N and by virtue of Lemma 2.8 also its
subextension N’| N are defectless. Note that L|K can be chosen to be separable if N'|N is
separable, and to be purely inseparable if N’|N is purely inseparable. This completes the
proof of our lemma. O
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Corollary 2.12 Let K be a henselian field and N an arbitrary tame algebraic extension
of K. If L|K is an immediate algebraic extension, then L.N|N is immediate too.

Proof: Tt suffices to show that any finite subextension of L.N|N is immediate. Since any
such extension is contained in an extension L'.N|N where L'|K is a finite subextension
of L|K (hence immediate), we may w.l.o.g. assume from the start that L|K is finite.
Since it is immediate and K is henselian, it must be purely wild. Consequently, it is
linearly disjoint from the tame extension N|K. This shows [L.N : N| = [L : K]. From
the preceeding lemma we infer d(L.N|N) = d(L|K). Both equations together show that
L.N|N must be immediate. O

Moreover, Lemma 2.11 can be used to define a generalization of our notion of the
defect. Indeed, if L|K is an algebraic extension of valued fields such that the corresponding
extension L"|K" of their ramification fields is finite, then we define the defect of L|K to be

d(LIK) = d(L7|K") . (9)

We have to show that this definition coincides with the original definition if L|K is h—
finite. The ramification field K" of K contains the decomposition field of K which is just
the henselization K" of K, and K" is at the same time the ramification field of K". The
same holds for L. Since by definition, the defect of L|K is equal to the defect of L K" we
may thus replace K and L by their henselizations and assume from now on that L|K is an
extension of henselian fields. Now Lemma 2.11 shows

d(L|K) =d(L.K"|K") .
From Lemma 2.10 we infer L.K" = L", which shows
d(L|K) = d(L7]K7)
as desired.

In the next lemma, the relation between immediate and defectless extensions is consid-
ered.

Lemma 2.13 Let K be a valued field and F|K an arbitrary immediate extension. If L|K
is a finite defectless extension admitting a unique prolongation of the valuation, then F.L|F
is a finite defectless extension and F.L|L is immediate. Moreover,

[F.L:F)=|[L:K],
i.e. F s linearly disjoint from L over K.

Proof:  v(F.L) includes v(L) and F.L includes L. On the other hand we have v(F) =
v(K) and F = K by hypothesis. Hence

[F.L:F)> ((FL):v(F))-[F.L:F]> (L) :vK))-[L:K|=[L:K]|>[F.L:F],

hence “=" holds everywhere. This shows the asserted equation and that F.L|F is defect-
less. Furthermore it follows that v(F.L) = v(L) and F.L = L expressing the fact that
F.L|L is immediate. O

As an immediate consequence we get:
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Corollary 2.14 If K s an inseparably defectless field then every immediate extension is
separable. If K is a henselian defectless field then every immediate extension is reqular.

Now we will consider composite valuations. Let us assume the following situation:
LIK an h-finite extension of valued fields,
v a valuation on L,
P=Pr, the associated place,
P=QQ a decomposition of P,

where @ is a coarsening of P and Q is a place on the residue field LQ. If L|K is of finite
degree, then LQ|KQ is of finite degree too. Let “.*” denote the henselization with respect
to P. To study the behaviour of the defect under such decompositions of the place, we
need the following lemmata about henselian valuations and henselizations:

Lemma 2.15 (K, P) is henselian if and only if (K,Q) and (KQ, Q) are henselian.

Proof: For the proof of “and only if” see [RIB1], p. 210, Proposition 9. The other
implication is to be found in [RIB1], p. 211, Proposition 10. O

Lemma 2.16 Let (K, P) be a valued field, (K", P) its henselization and P = QQ. If
(KQ,Q) is henselian, then K" is equal to K™®) where (KM@ Q) is the henselization of
(K,Q). In general, (K"Q,Q) is the henselization of (KQ,Q), and (K", Q) is a tame
unramified extension of the henselization (K", Q) of (K, Q).

If in addition (L, P)|(K, P) is an h—finite extension, then

(LQ, QUKQ, Q)

is an h—finite extension too and the extension (L,Q)"|(K,Q)" of the ramification fields is
finite.

Proof: The first assertion is seen as follows: Let (K@, Q) be henselian. The hen-
selization (K™M@ Q) of (K,Q) has residue field K"?@Q = KQ. Now (KM% Q) and
(KM9Q, Q) being henselian it follows that (K"@) . P) is henselian too (cf. Lemma 2.15),
hence it includes the henselization (K", P) of (K, P). On the other hand (K", P) being
henselian yields that (K", Q) is henselian (again by Lemma 2.15), hence it includes the
henselization (K@ Q) of (K, Q). This shows K" = K" as contended.

The second assertion can be deduced from the first assertion: Since (K", P) is hen-
selian, (K"Q, Q) and (K", Q) are henselian too (again by Lemma 2.15), hence (K"Q, Q)
includes the henselization ((KQ)"?) Q) of (KQ,Q), and (K" Q) includes the henseliza-
tion (K™@ Q) of (K,Q). By a straightforward construction an unramified subextension
K| KM of K"MK™M? may be found such that K;Q = (KQ)"%9. Since (KQ)"9|KQ is
a separable extension, K; can be chosen such that (K, Q)|(K"@ Q) is a tame extension.
From the first assertion we conclude that the henselization K = K" must be equal to the
henselization K {L (@ whose residue field (K {L (Q)Q,@) is just the henselization of (KQ, Q).

If (L, P)|(K, P) is h-finite then (L, P)"|(K, P)" is finite and so is the extension of the
residue fields (L"Q, Q)|(K"Q, Q). By what we have just proved, (L"Q,Q) = (LQ,Q)"
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and (K"Q,Q) = (KQ, Q) hence (LQ,Q)|(KQ, Q) is an h-finite extension. Again by
what we have proved, (L"), Q)|(L, Q)" and (K", Q)|(K, Q)" are tame extensions, hence
(L,Q) = (LMP) Q)" and (L,Q)" = (L") Q)" and since LMP)|KMP) is finite, so is
(L, Q)"|(K, Q)" O

Now we are able to prove:

Lemma 2.17 In the situation as described above, the following formula holds:

d((L, P)|(K, P)) = d((L, Q)I(K, @) - d((LQ, Q)|(KQ, Q)) - (10)

In particular, (L, P)|(K, P) is defectless if and only if (L, Q)|(K,Q) and (LQ,Q)|(KQ, Q)
are defectless. This yields: (K, P) is a defectless field if and only if (K, Q) and (KQ, Q)

are defectless fields. Note that we have to use our most general definition of the defect
because (L, Q)|(K, Q) is r—finite but might not be h—finite.

Proof: From Lemma 2.16 we infer
(K"Q,Q) = (KQ,Q)" and (L"Q,Q) = (LQ,Q)"
whence

d(L"Q, QI(K"Q,Q)) = d((LQ,Q)I(KQ.Q)) -

Again from Lemma 2.16, we infer

(K",Q) € (K,Q)" and (L",Q) C (L,Q)",

whence by Lemma 2.10,
d((L", QIK",Q)) = d((L", Q)"[(K",Q)") = d((L, Q)" (K. Q)") = d((L, Q)|(K,Q)) .

Now we compute:

d((L, P)|(K,P)) = d((L, P)"|(K,P)")
(L K"]
(v(LP) - v(K™)) - [Lh: K*]
[L": K"]
(vo (L") : UQ(Kh)) (vg(LrQ) : vg(K"Q)) - [L"Q : K*Q)]
[L": K"
(vo (L") : UQ(Kh)) [LhQ : KhQ)
_ [L"Q : K"Q)]
(vg(L"Q) : vg(K"Q)) - [L"Q : KM'Q)
= d((L", QK™ Q)) - d((L"Q, Q)I(K"Q,Q))
= d((L, QK. Q)) - d(LQ, Q)(KQ,Q)) -
From this it follows immediately that if (K,Q) and (KQ,Q) are defectless fields, then

(K, P) is a defectless field too. Conversely, let (K, P) be a defectless field. Given a finite
extension (L, Q)|(K,Q), then (L, P)|(K, P) is defectless by hypothesis, and (L, Q)|(K, Q)
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is defectless by what we have just shown. Hence (K, Q) is a defectless field. Given a
finite extension (k, Q)|(KQ, Q), a straightforward construction produces a finite extension
(L, P)|(K, P) such that LQ = k. By hypothesis, (L, P)|(K, P) is defectless. By what
we have shown it follows that (k, Q)|(KQ, Q) is defectless too. Hence also (K@, Q) is a
defectless field. O

2.2 Some generalities about the transcendence defect and valu-
ation transcendence bases.

Given an extension L|K of valued fields of finite transcendence degree, we define the trans-
cendence defect to be

trdef(L|K) = trdeg(L|K) — rr(v(L)/v(K)) — trdeg(L|K)

where rr(v(L)/v(K)) denotes the rational rank of the abelian factor group v(L)/v(K), i.e.
the cardinality of any maximal set of rationally independent values of v(L) modulo v(K)
(such set we will call “a transcendence basis of v(L)|v(K)”). It follows from [BOU], chapter
VI, §10.3, Theorem 1, that the transcendence defect is always a nonnegative integer (see
also Lemma 2.20 below). If trdef(L|K) = 0 then we say that L|K has no transcendence
defect. If L|K has infinite transcendence degree, then we will say that L|K has no trans-
cendence defect if every finitely generated subextension F|K of L|K has no transcendence
defect.

Consider two extensions L|K and M|L, both extensions having finite transcendence
degree. Compared with the defect, the transcendence defect shows an analogous behaviour;
it satisfies the following formula:

trdef(M|K) = trdef(M|L) + trdef(L|K) . (11)

This follows immediately from the additivity of the transcendence degree and the rational
rank. We conclude:

Lemma 2.18 M|K has no transcendence defect if and only if both M|L and L|K have no
transcendence defect.

A subset T = {z1,...,2.,y1,...,ys} of a valued extension field L of K will be called
algebraically valuation—independent over K if the values v(z1),...,v(x,) are positive and
form a transcendence basis of v(L)|v(K), and yy, ..., ys are elements of Of whose residues
Vi,---,¥s form a transcendence basis of L|K. A transcendence basis 7 of L|K will be
called valuation transcendence basis, if it is algebraically valuation—independent over K.
Note that our definitions given here are not direct analogues to the definitions of “linearly
valuation—independent” and “valuation basis”. We could have had defined that 7 should
be called algebraically valuation-independent if the value of every polynomial f in K[T]
is equal to the minimum of the values of the monomials in f; indeed, every 7 which is
algebraically valuation-independent according to our definition, does also have this prop-
erty; but our definition is a bit more restrictive since this form serves our purposes better.
Nevertheless, it can be proved that whenever a set 7 satisfies the above condition on the
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value of polynomials f € K[T], then there exists an algebraically valuation-independent
set 7 C L such that K(7) = K(T").

We note:

Lemma 2.19 Let L|K be a valued field extension and T C L an algebraically valuation—
independent set over K. Then the value of every polynomial f in K[T] is equal to the
minimum of the values of the monomials in f (we will always assume that in the repre-
sentation of f, two different monomials never differ just by a constant factor from K ).
Consequently, the valuation on K(T) is uniquely determined by its restriction to K and
the values of the elements of T. Furthermore, T is algebraically independent over K.

Proof: Cf. [BOU], chapter VI, §10.3, Theorem 1. O

The connection between the transcendence defect and valuation transcendence bases is
the following:

Lemma 2.20 Let L|K be a valued field extension of finite transcendence degree with val-
uation v and place P = P,. If this extension admits a valuation transcendence basis

T ={x1,...,%,41,...,Ys}t where
the positive values v(x1),...,v(x,) form a transcendence basis of v(L)|v(K) (12)
the residues 7, . .., Js form a transcendence basis of L|K

then r = rr(v(L)/v(K)), s = trdeg(L|K) and trdeg(L|K) = r + s, hence the extension has
no transcendence defect. Moreover, the following holds:

v(K(T)) = %K)@Zv(xl)@...@Zv(xr),

K(T) = K(,....,vs) = KP(TP),

and if L is finitely generated over K then v(L) is finitely generated over v(K) and LP is
finitely generated over KP.

Conversely, if the extension L|K has no transcendence defect then it admits a valuation
transcendence basis.

Proof: The first part holds by definition and [BOU], chapter VI, §10.3, Theorem 1.
Note that z;P = 0 for 1 < ¢ < r, hence TP\ {0} = {y1 P, ....,ysP} = {v1,....ys}. If L
is finitely generated over K then L|K(7) is a finite extension, which shows that v(L) is
finitely generated over v(K) since v(K (7)) is, and that L is finitely generated over K since

K(T) is.

For the proof of the converse, we assume that the extension L|K has no transcendence
defect. We choose elements z1,...,2,,y1,...,ys in L such that v(z),... ,v(grlform a
transcendence basis of v(L)|v(K) and 77, . ..,¥s form a transcendence basis of L|K. Then

by Lemma 2.19, the system z1,...,2,,y1,...,¥ys is algebraically independent over K. On
the other hand, by hypothesis the transcendence degree of L|K is equal to r+s which shows
that the chosen elements form a transcendence basis, hence by construction a valuation
transcendence basis of L|K. a

The following corollary treats the case of an infinite valuation transcendence basis 7 :
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Corollary 2.21 Let L|K be a valued field extension and T a valuation transcendence basis
of LIK of the form

T ={x;,y;|i€l,je J} where
the positive values v(x;), i € I form a transcendence basis of v(L)|v(K) (13)
the residues yj, j € J form a transcendence basis of L|K

then L|K has no transcendence defect, and the following holds:

v(K(T)) = U(K)@G?Zv(aci),

K(T) = K(yjljeJ)=KP(TP).

Proof: The second part is immediately deduced from the foregoing lemma by means of
a transfinite induction over an enumeration of 7. The first assertion is seen as follows. If
K'|K is a finitely generated subextension of L|K, then there exist elements z1, ..., 2z, € T
such that K'(z1, ..., z,) is algebraic over K(z1,...,2,). Thus 2, ..., z, is a valuation trans-
cendence basis of K'(zi,...,z,) over K. By Lemma 2.20, it follows that the extension
K'(z1, ..., z,) has no transcendence defect. By the additivity of the transcendence defect,
we conclude that K’|K has no transcendence defect. O

Now we consider an extension L|K of finite transcendence degree and assume again
that the valuation v resp. its associated place P is composite:

P=QQ.
Then LQ|KQ has finite transcendence degree too, and the following formula holds:

trdef((L, P)|(K, P)) = trdef((L, Q)|(K, Q)) + trdef(LQ, Q(KQ,Q)) . (14)

(The proof is straightforward.) This yields:

Lemma 2.22 (L, P)|(K, P) has no transcendence defect if and only if both extensions
(L,Q)(K,Q) and (LQ,Q)|(KQ, Q) have no transcendence defect.

Now we will study the behaviour of valuation transcendence bases under decompositions
of the place.

Lemma 2.23 Let K(7)|K be an extension of finite transcendence degree with valuation
transcendence basis T = {x1,...,Zr,Y1,...,Ys}, where the values v(xy),...,v(x,) form
a transcendence basis of v(K(7T))|v(K) and the residues T, ...,Ys form a transcendence
basis of K(T)| K. Then for every decomposition P = PyP,Ps, there exists a valuation
transcendence basis

T ={a},...; x5, 0,...,ys} C K(7T)

of (K(T), P)|(K, P) which is also a valuation transcendence basis of the extensions (K(7T), P,)|(K, Py)
and of (K(T), PP)|(K, PLP,), such that (K(T), P)|[(K(T"), P) is defectless and T* has
the following property:

T ={a{PLyP|1<i<r 1<j<s a;P #0}
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is a valuation transcendence basis of (K (T )Py, P2)|(K Py, Py) and
K(T"P, = KP(T").

Here all elements y; Py are residue—transcendental with respect to P, and if Ps is trivial,
then all elements x} with xf Py, # 0 are value-transcendental with respect to P;.

For any algebraic extension L|K, the valuation transcendence basis T will satisfy in
addition that (L(T), P)|(L(T*), P) is defectless and L(T*)P, = LP,(T").

Proof: Given any decomposition P = P; P, P;, the elements y1, . .., y, have algebraically
independent residues under P = P; P; P53, hence under P; P, and P; too, as we infer from
Lemma 2.19. Furthermore, the elements y; Py, ..., ysP; have algebraically independent
residues under P, P and hence under P,, and the elements y; P Ps, ..., ysP; P, have alge-
braically independent residues under P3;. So we only have to consider the elements x;. We
choose a transcendence basis ay, ..., ay of vp,(K(T)P,Ps)|vp, (K P Py) (where A = 0 if P
is trivial), a transcendence basis ay41, . .., a, of vp, (K (7T )P)|vp, (K P) (where pn = X\ if Py

is trivial), and a transcendence basis a1, ..., a, of vp, (K(7))|vp, (K) (where v = p if P,
is trivial). All appearing values may be chosen to be positive. Let z3, ..., 2% be monomials
in xq1,...,z, over K such that

vp, (T PPy) = a; for 1<i<A

vp,(zP) = o for A<i<p
vp () = o for p<i<v.

Now the values v(z7),...,v(z}) form a transcendence basis of v(K(7))|v(K), hence v = r
and the elements 273, ..., x5 y, . .., ys form a valuation transcendence basis of (K (7'), P)|(K, P)

which we will call 7.

By construction, the values vp,(x{ P, Ps), ..., vp, (x5 P Py) form a transcendence basis of
vp,(K(T )P, Py)|vp, (K P, Py) and the Psy—residues of the elements y; P P, ..., ysP P, form
a transcendence basis of K(7)| K. The extension (K (7 )P, Py, P3)|(KP, P, P;)) has no
transcendence defect (as we know from Lemma 2.22) which shows that

$TP1P2a---7$§P1P2, NP Py, ys PPy

is a valuation transcendence basis of this extension. In particular, this shows that the
Py-residues of the elements 7Py, ...,25P,y1 P, ...,ysP form a transcendence basis of
K(T)P,P,|K P P,. On the other hand, the values vp, (73,1 F1), ..., vp,(z;,P1) form a tran-
scendence basis of vp,(K(7T)P;)|vp,(KP;). Again from Lemma 2.22 we know that the
extension (K (7)Py, Py)|(K Py, P»)) has no transcendence defect which shows that

ITPI;-.-,ZL‘;PI;y1P1,~-7y5P1

is a valuation transcendence basis of this extension. In particular, this proves that the
Py-residues of the elements zj,...,7;,91,...,ys form a transcendence basis of
K(T)P,|KP;. On the other hand, the values vp, () 4),...,vp (z}) form a transcendence
basis of vp, (K(7))|vp (K). Again from Lemma 2.22 we know that (K(7), P)|(K, P))
has no transcendence defect which shows that 7™ is a valuation transcendence basis of this
extension. From Lemma 2.20 we infer

K(T*)Pl:K((Iﬁpl,...,J]Z.Pl,ylpl,...,yspl),
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the latter being equal to K(7") because all elements z}, p+ 1 < i < v have positive vp,—
values and consequently vanish under P;. Hence 7" is equal to the valuation transcendence
basis of (K(7 )Py, P»)|(K Py, P,)) that we have constructed above.

As we have shown, the P, Py-residues of 27, ..., 2}, v1,.. ., ys form a transcendence basis
of K(7T)P, P;|K P, P,. On the other hand, the vp, p,—values of the elements x4, . .., z, form
a transcendence basis of vp, p,(K(7))|vp,p,(K) and since (K(7), PLP)|(K, P,P,) has no
transcendence defect by virtue of Lemma 2.22, these facts prove that 7° is a valuation
transcendence basis of (K(7), P\ P)|(K, PiP).

If P; is trivial, then A = 0 and the nonzero P;—residues of 7™ are just the elements z,
A+ 1=1 <1< p which are all value-transcendental with respect to Ps.

If L|K is algebraic, then 77 is also a valuation transcendence basis for L(7")|L and
L(T*)P, = LP;(T") can be derived as it was done for K in the place of L.

It remains to show that (K (7)), P)|(K(7"), P) and (L(7), P)|(L(T™), P) are defectless
extensions. The valuation v induces a homomorphism from the multiplicative group G
generated by K and the elements x1, ..., z, (as a subgroup of the multiplicative group of
K(T)) onto v(K(7)) and an isomorphism from G/K* onto v(K(7))/v(K). By construc-
tion (the elements z} were chosen to be monomials in xy, ..., z,), the multiplicative group
H generated by K> and the elements x7,...,z} is a subgroup of G, and induced by v,
the subgroup H/K* of G/K* is isomorphic to v(K(7™))/v(K). Consequently, the index
(G : H) is equal to the index v(K(7))/v(K(7")). On the other hand, the index (G : H)
cannot be smaller than the degree of the field extension K(7)|K (7 ") which is generated
by the elements x, ..., z,. Moreover, the residue fields of K(7) and K (7 ) are both equal
to K(¥1,...,¥s). Hence

[K(T) : K(T")] < (G : H) = (v(K(T)) : v(K(T7))) < [K(T) : K(T7)]

showing that “=" holds everywhere and that the extension K(7)|K(7™) is defectless, as
asserted. With the same arguments it can be shown that L(7)|L(7™) is defectless. This
completes the proof of our lemma. O

Note that in general it is not possible to choose 7" such that K(7*) = K(7). The
obstruction is that an element may be value-transcendental with respect to a composite
valuation v o w over a field K while its value with respect to v may lie in the divisible hull
of v(K) without lying in v(K) itself.

2.3 Approximation types and distances.

Let (L,v) be a valued field and R a subgroup of the additive group of L. Then v(R) is
an ordered subset of v(L). (In many of our applications, R will be a field.) Note that we
always exclude co = v(0) from v(R) and v(L). A map

A: v(R)U {0} — P(R) x P(R), a— (A, A2)

from the value set of R into the product of the power set of R with itself, will be called
approximation type over R if it satisfies A2, = () and the following conditions:
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(at 0) A CA,CR

(at 1) a>pB= A, CAj
(at 2) a,be Ay =v(a—0b) >«
(at 2°) a,be Ay = v(a—b) >«
(at 3) (v(a—b)>aNnaeA,) =be A,
(at 3°) (v(a—b) >aNha€A))=be A;

for all elements a,b € R and all values «, 3 € v(R) U {oo}. As immediate consequences of
(at 0) and (at 1) we note:

(at4) a>pF= A, CAp

(at 4°) a > 3= A CAj

for all o, 5 € v(R) U {oo}. A will be called value-immediate approximation type, if it
satisfies in addition

(at 5,) Vee RIacv(R)U{oo}: ce A, \ AL,
and residue-immediate approximation type, if it satisfies in addition
(at 5,) Vaeu(R): Ag#0= A #0.

A will be called immediate approximation type, if it is value-immediate and residue—im-
mediate.
If we write

O, = {a€R|v(a)>a}
M, = {aeR|v(a)>a}

for every a € v(R) U {00}, then every nonempty A, may just be presented as the coset
Aa = Cq t+ Oa

for an arbitrary ¢, € A, (this is the content of (at 2) and (at 3)), and every nonempty A?

may be presented as the coset

for an arbitrary ¢, € A7 (this is the content of (at 2°) and (at 3°)).
Now let x € L. Then the map
v(R) U {co} > e+ (appr(z, R)a, appr(z, R)g)
where

appr(z,R), = {reR|v(z—r)>a},
appr(z,R); = {reR|v(x—r)>a},

will be called the approximation type of x over R and will be denoted by
appr(z, R) .

This map is indeed an approximation type in the already defined sense; the proof is straight-
forward and thus left to the reader.
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Conversely, if A is an approximation type over R and there exists an element x € L
such that A = appr(z, R), then we say that z realizes A (in (L, v)). Note that A is realized
by an element of R if and only if A, # 0.

At this point, we should say some words about cuts in an ordered abelian group I'. A
Dedekind cut (or simply cut) in I' is a partition (A, A’) of " into two convex subsets A, A’
where A is empty or an initial segment of I', i.e. if « € A and I' o § < «, then § € A.
Similarly, if A’ is nonempty, then it is a final segment of ', i.e. if « € A’ and I" 3 5 > «,
then g € A

We say that the cut (A, A') is realized by the element § € T"if A < § < A’; here “0 > A”
stands for “Vy € A: § > 47 (correspondingly we will use the other relations <, >, <). If
(A, A') and (A1, A}) are two cuts then

(A,Al) < (AhA/l)

will indicate that A; \ A # 0; if in this situation, (A, A}) and (A, A}) are realized by § € T
and 6; € I respectively, then it will follow that 6 < §;. Note that every element v € T’
may itself be interpreted as a cut by taking

A={a|a<q};

hence the above rules also determine the order between an element of I' and an arbitrary
cut.

A subset T of I" determines a cut (A, A’") of I by taking A to be the least initial segment
containing T, or equivalently,

N={ael|a>T}.

This cut will also be called the supremum of T, denoted by sup T.

In a canonical way, the cut (A, A’) of T" also induces a cut (A, A)y) in every ordered
overgroup A of I, where A, is taken to be the convex hull of A in A. In particular, the
cut (A, A') of T’ determines a cut A, A’ in the divisible hull T’ of the value group I'. If this
cut is realized by an element § of T', then (A, ) is called a rational cut of ', and we will
identify it with the element §. Also in general, we will use “0” to denote a cut; since every
cut is realized in a suitable overgroup (e.g. if this overgroup is highly enough saturated),
we may always view ¢ as an element of such overgroup.

The cut 6 = (A, A\’) is called a positive cut, if 0 € A, and a negative cut, if 0 € A’
Given an integer ¢ and an element v € I', we let i -+ be the cut determined by the least
initial segment of I' containing i - A + v if ¢ is nonnegative, resp. containing i - A’ 4+ if ¢ is
negative. Note that § is positive if and only if —§ = (—1) - § is negative.

The set

AA) ={aev(R) | A # 0}

will be called the value set of A. Note that co ¢ A(A) C v(R). It follows from (at 4) that
A(A) is an initial segment of v(R), if it is nonempty. The distance dist(A) of A is the
cut induced by (A(A),v(R) \ A(A)) in the divisible hull of the value group v(Quot(R)).
Note that Quot(R) is a subfield of L and that the divisible hull of Quot(R) is just the
value group of the algebraic closure of Quot(R). If this cut is realized by an element ¢ of
v(Quot(R)), then we will call dist(A) a rational distance, and we will identify it with the
element §.
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If A = appr(z, R), then we will write
dist(z, R)

in the place of “dist(A)”. We say that the distance is assumed by an element of R if
dist(A) € v(R) U {oo} and A, # 0 for o = dist(A). The distance is finitely assumed by
an element of R if oo > dist(A) € v(R) and A, # () for o = dist(A). By writing

dist(z, R) = dist(y, R)

we will express that both distances are equal and that moreover appr(z, R) is immediate
if and only if appr(y, R) is immediate.
If M C R is an arbitrary subset, then the cut

sup{a € v(R) | A, N M # 0}

will be denoted by
diStR(ZL‘, M) s

and we have

distr(x, M) < dist(x, R) = distg(z, R) < disty(z, R) .

Let F be a formula with one free variable z (not necessarily, but usually in the language
of valued fields with constants from R); if A is an approximation type over R, then both
expressions

c /A= F(c
Vz /A: F(z)

will denote the assertion
da € v(R), a <dist(A), V8> aVz e Ag: F(z).

In particular, this assertion includes the information that there exists an element z € R
with F(z); this follows from the definition of the distance. If A = dist(x, R), then we will
also write

c/x, Vz x
in the place of “c /' A” and “Vx " A”.

Let A be an approximation type over a valued field K. Given an arbitrary polynomial
f(X) € K[X], we say that A fixes the value of f if v(f(c)) is independent of ¢ € K for
¢ /" A. A is said to be a transcendental approximation type (over K) if A fixes the value
of every polynomial f(X) € K[X]. If f(X) is a normed polynomial of minimal degree
d such that A does not fix the value of f, then it will be called an associated minimal
polynomial for A, and A is said to be an algebraic approximation type of degree d (over
K). Note that if there exists any polynomial f € K[X] whose value is not fixed by A,
then there exists also a normed polynomial of the same degree having the same property
(since this property is not lost by multiplication with nonzero constants from K). We
take the degree of a transcendental approximation type to be d = co. According to this
terminology, an approximation type over K of degree d fixes the value of every polynomial
f € K[X] with deg(f) < d. Note that an associated minimal polynomial f for A is always
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irreducible over K. Indeed, if g,h € K[X] are having degree < deg(f), then A fixes the
value of g and h and thus also of g-h. Since every polynomial g € K[X] of degree d whose
value is not fixed by A, is just a multiple ¢ - f of an associated minimal polynomial f for
A (with ¢ € K*), the irreducibility holds for every such polynomial too.

An approximation type of degree 1 is called trivial; it is of the form appr(cq, K) with
cp € K, and every such approximation type is trivial (cf. Lemma 11.39).

We will give a detailed outline of the basic properties of approximation types and
distances in the appendix.
®
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3 Function fields without transcendence defect over
defectless ground fields.

In this section, our main goal is the proof of

Theorem 3.1 Let F|K be a function field without transcendence defect. If K is a defect-
less field then F is a defectless field.

In view of Lemma 2.3, this is equivalent to:

Let F|K be a henselian function field without transcendence defect. If K is a defectless
field then F' is a defectless field.

Once proved, this theorem has important consequences which we will describe now.
We start with structure theorems for henselian function fields over defectless fields. For a
function field F|K we will denote by degree of irrationality the minimal degree of F' over
all possible transcendence bases 7 :

F: Ky = m,]l_n[F K(T)] .

If in addition, F|K is separable then we will denote by degree of separable irrationality
the minimal degree of I’ over all possible separating transcendence bases 7 :

[F+ Ksep = minlF : K(T)]

Theorem 3.2 Let K be a defectless field and F|K a henselian function field without trans-
cendence defect. Then F is a finite defectless extension of a henselian rational function
field Fy . Moreover, Fy can be chosen such that

[F: Fo) = (v(F) : v(K)) [F: F]irr (15)

tor °

where (v(L) : v(K))
K]

tor denotes the order of the torsion subgroup of v(F)/v(K) and [F :
i;y denotes the degree of irrationality of the function field F|K. Moreover,

[F: R = me[F L K (T)M (16)

where the minimum runs over all valuation transcendence bases of F|K.

Proof: Let
VY vK)=TounZ&..0aZ

where I' denotes the torsion subgroup of v(F')/v(K) and r > 0. Choose 1, ...,x, € F such
that

a; =v(x;) +u(K), 1<i<r.

<
Furthermore, let 7 C F be a transcendence basis of F'|K with
[F:K(T)]=[F: Kl -

Choose y1, ..., ys € O (s > 0) such that
T={yi, s} -
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The set 7 = {x1, ..., Tp, Y1, ..., ys} C F is algebraically valuation independent by definition.
Its cardinality is L
r+s=rr(v(F)/v(K))+ trdeg(F|K)

which is equal to trdeg(F|K) by our assumption that F'|K has no transcendence defect.
Consequently, 7 is a valuation transcendence basis of F|K. By Theorem 3.1, K(7)"
is a defectless field since by assumption, K is a defectless field. Since F' is henselian
finitely generated, it is a finite defectless extension of the henselian rational function field
Fy = K(T)" as asserted, and thus

[F: K(T)"] = (u(F) : o(K(T)))[F : K(T)] . (17)
From Lemma 2.20 we infer

v(@ = v(K)® Zv(r,) & ... ® Zv(x,) (18)
K(T) = K(@i,...7) = K(T) (19)

whence v(F)/v(K (7)) =T and

(0(F) :0(K(T))) = (v(F): v(K))tor

[F:K(T)] = [F:Kljyy
which in view of (17) proves (15).

The last assertion of our theorem is seen as follows: For every valuation transcendence
basis 7' = {z}, ..., 2., Y}, ..., y.} of the form (12) of F|K we know by Lemma 2.20 that

v(K(T) = U(fi) & Zv(x)) & ... s Zv(z).)

K(T') = Ky, -yl

where 9/, ..., v/, form a transcendence basis of F|K. Consequently, the factor group v(F)/v(K(T"))
contains an isomorphic copy of the torsion subgroup of v(F)/v(K) and we have

(W) o(K(T))) = (v(F) :v(K))
F:K(T) > [F:K]

tor

r -

F being henselian finitely generated over K, the extension F|K(7’)" is finite, and by
Theorem 3.1 it is defectless. Hence

F:K(TY) = (u(F): o(K(T)[F : K(T)
> (W(F) : 0(K))yoplF : Ky = [F 2 Fa]

which proves (16) since by construction, Fy = K (7 )" where 7 is a valuation transcendence
basis of F|K. O

Suitable conditions on the extensions of the value groups and the residue fields yield
more structural information:
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Theorem 3.3 The situation being as in Theorem 3.2, put p = char(K) and assume in
addition that p = 0 or that v(F)/v(K) has no torsion element of order p and F|K is
separable. Then there exists a valuation transcendence basis T of F|K and an element
a € F such that

F = K(T)"(a)

which is a tame extension of K(T)" satisfying
[F: K(T)"] = [K(T,a) : K(T)] = (u(F) : v(K))op - [F : Klgep - (20)
If v(K) is pure in v(F) and F|K is regular then K" is the exact constant field of F, i.e.
K'=KnF.
Conversely, if K" is the exact constant field of F' then F|K is reqular.

Proof:  We choose elements x1, ..., z, € F' as in the proof of Theorem 3.2. Furthermore,
let 7 C F be a separating transcendence basis of F'|K with

[F:K(T)) = [F: Klsep -

Choose ¥y, ..., ys € Op such that
T={Y1,Ts} -
As in the proof of Theorem 3.2 it is shown that the set
T ={x1,. ., T, y1, .., Ys} C F

is a valuation transcendence basis of F|K, that F|K(7)" is a finite defectless extension
and that (18) and (19) hold. The latter shows that

(0(F) - v(K(T)))

is equal to the order of the torsion subgroup of v(F')/v(K) and thus by hypothesis prime
to p (if p > 0), and that F|K(T) is separable. We conclude that F|K(7)" is a finite tame
extension satisfying

[F K(T)") = (v(F) s v(K))yop * [F : Klsep - (21)

Since F|K(T) is a finite separable extension, Hensel’s Lemma shows that there exists
a finite separable extension F) of K(7) within the henselian field F such that F; = F
and [} : K(T)] = [F : K(T)]. Since v(F)/v(K(T)) is a finite group of order prime
to p (if p > 0) and moreover F; = F, Hensel’s Lemma shows that there exists a finite
separable extension F, of Fy within the henselian field F' such that v(F;) = v(F) and
[Fy : [ = [v(F) : v(K(T))]. Since F5|K(7) is a separable extension we may write
F, = K(T ,a) for a suitable element a € F, and we have

[K(T,a) : K(T)] = (u(F) : o(K(T))[F: K(T)] = [F : K(T)"]

which together with (21) proves (20). By construction, F|K(7)"(a) is an immediate ex-
tension, and it is defectless by Theorem 3.1. Hence it is a trivial extension; this proves
F=K(T)"(a).
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The last two assertions of the theorem are seen as follows:
Let L be the exact constant field of F. Since F' is henselian, L includes K". Since L|K"
is algebraic, v(L)/v(K) is a torsion group included in v(F)/v(K), and L|K is an algebraic
extension included in F|K. By our assumption that F|K is separable, Hensel’s Lemma
shows that L must be the exact constant field of F|K. Hence if K" is the exact constant
field of F|K, then F|K is regular. Now assume that F|K is regular and that v(K) is pure
in v(F). This yields L = K and v(L) = v(K). Since K" is defectless by hypothesis, L|K"
is a defectless extension and since it is immediate, it must be trivial. This completes the
proof of our theorem. O

The following theorem is a version of Theorem 3.3 for stronger assumptions on the
value groups and residue fields. Note that these assumptions, even including regularity of
F|K, are always fulfilled if v(K) <3 v(F) and K <3 F (cf. Lemma 8.3).

Theorem 3.4 The situation being as in Theorem 3.2, assume in addition that v(F')/v(K)
has no torsion and that F|K is separable. Then there exists a valuation transcendence
basis T of F|K and an element a € I such that

F = K(T)"(a)
which is a tame unramified extension of K(T)" satisfying

[F - K(T)" = [K(T,a) : K(T)] = [K(T)(@) : K(T)] = [F : K]sep -

Consequently, F' is a henselian rational function field over K generated by a valuation
transcendence basis if and only if F is a rational function field over K. Moreover, F|K is
reqular if and only if K" is the exact constant field of F|K.

Proof: The theorem is an immediate consequence of Theorem 3.3 and its proof; we
only have to add the information that the element @ € F' can be chosen as to satisfy
[K(T,a): K(T)| = [K(T)(a) : K(T)]. This can be done using Hensel’s Lemma and the

fact that F|K(7) is a separable and consequently simple extension. O

A valued function field F' having the properties as described in the last structure theorem
will be called henselian almost rational function field.

If on the other hand the ground field K is not defectless, then Theorem 3.1 may be
used to define a defect for the henselian function field F|K and to put this defect into
relation to the defect that appears in certain finite extensions of K. The details are given
in section 5.

To derive model theoretic results from Theorem 3.1 we will use an embedding lemma
whose algebraic part is the following:

Lemma 3.5 (Embedding Lemma I)

Let (K,v) be a defectless field (the valuation is allowed to be trivial), F|K a henselian
function field without transcendence defect and (K*,v*) a henselian extension of (K,v).
Assume that v(F)/v(K) is torsion free and that F|K is separable.

If p:v(F) — v*(K*) is an embedding over v(K) and o: F — K*/v* is an embedding

over K, then there exists an embedding v: (F,v) — (K*,v*) over (K,v) that respects p
and o, i.e. v*(i(a)) = p(v(a)) and t(a)/v* = o(a) for alla € F.
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Here, the embeddings of value group and residue field are understood to be monomorphisms
of groups resp. fields. On the other hand, the notation “u: (F,v) — (K*,v*)” indicates
an embedding of valued fields, i.e. a valuation preserving monomorphism:

Veel: 2 € Op < 1x € O~ .

The embedding lemma which is based on the above lemma and the model theoretic result
derived from it are to be found in section 8. For the proof of Lemma 3.5, observe that in
view of Theorem 3.4, it is an immediate consequence of the following

Lemma 3.6 (Embedding Lemma I')

Let F|K be a henselian function field admitting a valuation transcendence basis T such
that F|K(T)" is a finite tame unramified extension. Let the assumptions on (K*,v*) and
on the embeddings of v(F) and F be as in the preceding Embedding Lemma I. Then there
exists an embedding v: (F,v) — (K*,v*) over (K, v) that respects o and .

Proof:  First we will construct the embedding for K(7") and then we will show how to
prolongate it to F'.

Let the given valuation transcendence basis 7 be of the form (12). We choose elements
Y, ...,z € K* such that v*(z}) = p(v(z;)), 1 < i < r. The values v*(z}),...,v*(z].) are
rationally independent over v(K) since the same holds for their foreimages v(x), ..., v(x,)
and this property is preserved by every monomorphism over v(K). Next, we choose ele-
ments ¥y, ..., ys € Og. such that y;/v* = o(75), 1 < j < s. The residues y; /v*, ..., y,/v*
are algebraically independent over K since the same holds for their foreimages 71, ..., 75
and this property is preserved by every monomorphism over K. Consequently, 7' =
{2, ..., 2l v, ...,y.} C K* is an algebraically valuation-independent set over K. Recall
that for every polynomial f in K[7], the value of f is equal to the value of (exactly) one of
the monomials appearing in f (which is the unique monomial having the minimal value),
cf. Lemma 2.19. The same is true for all polynomials in K[7"]. This shows that both sets
7T and 7' are algebraically independent over K, so that the assignment

i, Yy 1<i<r, 1<j<s

induces an isomorphism ¢ : K(7) — K (7). Furthermore, it shows that this embedding
of K(7T) into K* respects the restriction of p to v(K (7)) and the restriction of o to K (7).

By the universal property of henselizations (cf. [RIB1], H 3), p. 176), ¢ extends to a
valuation preserving embedding of K (7)" into K* since by hypothesis, K* is henselian.
Since K(7T)"|K(7T) is immediate, this embedding trivially also respects the above men-
tioned restrictions of p and o. Through this embedding, we will from now on identify
K(T)" with its image in K*. To simplify notation, let us put L = K (7).

Now we have to prolongate ¢ (which by our identification has become the identity) to
an embedding of F' into K* (over L) which respects p and o. This is done as follows:
By hypothesis, F|L is finite, tame and unramified. Consequently, F|L is a finite separable
extension, generated by one element, say a. Let f € Op[X] be monic such that its residue
polynomial f is the minimal polynomial of @ over L; by hypothesis, f is separable. Hensel’s
Lemma shows that there exists exactly one root a of f in F' having residue @, and exactly
one root @’ of f in the henselian field K* having residue o(a). The assignment

a—a
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induces an isomorphism ¢ : K(a) — K (a’) which is valuation preserving since L is hen-
selian. F'|L being unramified, L(a)|L is unramified too. Thus ¢ respects p (which after the
above identification is the identity). We have to show that ¢ also respects o.

Let n = [L(a) : L]. Since the elements 1,@,...,a"! are linearly independent, the basis
1,a,...,a" ! is a valuation basis of L(a)|L. Let g(a) € L[a] where g € L[X] is of degree

< n; if the value of g(a) is zero, then g € Op[X] and thus which shows g(a) = g(@). In
this case,

u(g(a)) = g(a’) = g(d') = g(oa) = o(g(a)) .
This proves that ¢ respects o.

We have constructed an embedding of L(a) into K* which respects p and o. But since F|L
is a finite tame and unramified extension, we have

[F:Ll=[F:Ll=[L(a): L] = [L(a) : L]

which shows F' = L(a), and ¢ is the required embedding. O

We will now carry out a stepwise reduction of the proof of Theorem 3.1 in the sub-
sections 3.1 to 3.6. After this reduction the proof will split into two parallel parts, one
for fields of characteristic p > 0 (subsection 3.7) and one for fields of characteristic 0 with
residue characteristic p > 0 (subsection 3.8). Note that in case of char(K) = 0, Theo-
rem 3.1 is a trivial consequence of the Lemma of Ostrowski (Lemma 2.4). So

we will always assume in the following that

p =char(K) > 0.

3.1 Reduction to henselian rational function fields of transcen-
dence degree 1.

To attack the problem of proving Theorem 3.1 we want to begin with the following reduc-
tion:

Lemma 3.7 To prove Theorem 3.1, it suffices to prove

(R) Every henselian rational function field of transcendence degree 1 without transcen-
dence defect over a defectless field is a defectless field.

Proof:  Assume that F' is a henselian function field without transcendence defect over
the defectless field K and that assertion (R) is true. Let n = trdeg(F|K).
If n =0, then F is a finite extension of K and hence defectless by Lemma 2.9.
Let n > 1, and assume that Theorem 3.1 was already shown to be true for every henselian
function field of transcendence degree < n. Choose any x € F' which is transcendent over
K. Let Fy be a henselization of K(x) inside the henselian field F. By Lemma 2.18, both
extensions

F|Fy and Fy|K

have no transcendence defect. Since Theorem 3.1 is assumed to be true for henselian func-
tion fields of transcendence degree 1 and thus for Fy|K, Fy is a defectless field. By the
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induction hypothesis we know that Theorem 3.1 is true for every henselian function field
of transcendence degree n — 1, thus for F'|Fy showing that F is a defectless field. O

In the preceding proof, the transcendent element z may be chosen such that
— either its residue 7 is transcendent over K,
— or its value v(z) is rationally independent over v(K).

This is possible since by hypothesis F'|K has no transcendence defect which means that
F|K is transcendent or v(F)/v(K) has rational rank > 1.

In the first case we call x residue—transcendental, in the second case value—transcendental
over K. If one of these cases holds for x, we call x valuation—transcendental. Hence we
can reformulate the lemma in the following way:

To prove Theorem 3.1, it suffices to prove:

(R1) Ewvery henselian rational function field of transcendence degree 1 with a valuation—
transcendental generator over a defectless ground field is a defectless field.

In the residue-transcendental case, the valuation on K () is nothing else but the func-
tional valuation or Gauf3 valuation associated to x, i.e. for a polynomial

flx)=co+cx+...+ca" € K|x]

we have
o(f(2)) = min (e,
and consequently
v(F)=v(K) and F = K(T) . (22)

In the value-transcendental case, the valuation on K(z) is uniquely determined by the

cut which is induced by v(x) in the divisible hull v(K) = v(K) of the value group v(K)
(cf. subsection 2.3). Given a polynomial f(z) like above we have

v(f(x)) = min (v(c;) +iv(z))

0<i<n

and consequently
v(F)=v(K)® Zv(z) and F =K . (23)

3.2 Reduction to algebraically closed ground fields.

Now we want to reduce further to the case where, in addition, K is algebraically closed.
Note that every algebraically closed valued field trivially is a defectless field.

Lemma 3.8 To prove (R1), it suffices to prove

(R2) Ewvery henselian rational function field of transcendence degree 1 with a valuation—
transcendental generator over an algebraically closed ground field is a defectless field.
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To prove this lemma, we assume K ()" to be a henselian rational function field over
the defectless field K with a valuation—transcendental generator x as described in the last
section. The assumption of the lemma implies that the henselian rational function field
K(x)", which is a henselization of the rational function field K (z), is a defectless field.
From this we have to deduce that K(x)" is a defectless field. This deduction will be done
now in a more general setting. For its description we need the following definition. Let
F|K be an extension of valued fields. We call F|K valuation-regular if

— the residue field extension F|K is regular
— the value factor group v(F')/v(K) is torsionfree.

If K is a henselian defectless field then every valuation-regular extension F'|K is regular.
This can be seen as follows. Since K is relatively algebraically closed in F' and v(F)/v(K)
is torsionfree, the relative algebraic closure of K in F' must be an immediate extension of
K. Hence it is equal to K since K is defectless and thus admits no nontrivial immediate
algebraic extensions. To show that F' is linearly disjoint from K over K, let L|K be a finite
extension. By assumption on K, L|K is defectless, i.e. [L: K| =[L: K] - (v(L) : v(K)).
Since F|K is regular and v(F)/v(K) is torsionfree, we have (for any fixed extension of the
valuation v from F to F.L):

[FL:F)>[F.L:F]=[L:K|
(v(F.L) s v(F)) = (v(F) + (L) : v(F)) = (v(L) : v(K))
hence
[F.L:F) > (u(F.L):v(F))-[FL:F
> (v(L):v(K))-[L:K|=[L:K]|>|[F.L:F]
showing that in all these inequalities, “=" holds everywhere and that there exists only one

extension of the valuation v from F' to F.L . In particular, we get
v(F.L) =v(F) +v(L) and F.L = F.L .

This will also hold if L|K is an infinite extension since for every o € v(F.L) there is already
a finite extension Ly| K such that o € v(F.Lg), and a similar argument works for the residue
fields. We have proved:

Lemma 3.9 Let K be a henselian defectless field and F|K a valuation—regular extension.
Then the following holds: for every finite extension L|K there exists a unique valuation
v on F.L extending the valuation v of F, and F.L|F is defectless. Furthermore, every
algebraic extension L|K satisfies:

v(F.L)=v(F)+v(L) and F.L=F.L. (24)

On the other hand, it proves that F' is linearly disjoint from every finite extension L
over K. This yields the following

Lemma 3.10 If K is a henselian defectless field and F|K is a valuation—regular extension,
then F|K is regular.

From (22) and (23) we see that K (z)"| K is valuation-regular if z is valuation—transcenden-
tal over K. Thus our Reduction Lemma 3.8 will follow from
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Lemma 3.11 Let F be a valuation—reqular extension of the defectless field K. If F.K is
a defectless field, then F is also a defectless field.

Proof: Assume that F.K is a defectless field. To prove that F is a defectless field we may
assume by Lemma 2.3 that F' is henselian; indeed, F'|K is valuation—regular if and only if
F" K is valuation-regular, and F K is a defectless field if and only F h K is a defectless
field (this follows from Lemma 2.3 and (F.K)" = (F" K)"). We may also assume that K
is henselian since in view of the fact that the henselization of K is an immediate extension
of K, we may replace K by its henselization in F*. Given a finite extension E|F, we want
to show that E|F is defectless. By our assumption on F.K we know that F.K|F.K is
defectless, i.e.

since F and thus also F.K is henselian. Now we choose a finite extension L of K as large
as to guarantee

[E.L:F.L)=[EK:FK];

this equation then will also hold for every algebraic extension of L in the place of L. After
a suitable finite enlargement of L, also the following equations will be satisfied:

v(E.L) +v(F.K) =v(E.K)

EL. FK=FEK;

Y

this is true because the extensions
v(E.K) D v(F.K) and E.K|F.K

are finite and thus generated by the values resp. residues of finitely many elements from
E K.
Using the preceding equations, we deduce

[E.L:F.L > (v(E.L):v(F.L)-[E.L:F.L
> (v(BE.L) +v(F.K):v(F.L)+v(F.K)) - [EL.FK : F.L.F.K]

= (WEK):v(FK))-[EK:FK|=[EK:FK|=[EL:FIL],

hence “=" holds everywhere showing that E.L|F.L is a defectless extension. On the other
hand, we know by Lemma 3.9 that F.L|F is defectless. Consequently, F.L|F and its
subextension E|F are defectless. This proves our lemma, thereby completing the proof of
Lemma 3.8. O

3.3 Reduction to finite rank.

In this section we want to show that for the proof of (R2) we may assume in addition
that the ground field K has finite rank. Again, we prove a more general lemma. For
its formulation, we need a definition that generalizes the definition of “valuation-regular”
given in the previous section. Two extensions L|K and N|K are called valuation—disjoint
if
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(a) L is linearly disjoint from N over K,

(b) w(L) is linearly disjoint from v(V) over v(K) (in the group—theoretical sense).

Note that an extension F|K is valuation-regular if and only if it is valuation—disjoint from
KIK.

Lemma 3.12 Let K be a valued field and Ey|Fy an extension of valued fields such that
K.E1|K.Fy is h—finite. Assume further that there exists a subfield k of Fy and K such that

1. k.Ey|k.Fy is defectless,
2. k.Ey|k.Fy is valuation—disjoint from K.Fy|k.F}.

Then these properties remain true if k is replaced by an arbitrary subfield K' of K con-
taining k. In particular, K.E\|K.F is defectless, and

[(k.E)": (k.F)" = [(K'.E)": (K'.F)" = [(K.E)" : (K.F,)"].

Proof:  Since v(k.E}) is linearly disjoint from v(K.Fy) over v(k.Fy) and k.F; is linearly
disjoint from K.F| over k.F;, we find for every subfield K’ of K which contains k:

(W(K'.E) oK' F)) > (0(k.Ey) + oK .F): oK .F)) = (v(k.Ey) : v(k.Fy))
KB K.F] > [FE.K.F K. =[kE kEF].

Using this and the hypothesis that k.F;|k.F} is defectless, we deduce

[(k.E)": (k.F)" > [(K'.E)": (K’.Fl)h]i(v([i.El) cv(K'.F)) - [K".Ey : K'.F)
> (v(k.Ey) :v(k.FY)) - [k.Ey: k.Fy] = [(k.E)": (k.F})"]

showing that “=" holds everywhere. This proves that K'.F;|K'.F} is defectless and that
[(K'.E)": (K'.F)" = [(k.Ey)" : (k.F})"]. Moreover, it yields

’U(K/.El) = U(k.E1)+U<K/.F1)
K'E, = k.E,.K'F,.

On the other hand, v(k.Ey) + v(K'.Fy) is linearly disjoint from v(K.Fy) over v(K'.Fy) as
well as k. By . K'.F is linearly disjoint from K.F} over K'.F;. This proves that K'.E; is
valuation—disjoint from K.F; over K'.F}. O

With the help of this lemma, we achieve the next reduction step:

Corollary 3.13 To prove (R2), it suffices to prove

(R3) Ewvery henselian rational function field of transcendence degree 1 with a valuation—
transcendental generator over an algebraically closed ground field of finite rank is a defect-
less field.

Proof:  Let F = K(x)" be a henselian rational function field with a valuation—trans-
cendental generator x over the algebraically closed field K. Let E be a finite extension of
F. Assuming (R3) we want to show that F|F is defectless. Let k' be a finitely generated
field and FE a finite extension of k’(x) such that
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1. (K.E\)" = E,
2. [EM: K (2)"] = [E : K(x)"].

The second property will remain true for every subfield of K containing k', hence in par-
ticular for the algebraic closure k of &’ that is contained in the algebraically closed field K.
(k,v) has finite rank since k has finite transcendence degree over its prime field. By hy-
pothesis (R3) and Lemma 2.3, the extension k.E;|k(x) is defectless. If we are able to show
that k.E; is valuation—disjoint from K (z) over k(x), then it will follow from the previous
lemma that the extension K.E;|K(x) is defectless. Since (K.E))" = E and K(x)" = F,
this yields that E|F' is defectless, as desired.

It remains now to prove that k.E; is valuation—disjoint from K (z) over k(xz). We
consider the following two cases:

case 1: x is value-transcendental over K. Then v(k(x)) = v(k)®Zv(z), v(K(x)) = v(K)®
Zv(x) and v(k.Ey) = v(k) ® Z+v(x) for a suitable integer n since v(k) is divisible. This
shows that v(k.Ey) is linearly disjoint from v(K(z)) over v(k(z)) since v(x) is rationally

independent over v(K). Furthermore, k(z) = k = k.E; since k is algebraically closed,
showing that k.F) is linearly disjoint from K(x) = K over k(x).

case 2: 1z is residue-transcendental over K. Then k(x) = k(T) where k is algebraically
closed, showing that k.E; being an algebraic extension of k(Z) is linearly disjoint from
K(z) = K(T) over k(z) since T is transcendental over K. Furthermore, v(k(x)) = v(k),
v(K(z)) = v(K) and v(k.E;) = v(k) since v(k) is divisible. This shows that v(k.E;) is
linearly disjoint from v(K(x)) over v(k(z)).

This completes the proof of our corollary. O

3.4 Reduction to rank 1.

In the previous subsection, we have reduced the problem of proving Theorem 3.1 to the
proof of the following assertion:

(R3) Ewvery henselian rational function field F' of transcendence degree 1 with a valua-
tion—transcendental generator over an algebraically closed ground field K of finite rank is
a defectless field.

Note that in this case we have rk(K) < rk(F) < rk(K) + 1. Now we want to reduce
further to the case where the rank of F'is 1.

Lemma 3.14 To prove (R3), it suffices to prove

(R4) Every henselian rational function field of transcendence degree 1 and rank 1 with a
valuation—transcendental generator over an algebraically closed ground field is a defectless

field.

Proof: Let F' = K(x)" satisfy the assumptions of (R3). The assertion of (R3) is trivial
in the case where rk(F') is zero since every trivially valued field is automatically a defectless
field.

Assuming (R4) we want to show now that (R3) is true whenever oo > rk(F’) > 1. This
will be done by induction on rk(F), the case rk(F) = 1 being covered by our hypothesis
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that (R4) is true. We assume now n > 1 and that (R3) is true whenever rk(F) < n. If
rk(F) = n, then the place P = P, associated to v on F' allows a decomposition

P=QQ

where Q and () are both places of rank < n.

By Lemma 2.3, it suffices to prove that K (x) is a defectless field. Consequently, we will
consider the fields (K (), Q) and (K(x)Q, Q). To begin with, we note that by hypothesis
K and thus also K@ are algebraically closed fields. Now we will consider the following
three cases:

case 1: x is residue-transcendental over K. It follows that also x(@) is residue-trans-
cendental over K@), and in particular, it must be transcendental over K@ (according to
Lemma 2.19). Hence x is a residue-transcendental generator of the rational function field
(K(z),Q) over (K, Q). Lemma 2.20 shows that x() is a generator of the rational function
field (K (2)Q, Q) = (KQ(2Q), Q) over the algebraically closed field KQ. By our induction
hypothesis and Lemma 2.3, we know that (K (z),Q) and (K (z)Q, Q) are defectless fields.

case 2:  is value-transcendental over K, but vg(x) is not rationally independent over
vo(K). Then there is an element ¢ € K such that vg(cz) = 0; this is true since vg(K),
being the value group of an algebraically closed field, is divisible. As x is value—transcen-
dental over (K, P), so is cx. Consequently, w.l.o.g. we may assume from the start that
c = 1. Tt follows that £Q must be value-transcendental over (K@, @), and in particular,
it must be transcendental over K@) (according to 2.19). As in case 1 it is now shown that
(K(z),Q) and (K (2)Q, Q) = (KQ(zQ), Q) are defectless fields.

case 3: x is value-transcendental over K and vg(x) is rationally independent over vg(K).
This yields that x is a value-transcendental generator of (K (x), Q) over (K, (@), and from
our induction hypothesis we obtain that (K (x), Q) is a defectless field. Furthermore it fol-

lows by (23) that K(x)Q equals the algebraically closed field KQ. In this case, (K (z)Q, Q)
is trivially a defectless field.

We have obtained in every case that (K(x), Q) and (K (z)Q, Q) are defectless fields. By
virtue of Lemma 2.17 this implies that (K (z), P) is a defectless field, proving our lemma
and (R3) for 1k(F') = n. O

Note that if rk(F") = 1 then K may very well be trivially valued. But this can only appear
in the case where z is value-transcendental over K.

3.5 Reduction to extensions of degree p (= char(K) > 0).

To prove (R4), we have to prove that every finite extension E|F of a henselian rational
function field F' = K ()" satisfying the assumptions of (R4), is defectless. But the struc-
ture of such extensions cannot be easily determined. Hence we would like to reduce this
problem to the investigation of classes of extensions which are more easily describable. The
key to this reduction is the following Lemma together with Lemma 3.17 that we will prove

below. Recall that by our general assumption for the reduction steps, p = char(K) > 0.

Lemma 3.15 For every finite extension L|K, the extension L.K"|K" is a tower of normal
extensions of degree p, the separable ones being Galois extensions. For every finite extension
L|K, there is already a finite tame extension N of K" such that L.N|N is such a tower.
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Proof: We know from Lemma 2.10 that K*®?|K" is a p-extension. Then for every
intermediate fields L, Ly with [L; : Ls] = p, it follows that L;|Ly is normal since in
general the degree of the normal hull of L; over Ly must be a divisor of p!, whereas in our
case it can only be equal to a power of p; this shows that it must be equal to p. The finite
tame extension N of K" is obtained by letting it be generated by all the finitely many
elements of K" that are necessary for the defining relations of the extensions forming the
tower L.K"|K". O

The lemma shows for our present case, that E.K(z)"|K(z)" is a tower of normal ex-
tensions of degree p, the separable ones being Galois extensions and thus having the form
of Artin—Schreier—extensions if char(K) = p > 0. These two classes, the purely insepara-
ble extensions of degree p and the Galois extensions of degree p, are the classes that we
looked for. And indeed, in view of Lemma 2.11 it suffices to prove that E.K (x)"| K (x)" is
defectless. But unfortunately K (z)" is not any more of the form K (z)" to which we had
reduced because it is so easy to handle. This problem is solved by the observation that
given a finite extension E|F, it suffices already to take a finite tame extension N|K ()" to
achieve that E.N|N decomposes into a tower as described above. And Lemma 3.17 will
show that N is again (almost) of the form K (z)". The next problem appearing is the fact
that we are dealing with a tower of extensions of degree p, not only with a single one. So
we will use induction, but for that we have to know that the nice form of the field N that
we will describe in Lemma 3.17 is maintained in every step of the induction, i.e. that the
given extensions of degree p inherit this form. This will be shown in Lemma 3.19.

To begin with, we want to fix exactly what we meant by “(almost) of the form K (x)"”.
In the sequel we have to deal with the following special form of henselian almost rational
function fields:

K is algebraically closed

x is valuation-transcendental over K
F|K (z)" is finite, tame and unramified
y = 0 if z is value-transcendental;
otherwise F' = K(7,7) and

[K(z,y) : K(2)] = [K(z,7) : K(T)].

Altogether, the following considerations will show

F = K(x,y)" where (25)

Lemma 3.16 To prove (R4), it suffices to prove

(R5): Let F be of rank 1 and of the form (25). Then every Galois extension of degree p
and every purely inseparable extension of degree p is defectless.

We begin with the proof of the fact that finite tame extensions preserve the form (25).

Lemma 3.17 Let K be an algebraically closed valued field.

a) Let F = K(x)" be a henselian rational function field with a value—transcendental
generator x over K. If N|F is a tame extension of degree n, then N is a henselian rational
function field K (z')* with a value—transcendental generator x' over K satisfying (/)" = .
b) Let F = K(x,y)" be a henselian almost rational function field of the form (25) where
x 1s residue—transcendental over K. If N|F is a tame extension of degree n, then N is a
henselian almost rational function field K(x,y' )" for a suitable y' € N with

[K(x,y) : K(2)] = [K(z,y) : K@) = n- [K(z,7) : K(z)] . (26)
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Proof: a) Since N|F is tame, hence defectless, and since K(r) = K is algebraically
closed, being the residue field of an algebraically closed field, we have N = K(x) and

n=(v(N):v(K(2))) - [N: K(z)] = (v(N) : v(K(z))) .
In particular, this shows (p,n) = 1. Since v(K) is divisible, being the value group of an
algebraically closed field, this yields v(N) = v(K) ® Z*% . Knowing that %2 € v(N) and

n n

that N = K(z), we deduce from Hensel’s Lemma that there exists an element 2’ in the

henselian field N such that (2')" = x, hence v(z’) = % Now

n=I[N:K@)"] > [K@@)": K@)" = (@) v(K () =n
shows N = K (2')". By construction, 2’ is value-transcendental over K.

b) Since v(K(z)) = v(K) is divisible, we have v(N) = v(K) = v(K(z,y)). N|F is tame
by assumption, hence defectless, whence

n=((N):v(E(zy)) [N:K,y)]=[N: K y)

where N|K(z,y) is separable. Since by hypothesis K (z,y)|K(z) is also separable, the
extension N|K (z) is separable and thus admits a primitive element which we will call 7.
Knowing that 7 € N and that 7 is separable over K (), we deduce from Hensel’s Lemma
that there exists an element ¢’ in the henselian field N such that v/ = 7. Since it is possible
to choose a normed polynomial over K (z) whose reduction is the minimal polynomial of 77
over K (z), we can even achieve that

[K(x,y) « K(x)] = [N : K(2)] , (27)

hence

[K(z,y) : K(2)] = [N : K(z,y)] - [K(2,y) : K(z)] = n - [K(z,y) : K(z)] . (28)
Now K(x,y') D K(,7) = N, and
n=[N:Ky)" > [K(zy)": K@y)"] > [K(zy): K@y)] > [N K@,y)] =n

shows that N = K(z,y')" and N = K(7,'). Together with (27) and (28) this yields also
equation (26). O

Corollary 3.18 Assume that (R5) is true and let F' be of rank 1 and of the form (25).
Then F' does not admit any nontrivial tmmediate algebraic extension.

Proof: It suffices to prove that F' does not admit any nontrivial finite immediate
extension. Let E|F be an arbitrary nontrivial extension. If it is tame and thus defectless,
there is nothing to show. Otherwise we may choose by Lemma 3.15 a finite tame extension
N|F such that E.N|N is a (nonempty) tower of normal extensions of degree p and hence
possesses a normal subextension E’|N of degree p. By the preceeding lemma, N is again
of the form (25), and it has also rank 1 since it is an algebraic extension of F. From our
hypothesis that (R5) is true it follows that E'|N is defectless. Hence E.N|N cannot be
an immediate extension and in view of Corollary 2.12 this yields that E|F cannot be an
immediate extension. This proves our assertion. O

The next lemma shows how finite defectless purely wild extensions preserve the form
(25). The foregoing corollary is a main ingredient of its proof.
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Lemma 3.19 Let K be an algebraically closed field and assume that (R5) is true.

a) Let F = K(x)" be a henselian rational function field with a value—transcendental
generator x over K. If F'|F is a defectless extension of degree p, then it must be purely
wild and F' is a henselian rational function field K(x')" of the same rank as F with a
value—transcendental generator x' over K satisfying p - v(z') = v(x).

b) Let F = K(z,y)" be a henselian almost rational function field of the form (25) where x
is residue—transcendental over K. If F'|F is a purely wild defectless extension of degree p,
then F' is a henselian almost rational function field K (z',y')" of the same rank as F with
x residue—transcendental over K and

[K(2'y) : K()] = [K(2.y) - K(')] = [K(7,7) : K(7)]
and
F' = K(,y) =K@, y) =K@y
with ' = VP and iy = 7*/?. Hence F' is a tame unramified extension of K (/)" and thus

also of the form (25).

Note that the version of b) where F’|F is tame, is already contained in part b) of Lemma 3.17.

Proof: a) Since F'|F is defectless, and since K(r) = K is algebraically closed (being
the residue field of an algebraically closed field), we have F’ = K (x) and thus

p= () v(K(x))) - [F: K(z)] = (u(F') s v(K () -

Since v(K) is divisible (being the value group of an algebraically closed field), this yields
v(F") =v(K)® Z” ) We choose an element 2’ € F’ such that p - v(z') = v(x), hence

v(K(2") = v(K) EBZUE;T) =v(F").

On the other hand, K (2/) = K = F’. Now the henselian field F” contains the henselization
K(2')" and we have just shown that F'|K(2/)" is an immediate extension. But K(z')"
satisfies the conditions of Corollary 3.18, and consequently it does not admit any proper
immediate algebraic extension. This yields F’ = K(2')*. By construction, 2’ is value-
transcendental over K.

b) Since F'|F is defectless and since v(K(z)) = v(K) is divisible, we have v(F') =
v(K(z)) = v(K(z,y)) and

p=((F) :v(K(z,y) - [F: K(z,y)] = [F: K(x,y)]

where 7| K (x,vy) is purely inseparable since F'|F is purely wild by assumption. K being
algebraically closed, K(x,y) = K(7,y) has p-degree 1 and hence we have

=R ()" = R@/.5")

We choose elements z’,y' € F' such that 27 = T'/7 and 3/ = §'/?, hence K(2/,y') = F'.
On the other hand, v(K(z',vy")) = v(K) = v(F’"). Now the henselian field F’ contains
the henselization K (z,y')", and we have just shown that F'|K(z',y')" is an immediate
extension. But K(2/,y')" satisfies the conditions of Corollary 3.18, and consequently it
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does not admit any proper immediate algebraic extension. This yields F' = K(2/,y")".
From 2/ = Z'/7 and ¢/ = §'/? it follows that [K(2',y/) : K(2')] = [K(%,7) : K(T)).

By assumption, K (x,y)" is a tame extension of K (z)", thus the extension K (Z,7)|K (7)
is separable. Consequently, K (z'/?,7*/?)|K(z'/?) is separable too. This shows that by

Hensel’s Lemma we may actually choose ' in the henselian field F”’ such that

(K(2',y): K(2')] = [K(z',y) : K(2)] .
Moreover, v(F') = v(K) = v(K(2')) shows that F'|K(z')" is unramified, and it is a tame
extension since I’ | K (z') is separable, as we had just shown. Altogether, we have proved
that F” is again of the form (25). O

Now we are ready for the

Proof of Lemma 3.16:

Let F satisfy the conditions of (R4). Given an arbitrary finite extension E|F', we have to
show that it is defectless. As explained already, by Lemma 2.11 it suffices to prove that
E.N|N is defectless, where N|F is a finite tame extension such that E.N|N is a tower of
normal extensions of degree p. By Lemma 3.17, N satisfies the conditions of (R5) (note
that N is of rank 1 because it is an algebraic extension of F'). The proof that E.N|N is
defectless is now done by induction on the number of extensions appearing in the tower. If
this number is zero, the assertion is trivial. Otherwise there exists a normal subextension
E'|N of E.N|N of degree p. From (R5) it follows that this extension is defectless, and
from Lemma 3.19 we infer that E’ again satisfies the conditions of (R5) (again, its rank
is 1 since it is an algebraic extension of N). By the induction hypothesis, E.N|E’ is also
defectless since it has a smaller degree than E.N|N. Hence by Lemma 2.8, E.N|N is
defectless. O

3.6 Inseparably defectless fields. Reduction to Galois extensions
of degree p.

We will now treat the case of a purely inseparable extension. We will do this under more
general conditions than that of (R5).

Lemma 3.20 Let F' be a subhenselian function field with valuation transcendence basis T
over K and assume that F"|K(T)" is a tame extension. If K is an inseparably defectless
field of characteristic p > 0, then F is an inseparably defectless field too.

Proof: In view of Lemma 2.3 and Lemma 2.11, it suffices to show that K(7) is an
inseparably defectless field. Let 7 be of the form (12), cf. page 25.

Every finite purely inseparable extension L of K(7) is contained in an extension F =
K'(TY") = K'(t'/7" | t € T) for a suitable ¢ € IN and some finite purely inseparable
extension K’ of K. Since K'|K is algebraic, TY7 will again be a valuation transcendence
basis over K’ which shows that

v (K’(Tl/”e)> = oK)e Zv(z/")e. .. e ZZv(xMP")

()
pe

— U(K’)@ZU(;I)@...@Z
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and

RAT) = K ) = R )

whence

[B:K(T)] = [K': K] p") = (u(K') : o(K)) - p" - [K7 : K] - p*
= (v(E):v(K(T)))- [E: K(T)]

since by hypothesis K'| K is defectless. This equation shows that E|K (7 ) and thus also its
subextension L|K(7) is defectless. (Note that every purely inseparable algebraic extension
admits a unique prolongation of the valuation.) Since L|K(7) was an arbitrary finite purely
inseparable extension, we have shown that K(7) is an inseparably defectless field. O

Having proved this theorem, we don’t have to consider inseparable extensions any
longer. Namely, we get the following reduction:

Corollary 3.21 To prove (R5), it suffices to prove

(R6): Let F be of rank 1 and of the form (25). Then every Galois extension of degree p
is defectless.

The proof of (R6) will now be split into two different cases. First we will consider the
case of K having the same characteristic p > 0 as its residue field K. In this case a Galois
extension of degree p is nothing else but an Artin—Schreier—extension. The second case will
be the case of “mixed characteristic” where the field K has characteristic 0 whereas K has
characteristic p > 0. The case char(K) = 0 = char(K) doesn’t appear here since in that
case by the Lemma of Ostrowski, every field is a defectless field and therefore Theorem 3.1

is trivially true.

3.7 Galois extensions of degree p in characteristic p.

We want to prove (R6) in the case char(K) = char(K) = p > 0. In this case, every Galois
extension F|F of degree p is an Artin—Schreier—extension:

E=F0), p@)=9—-9=ackF. (29)
For c € I’ we have
E=FW+c¢), pl@+c)=0"+f—09—-—c=a+p()eF (30)

showing that all elements of the class a + @(F') determine the same Artin—Schreier—ex-
tension. We will choose a suitable representative from which we are able to read off
immediately that the extension is defectless. The following lemma shows that in the
present case, Or C p(F):

Lemma 3.22 Assume F' is a henselian field of arbitrary characteristic and F(9)|F is an
extension with 9* — 9 = a € F. Then Mp C o(F) and consequently, F(9)|F is trivial if
v(a) > 0. If in addition F is closed under Artin—Schreier—extensions, then Op C o(F);
hence in this case F (V)| F is trivial if v(a) > 0.
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Proof: If a € Mp, then the (separable) polynomial Y? —Y —a@ = Y? — Y always admits
0 as a simple root over F. If a € Op, then the (separable) polynomial Y? —Y — @ admits
a simple root over F' if I is closed under Artin-Schreier—extensions. By Hensel’s Lemma,
this shows a € p(F) in either case. O

Corollary 3.23 Assume F is a henselian field of characteristic p > 0 and F(9)|F is
a nontrivial purely wild extension with 9* — 9 = a € F. Then dist(v,F) < 0 and if
dist(9, F') = 0, then this distance is not assumed by an element of F.

Proof:  If dist(d, F) > 0 or if if dist(¥, F) = 0 is assumed by an element of F' then
there exists an element ¢ € F such that v(¢d — ¢) > 0 and consequently v(a — ¢ + ¢) =
v((9—c)?—(9—c)) > 0. Then by the foregoing lemma, either J—c € F, or v(¥—c) = 0 and
F(9 — ¢)|F is a separable Artin-Schreier—extension of degree p. In both cases, it follows
that the extension F'(¢)|F is tame since it is equally generated by the element ¢ —¢. O

3.7.A  We will first discuss the ramified case:

F = K(x)" is of rank 1 and K is algebraically closed
char(F)=p >0 (31)
x is value—transcendental over K.

In this case, F' = K (cf. (23) on page 39) and consequently, F is algebraically closed.

We will consider the ring

R=Klr, 27! (32)
which consists of all finite Laurent series of the form
o(x) = Zcixi , G €K, (33)
icl

i.e. the index set I C Z is finite.

Lemma 3.24 If F = K(z)" has arbitrary characteristic and is of rank 1 with value—
transcendental generator x, the following holds:

F =R+ Op,
i.e. R is dense in F. If in addition K is Artin-Schreier—closed, the following holds:
F=R+p(F).

( “Artin—Schreier—closed” shall indicate that every polynomial of the form X?— X —a admits
a zero, where p is the characteristic of the field).

Proof:  From the hypothesis that F' is of rank 1 we deduce that K(z) is dense in its
henselization K (z)". Consequently,

FIK(SC)—FOF

and it suffices to prove that
K(x) C R+ OF, (34)
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i.e. R is dense in its quotient field K(x), or in other words: every element of K(z) has
distance oo from R. For this it is enough to show for every 0 # ¢(x) € R:

1
dist g () (——, R) = 00 .
K@) ( o) )
Using the notation of (33) we have
v(p(x)) = melln v(cir') = v(cpa®) (35)

for a unique k € [ since x is value-transcendental over K. We write
1.~k
L g

p(r)  1—v(z)

bearing in mind that ;2" is a unit in R which yields

Y(z) =1-c;'a7"p(z) R

with v(¢(z)) > 0. The latter shows that (1 —¢)~! is a limit of the sequence of partial
sums

I
YW eR (neN)
v=0

of the geometrical series. Our hypothesis that the rank of F'is 1 implies

distp(1 11/},]%) > sup v(¢”) = 00

- velN

which shows that distg(=, R) = oo, as asserted. O

1
@’

According to this lemma, under the assumptions of (31) all Artin-Schreier—extensions
of K(z)" are already determined by elements from R. But we can do more:

Lemma 3.25 If ' = K(z)" is of rank 1 with value—transcendental generator x over a
perfect Artin—-Schreier—closed field K of characteristic p > 0, then for every a € F there
exists a finite Laurent-series o(x) € R such that

a = ¢(x) mod p(F) (36)
and, using the notation of (33),
Viel: i=0modp=¢=0.

Proof: If K is Artin-Schreier—closed, then the same holds for the residue field K.
Thus the first assertion follows directly from the previous lemma. To prove the second
assertion, we will show how to replace a summand c¢;,2/? of ¢(x) by a summand cjz/.
Then it is possible by a finite repetition of this procedure to replace a given finite Laurent
series p(z) € a+ @(F') by a finite Laurent series in a + p(F’) that satisfies also the second
assertion.
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Firstly, ¢ may be omitted since ¢y € p(F') by our assumption that K is Artin—Schreier—
closed. Secondly, let ¢; # 0 for some ¢ = jp € I, 0 # j € Z. Since K is assumed to be
perfect, we have ¢/’ € K and thus

(cia')/? = /P2 e R .
Consequently, ' '
o(z) = (x) — air’ + ¢}’P27 mod p(R)

the latter being a Laurent series with i-th coefficient equal to zero. This is the required
replacement procedure. O

Now we deduce the following normal form:

Lemma 3.26 If F satisfies the assumptions of (81) then every Galois extension E|F of
degree p has the following form:

E=F@), #-d=a=) ¢z’
iel
with finite index set I C ZZ \ pZZ and
Viel: v(ea') <O.
In particular, v(3;c; c;z') = minge; v(c;z') < 0 is not divisible by p in v(F).

Proof:  We know already that E|F is of the form (29). Since K and thus also K are
algebraically closed by hypothesis (31), we may assume in view of (30) that a is a finite
Laurent series ¢(x) satisfying the assertions of the previous lemma. We write

pla) = e’
i€l

where I C ZZ \ pZZ is finite and ¢; € K. By Lemma 3.22 we know that Op C p(F') since
F = K is algebraically closed, and in view of (30) we may thus assume that every monomial
c;x’ appearing in (z) has value < 0. Since the extension is assumed to be nontrivial, there

must at least be one nonzero monomial. The last assertion holds by (35) and the fact that
v(c;z?) is divisible by p in v(F) = v(K) @& Zuv(x) if and only if 4 is divisible by p. O

Corollary 3.27 If F' satisfies the assumptions of (31) then every Galois extension E|F
of degree p is purely wild and defectless. This proves (R6) in the ramified case (31).

Proof:  We assume that E|F has the form as described in the foregoing lemma. Since
v(a) <0, from a = 97 — ¥ it follows v(¥) < 0 and

po(9) = v(p(?)) = v(a)

Consequently,
v(¥) = wv(a)/p & v(F) .

Since p is prime, this is only possible if

(v(E): o(F) = p=[E: F]
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showing that F|F' is purely wild and defectless, as asserted. O

Note that for an extension E|F which is already of the form (29) with a satisfying (36),
the proof that F|F is defectless does not require any more a condition on the rank of F.

3.7.B Now we will discuss the unramified case:

F = K(x,y)" is of rank 1 and of the form (25)
char(F)=p >0 (37)
x is residue—transcendental over K.

In this case, v(F) = v(K) (cf. (22) on page 39) and consequently, v(F) is p-divisible.

We recall the crucial properties of the ring R as defined in (32), which enabled us to
prove (R6) in the ramified case (31).

(I) R contains K and its quotient field Quot(R) is dense in F.

(ILA) R admits a valuation basis B = {u; | j € J} over K, containing the element 1,
such that the values v(u;), j € J, form a basis of v(F") over v(K).

(III) The basis B is closed under p-th powers (p = char(K)), i.e. for every element
u; € B, the p-th power u} is also contained in B.

If the characteristic of K is p then a K-basis B having the property (III) will be called
Frobenius—closed.

For the unramified case we have to replace property (II.A) by the following property:

(I.LB) R admits a valuation basis B = {u; | j € J} over K, containing the element 1,
such that the residues u;, j € J, form a basis of F|K.

Note that the important property of R to be dense in its quotient field follows from
K C R and property (IL.A) resp. (IL.B) if I has rank 1 and is of the form (25):

Lemma 3.28 Let F be of rank 1, of the form (25) and of arbitrary characteristic. Then
the properties (1) and (II.A) resp. (IL.B) of R imply that R is dense in F. Under our
assumption (37), this implies

F =R+ p(F)

and consequently, every Artin—Schreier—extension E|F is of the form
E=F(@) with %* -9 =a€R. (38)

Proof:  The proof is an analogue to the proof of Lemma 3.24; we have to show that R
is dense in its quotient field for which it suffices to show that distp(r~!, R) = co. Assume
that there exists an element s € R* with v(rs — 1) > 0 and write

I 5
o 1—(1—rs)’

Note that 1 — rs € R and proceed as in the proof of Lemma 3.24. It remains to show
the existence of s. Now the condition K C R which is part of property (I) together with
property (II.A) resp. (IL.B) implies that v(R) = v(F) and R = F which shows that v(r)
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has an inverse in v(R), say v(s;) for suitzﬂ)le s1 € R, and it shows that the residue of the
element rs; € RN O has an inverse in R, say 33 for suitable s € R. Then the element
s = s1589 has the desired property since v(rs1s2) = v(rs;) = 0 and 75755 = 1. O

From this lemma we derive the following normal form:

Lemma 3.29 If F' satisfies the assumptions of (37) and R has properties (I) and (IL.B)
then every Galois extension E|F can be written in the form (38) with

a:Zciui, €K, ueB

icl
where I C J is a finite index set, no element u; is a p—th power in B if ¢; # 0, and
Viel: vicgu) =v(g) <0.

Consequently,
— mi ) <
v(a) rznellnv(cz) <0,
E|F being tame if v(a) = 0. Moreover, if E|F is tame then a may be chosen such that
v(a) = 0.

Proof: We know already that every Galois extension E|F of degree p is of the form
(29). According to Lemma 3.28 we assume that E|F is of the form (38) and we write

a:Zc@-ui, eK, ueB

icl
where I C J is a finite index set. Note that

v(a) = min v(ciu;) = min v(c;) (39)
since property (II.B) says that the elements u;, i € I, form a valuation basis of R over K,
and that all of them have value 0.

We may assume that no element wu; is a p—th power of another element in B since
otherwise we could use a replacement procedure similar to the one used in the proof of
Lemma 3.25, to produce a sum that satisfies this condition and is equivalent to a modulo
©(F); note that if u; # 1 then w; € F \ K which shows that there exists an integer
v = v(u;) such that u; ¢ FP”, and thus also an integer u = p(u;) < v such that u; ¢ B*".
If u; = 1, then c;u; = ¢; € K may be omitted since ¢; € p(F') by our hypothesis that K is
algebraically closed.

Furthermore, we know from Lemma 3.22 that Mp C p(F), and in view of (30) we may
thus assume that every monomial appearing in a has value < 0. Consequently, we have:

v(a) = minov(cu;) <0.
i€l
If v(a) = 0 then the residue polynomial X? — X —@ which is an Artin-Schreier polynomial,
does not admit a zero in F' since otherwise E|F would be trivial by Hensel’s Lemma,
contrary to our assumption that its degree is p. Hence in this case, E|F is a separable
extension of the same degree p as E|F. This shows that E|F' is tame if v(a) = 0. On the
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other hand, if F|F is a tame Galois extension then E|F must be separable by definition, and
since v(F') = v(K) is divisible by our assumption (37) it follows that [E : F| = [E : F| = p.
Consequently, E|F is a Galois extension of degree p and thus an Artin—Schreier—extension
generated by an Artin—Schreier-root of @ for a suitable element a € Oy. By Hensel’s
Lemma, F is then generated by an Artin—Schreier-root of a. This shows that we may
choose a with v(a) = 0 if E|F is a tame extension. O

As a further preparation we need the following two lemmata:

Lemma 3.30 Independently of the characteristic of K, (IL.B) and (III) imply that the
basis B of F|K consisting of all w;, j € J, is also Frobenius—closed. If Uy, = u,? then
U, = UL .

Proof:  Since B is Frobenius-—closed, every u} is an element of B. Hence w;? = uig»’ €B
which shows that B is Frobenius—closed. If %, = u,? then v(u,, —u?) > 0 = v(u,,) which
is only possible if u,, = u? since B is assumed to be a valuation basis. O

Lemma 3.31 Every Frobenius—closed basis z;, j € J, of an extension kslk of fields of
characteristic p > 0 has the following property: if the sum

S:Zdizi, d; € kv, I C J finite

i€l

is a p—th power, then for every i € I with d; # 0, the basis element z; is a p—th power of
another basis element.

Proof: Assume that
S = (Z deZj)p, dj/ € kl
j€Jo

where Jy C J is a finite index set. Then

Zdzzz = S = Z (dj,)pZ;p

iel j€Jo

where the elements zf are also basis elements by hypothesis which shows that every z;

which appears on the left hand side (i.e. d; # 0) equals a p-th power 2% appearing on the
right hand side. o

Now we are ready to prove:

Lemma 3.32 If in the unramified case (37) there exists a subring R C F' satisfying prop-
erties (1), (IL.B) and (II1) then every Galois extension E|F of degree p is defectless.

Proof: By Lemma 3.29 we may assume that E|F has the form (38) and that a satifies the
assertions as described in that lemma. Since tame extensions are defectless (by definition),
we only have to deal with the case where E|F is not tame; by Lemma 3.29 we may thus
assume that

v(a) = Igjﬂl)(g) =v(cx) <0
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for a suitable k£ € I. This shows v(¥) < 0, which yields

po(¥) = v(p(V)) = v(a) .

We put b = a/c; and d; = ¢; /¢y, so that v(b) = 0 and v(d;) > 0 with dy = 1. The element
n=9/c}/? satisfies v(n) = 0 and

We have

and consequently
P =b=>) d. (40)
ieJ
According to Lemma 3.30, the basis B of F|K is also Frobenius—closed, hence by virtue
of Lemma 3.31 the assumption 77 € F together with (40) would imply that every basis
element appearing in the sum is a p—th power of another basis element. In particular,
this would be the case for uy since d, = 1 makes sure that @; appears in the sum. But
according to Lemma 3.30 this would imply that also uy, is the p—th power of another basis
element, contrary to our assumption. This shows

n¢F

whence

[E:Fl=p=[E:F]
which proves that E|F' is defectless. We note that under the assumption v(a) < 0,
E=F@m=F"

which is purely inseparable of degree p over F. O

In the sequel we will show the existence of such a ring R in F'. Since K and thus also
K are algebraically closed, there exists a Frobenius-—closed basis of F over K, as we will
show in subsection 3.9. We have to lift this basis to a Frobenius—closed basis of F' over K.

Since K is algebraically closed, it contains a field of representatives for the residue field
K which we identify with K so that we may write

KCK. (41)

Then the residue map on K induces the identity on K. The embedding (41) can be
prolongated to an embedding of F into F as follows:
By hypothesis (25) we have F = K (x,y)" with

[K(z,y) : K(2)] = [K(7,7) : K(7)] (42)
where K (7,7)|K(T) is a separable extension. Let
flz,y) =0
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be the irreducible equation for z,y over K, normed such that f has integral coefficients

with f(X,Y) # 0. Condition (42) means that f(X,Y) and f(X,Y’) have the same degree
in Y; moreover we have

0f(z.9)

0 43

o # (43)

because T is a separating transcendent element for F|K. By (41) we may view the polyno-

mial f(z,Y) as a polynomial over K (z) C F; from (43) it follows by Hensel’s Lemma that

this polynomial has exactly one zero y' € F with ¥/ = 7. We have K(x,y)" C K(x,y)"

Again from (43) it follows that the polynomial f(x,Y) has exactly one root in K(z,y')"

whose residue is equal to 4 = 7. This root must be y, hence y € K(x,%)" and we have

shown

K(z,y)' = K(z,y)" = F . (44)
The residue map induces on K the identity and an isomorphism

since both a:iand T are transcendental over K. It leavef the coefficients of the irreducible
polynomial f(X,Y) fixed and sends the zero (z,y’) of f(X,Y) to the zero (Z,7), hence it
induces an isomorphism

F(l’, yl) - F(T7 y) =FI.
By this isomorphism we identify
r=T, ¥y =7
such that
FcF, F=(KF)\", (45)
the latter being a consequence of (44).

By construction, K and F' are linearly disjoint over K. We form the subring generated

by both fields in F"
R=K ®F FCF.

From (45) it follows that F' is the henselization of the quotient field of R. Since the rank
of F'is 1, the field Quot(R) is dense in its henselization, hence R satisfies property (I).
Every K-basis of I is at the same time a K-basis of R; in view of the fact that the residue
map induces the identity on F' this yields that this basis is a valuation basis and that R
satisfies (I1.B) . If we choose, as we indicated above, a Frobenius—closed basis of F|K then
R together with this basis satisfies also property (III).

We summarize what we have proved:

Lemma 3.33 In the unramified case (37) there exists an embedding of the residue field F
into I respecting the residue map such that K = K NF, that K is linearly disjoint from F
over K and that F = (K.F)". The ring R = K @ F C F satisfies properties (1), (I1.B)
and (I11).

An application of Lemma 3.32 now proves

Corollary 3.34 If F satisfies the assumptions of (37) then every Galois extension E|F
of degree p is defectless. This proves (R6) in the unramified case (37).

Note that for an extension E|F which is already of the form (38), the proof that E|F is
defectless does not require any more a condition on the rank of F.
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3.8 Galois extensions of degree p in characteristic 0.

We want to prove (R6) in the case where char(K) = 0. Every field having residue
characteristic 0 is a defectless field by the Lemma of Ostrowski (cf. Lemma 2.4). Hence it
only remains to prove our assertion under the additional assumption that F' has residue
characteristic p > 0. Recall that we assume F' to be of rank 1 and of the form (25).

Since the algebraically closed field K contains all p—th roots of unity, Kummer theory
shows that every Galois extension F of F' of degree p is of the form

E=F), 9 =beF . (46)
For every d € F* we have
E = F(dv), (d9)P =d?9* =d’b e F (47)

showing that all elements of the class a - (F*)P determine the same extension (46). Now
we distinguish three cases:

case 1: v(b) ¢ pu(F).

Then (v(E) :v(F)) =p=[E : F] and the extension E|F is purely wild and defectless;
case 2: v(b) € pu(F).

Then there exists an element d € F* such that v(d’b) = 0 and E = F(dV);

case 2.1: d’b ¢ F".

Then [E : F] = p = [E : F], E|F is purely inseparable and the extension E|F is purely
wild and defectless;

case 2.2: d’b € F".

Then there exists an element d; € O such that dfd’a =1 and E = F(d,dv).

Consequently, for our proof that E|F is defectless we may from now on assume v(b) = 0
and b = 1, thus b = 1+ a with a € Mp, hence E|F is of the form

E=F®), Y =1+a€cF with a € Mp. (48)

Note that this implies v(J) = 0.
The algebraically closed field K contains an element C' which satisfies the equation

Crl=—p.

(Let us mention that such C' is a generator of the minimal extension of @, containing all
p—th roots of unity.) Note that
C? = —pC

and

hence C' € Mp.
If we substitute Cn + 1 for 9 in (48), we get

0 = P-1—-a=Cn+1)—-1-a

p=l .
= CPpP + pC (202_11)(?)77’) +pCn —a
1=2

= O’ 4+ pCn—a mod pCMp
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because all coefficients C”'*lé ( Z; ) for 2 < i < p—1 are elements of COr C My since

( I; ) is divisible by p for such i. Dividing by C?, we obtain

n—n-— % € Mp.
We conclude that v(a/C?) < 0 since otherwise Hensel’s Lemma would show that 1 is an
element of the henselian field F, contradicting our hypothesis that F'(J)|F is of degree p.
If v(a/CP) = 0, we conclude that F(7)|F is an Artin—Schreier—extension (of degree p),
since if it were a trivial extension, Hensel’s Lemma would again yield a contradiction. In
this case, F|F is a tame defectless extension with

[E:F]l=p=I[FE:F].

Note that this case is only possible if F' is not algebraically closed.
If v(a/C?) < 0, then v(n) < 0 and v(n?) = pv(n) < v(n). Hence

o = =) = v(n) > o)

whence
a

o(iP) = v(5)
and consequently, the extension E|F has the form
E = F(Ch), v((Cn) — a) > v(a) . (19)

If we are now able to derive normal forms for a which are similar to those that we have
obtained in the case of equal characteristic char(K) = p = char(K), then we will im-
mediately know from (49) that

pv(Cn) € v(F) \ pv(F) in the ramified case, or

¢Cn” € F\ F” in the unramified case,

for a suitable element ¢ € F' with v(¢’) = —v(Cn). This would prove for both cases that
the extension E|F is defectless.

In the sequel, we will derive such normal forms for a. Since in the case of fields of
characteristic 0, we do not have the additivity of z — 2P which we used in the case of F
having characteristic p > 0 (in particular for the replacement procedure in the proof of
Lemma 3.25), we have to use here the following general lemmata:

Lemma 3.35 If

a=1+y+) 2
jed

with y,z; € Mp and a finite index set J, and if
d: (1+ZZJ')71 s
jet

then
d=1mod Mg and d’a =1+ d’y mod pMp .
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Proof:  Since all z; are elements of Mp we have

a= (14> 2)"+y mod pMp

jed
which implies the assertion by virtue of d € Op and
1
d=1+> 2z =1"=1.
jed
O

Lemma 3.36 Let F' be any henselian field of characteristic 0 with residue characteristic
p >0, and let y, 2,2 € Mp. Assume that F contains an element C with CP~' = —p. Then

l+y—pZe(l+y+z) (F)
if the following conditions hold:
1. v(zF = 2) > SHu(p),
2. 20(2) > ]ﬁv(p),
3. v(z +pZ) +v(y — pz) > JHu(p).

Proof: We compute

1 -
L%:1+Lpz~:1+z+pg+,4
I1+y—pz l+y—pz

where A € F with v(A) > v(z + p2) + v(y — pZ). Let
fX)=XP—(1+2z+pz+A).
Putting X =Y + 1+ 2, we get

f(X) = Y+1+2P-(1+24+pz+A)
= (Y4 1P+ 22 +p(Y + 1P 2+ pB— (14 2+pz+ A)
= YP+1+pY +pY2 D+ 2 +pZ+p2Y D +p2*B — (1 + 2z +pz+ A)
YP 4+ pY +pY2 D+ 2 — 2+ p2Y D' +p3*B - A

where B, D, D’ € Op[Y]. Putting Y = CZ and

1 1 -
§2) = S IX) = Lz 147,
and using CP~! = —p, we get
o2) = c{p(cpzp —(PZ - CPRZED 4 — 5 — (YD — CPIEB - A)

= ' -7 -CZ’D+C P —2)—2ZD' —C'3*B—-C?A
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with B, D, D' € Or[Z]. The polynomial g(Z) has integral coefficients and residue Z* — Z,
if the following conditions hold:
v(C) >0, v(zZP —z) > pv(C), v(Z) >0,
20(2) >v(C), v(z+pz) +v(y — pZ) > pv(C) .

In view of v(C) = v(p)/(p — 1) > 0, these conditions hold if and only if conditions 1., 2.,

3. hold. Note that v(p) > 0 since by hypothesis, char(F') = p # 0 = char(F). O

Putting Z = 0 or z = zP respectively, one deduces from this lemma both parts of the
following well known corollary:

Corollary 3.37 Let the assumptions be as in Lemma 3.36. Then:
a) 1+ye(l+y+z)-(F) ifv(z) > Fu(p).
b) 1+y—pze(l+y+2) (F*)F ifvly) =v(p) and v(Z") > v(p).

Corollary 3.38 Let the assumptions be as in Lemma 3.36. Then:
l+ye(d+y+z)-(F*) ifl+ze (F*) andv(yz) > F5v(p).
Proof: 1+ye€ (1+y+2)(F*)? is true if the following quotient is an element of (F*)P:

|
Rt T R
1+y I+y

where A € Op with v(A) = v(yz), since y, 2 € Mp. By hypothesis,

zm@:v@a>pp o(p) -

Thus by part a) of Corollary 3.37 and by our assumption on 1 + z,
L2+ A€ (142)- (F) = (FX),

as desired. O

3.8. A We will first discuss the ramified case:

F = K(z)" is of rank 1 and K is algebraically closed
char(F) =0, char(F)=p >0
x is value-transcendental over K.

(50)

In this case, F' = K (cf. (23) on page 39) and consequently, F' is algebraically closed.

As in 3.7. A we will consider the subring
R=Klr, 27!

of F'. Recall that every element of this ring is a finite sum of monomials, all of them having
different values, whose minimum represents the value of the sum (cf. (35) on page 51). From
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Lemma 3.24 we know that R is dense in F. In view of assumption (48) and part a) of
Corollary 3.37, we may thus assume from now on that

E=F@W) , =14a=1+) ¢z'€R (51)
i€l
with ¢z € Mp and I C Z finite.

Note that since K is assumed to be algebraically closed, a monomial ¢;x? is a p-th power
in F if and only if ¢ € pZZ; indeed, if i ¢ pZZ, then v(¢;x") ¢ v(K) & pZv(x) = pv(F).
Now we apply Lemma 3.35 to 1+ a, taking the elements z; to be all monomials ¢;,2’? with
jp € I and j € ZZ. We find that we may replace a by dPy + A with A € pMp, where y
contains all monomials appearing in a that are not p—th powers, and d is chosen as in the
lemma. Since d — 1 € My and R is dense in F', we may write

d= l—l—ZEixi mod pMp

iel
where all monomials ¢;x? are elements of M. Consequently,

=1+ &2 mod pMp .

iel
Since by our choice, y contains no monomials which are p—th powers, we may write

dPy+A=> cda'+ A
il
where A" € pMp and I' C ZZ \ pZZ is a finite index set. Since R is dense in F', by virtue of
part a) of Corollary 3.37 we may replace A’ by a suitable element from R which is a finite
sum of monomials which in view of (35) must have value > v(p). We have found that from
Now on we may assume:

E=F@W), ¥ =1+a=1+) ¢z’
icl
finite I C Z |
with { ¢z’ € Mg, (52)
cxt € pMp if i € pZ .

Let us assume for the following that there are no summands ¢;z° having value < v(p).
Then part b) of Corollary 3.37 shows that we may replace every monomial of the form ¢;x*
with i € pZ by the monomial —péz"/? where & is any element of K with & = ¢;. After
an iterated application we may assume that I contains no multiples of p different from 0.
To get rid of ¢y, we use Corollary 3.38, where we put

z=1cy and y = Z et .
0iel
Since K is algebraically closed, 14+ 2z = 14 ¢ is a p—th power in K and thus in F. By our
assumption that all summands ¢;z* have value > v(p), we know that v(y) > v(p) and that

v(z) = v(co) > v(p), hence v(yz) > 2v(p) = Ev(p). Now Corollary 3.38 shows that

14+ > gr' e (1+> aa’)- (FX)P.

0#£iel il
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Hence we may assume I N pZ = ().

Finally, since we know by part a) of Corollary 3.37 that we may omit every monomial
c;xt with value > ~P-v(p) appearing in a, we have derived the following normal form for
p
the case 2.2:

Lemma 3.39 Assume that F satisfies (50) and E|F is of the form (48). Then there exists
¥ € F such that '
E=F@), %=1+ ¢z
i€l
with finite index set I C ZZ and

p
p—1

Viel: 0<ov(ea') < v(p) A (v(ea') <v(p) =i & pZ) .

If there exists no i € I with v(c;x?) < v(p), then it may in addition be assumed that
INpZ =0. In any case, v(X;c; c;x") = minge; v(c;x’) is not divisible by p in v(F).

Corollary 3.40 If F satisfies the assumptions of (50), then every Galois extension of
degree p is purely wild and defectless. This proves (R6) in the case (50).

Proof: As we have discussed in the beginning, we may assume that the extension is
given in the form (46). Furthermore the assertion was immediately proved in the cases
1 and 2.1 (actually, the latter cannot appear if F' satisfies (50)). For the following we
may thus assume case 2.2, i.e. F|F is of the form (48). Consequently, we may assume
that E|F has the form as described in the preceding Lemma. From the discussion at the
beginning of this subsection, we know that the extension F|F must have the form (49),
and in particular, v(a)/p € v(E). On the other hand, we know from the preceding lemma
that the value of a is not divisible by p in v(F"). This yields

(0(E) :v(F)) =p=[E: F]

showing that E|F is purely wild and defectless. O

3.8.B Now we will discuss the unramified case:

F = K(x,y)" is of rank 1 and of the form (25)

char(F) =0, char(F) =p >0 (53)
x is residue—transcendental over K.

In this case, v(F) = v(K) (cf. (22) on page 39) and consequently, v(F) is p-divisible.
Using Lemma 3.28, we derive the following normal form:

Lemma 3.41 If F satisfies (53) and R has properties (1) and (IL.B), then for every Galois
extension E|F of the form (48), we may assume in addition:

a:rchz-ui—i—r'ER, r,”" €R, c; € K, u; €B
il
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where v € R has value 0, v € pMp, I C J is a finite index set, no element u; is a p—th
power in B, and
Viel: 0<v(rfou;) =v(¢) < P 1v(p) :
p J—
If there exists no i € I with v(c;) < v(p), then it may in addition be assumed that r = 1
and ' = 0. In any case,

ZEZlczuZ IIllIl v(cu;) = Iglel}l v(e) < pf 1U(p) (54)

and if v(cy) = v(a) for k € I then u, ¢ BP. E|F is tame if v(a) =
Conversely, if E|F' is tame then a may be chosen such that v(a) = SZv(p).

v(p) holds.

p— l

Proof: Let E|F be given in the form (48). In view of Lemma 3.28 and part a) of
Lemma 3.37, we may assume that a € R and we write

a=>Y du;, ¢, eK, u €B

el

where I’ C J is a finite index set. Since a € My and B is a valuation basis of R over K,
all monomials ¢ju; must be elements of Mg (cf. equation (39) on page 54).

First, we apply Lemma 3.35 to 1 + a, taking the elements z; to be all monomials c;.uj
with u; € BY. We find that we may replace a by dPy 4+ A, where y contains all monomials
ciu; with u; ¢ B” and d is chosen as in the lemma. We put 1’ := A € pMp. Let dy € K
be such that v(dy) = v(d) and put r = d/dy € R; consequently, v(r) = 0. From now on we
may assume

a=dy+A=1r"Y " cu;+r
il
where no element w; is a p-th power in B. Moreover, we may assume that every ¢; has
value < ﬁv(p) since otherwise, the summand may be omitted according to part a) of
Corollary 3.37. On the other hand, every ¢; satisfies v(¢;) > v(3 ¢;u;) since B is a valuation
basis of R over K by (II B), and this shows that v(¢;) > v(a) > 0; moreover, it proves (54).

For the case that there exists no i € I with v(¢;) < v(p), the further assertions on the
monomials c;u; are derived like in the ramified case (50) (cf. page 62).

Now assume that v(a) = ;Z5v(p). Then the substitution X = CZ + 1 where C'is
chosen as in Lemma 3.36, transforms the polynomial X? — (1 + a) into a polynomial in Z
with residue polynomial Z? — Z — a/CP where v(a/C?) = 0 (cf. the proof of Lemma 3.36).
This is an Artin-Schreier polynomial which does not admit a zero in F since otherwise
E|F would be trivial by Hensel’s Lemma, contrary to our assumption that its degree is p.
Hence in this case, E|F is a separable extension of the same degree p as E|F. This shows
that E|F is tame if v(a) = -E7v(p).

Assume now that E|F is a tame Galois extension. Then F|F must be separable by
definition, and since v(F) = v(K) is divisible by our assumption (53), it follows that
[E : F] =[E : F] = p. Consequently, F|F is a Galois extension of degree p and thus an
Artin—Schreier—extension generated by an Artin—Schreier-root of 7 for a suitable element
y € Op. Now choose C' as above and let f(Z) € F[Z] be the polynomial that satisfies

(CZ+1)P =CPZP + CPf(Z) — CPZ +1
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(note that C? = —p(C"); it follows that C?f(Z) € pC?*Or|Z] = CP*1Op[Z], hence
f(Z) e MplZ].
By Hensel’s Lemma, F is then generated over F' by a root of
P+ f2)-Z—y.
Multiplying by C? and transforming with X = CZ 4 1 we get a polynomial
XP — (14 CPy)

admitting a root in £ which generates the extension E|F. Moreover, v(y) = 0 and v(C?Py) =

-£7v(p). This shows that we may choose a = C*y with v(a) = JF7v(p) if E|F is a tame

1
extension. O

On the basis of this lemma, we prove:

Lemma 3.42 [f in the unramified case (53) there exists a subring R C F' satisfying prop-
erties (1), (IL.B) and (I1I), then every Galois extension E|F of degree p is defectless.

Proof: As we have discussed in the beginning, we may assume that the extension is
given in the form (46). Furthermore the assertion was immediately proved in the cases 1
and 2.1 (actually, the former cannot appear if F' satisfies (50)). For the following we may
thus assume case 2.2, i.e. E|F is of the form (48). Furthermore, we may assume that a
satifies the assertions as described in Lemma 3.41. Since tame extensions are defectless
(by definition), we only have to deal with the case where E|F is not tame; by Lemma 3.41
we may thus assume that

v(p) (55)

v(a) = rznel}lv(ci) =v(c) < p—
for a suitable k € I, i.e. v(a/C?) < 0. The discussion at the beginning of this subsection
has shown that in this case, the extension E|F is of the form (49). Now c,i,/ P'€ K since K is
algebraically closed by assumption, and pv(c,?l/an) =v(a)—v(e) =0, i.e. v(c,zl/an) = 0.
Moreover, we infer from (49) that

-,
c,;l/pC’n =afe, =) d

el

where d; = ¢;/¢x, so that v(X;c; dju;) = 0 and v(d;) > 0 with d, = 1. As in the proof of
Lemma 3.32 it is now shown that
nEr,
whence
[E:Fl=p=[E:F]
which proves that E|F is defectless and that



which is purely inseparable of degree p over F. Note that Lemma 3.30 and Lemma 3.31
which are used for the proof, are independent of the characteristic of F. O

Now we will show the existence of a ring R in F' that has properties (I), (II.B) and
(IIT). Since K and thus also K are algebraically closed, there exists a Frobenius—closed
basis B of F over K, as we will show in subsection 3.9. We have to lift this basis B to a
Frobenius—closed basis of F' over K.

By assumption, the characteristic of K is zero and the characteristic of K is p > 0.
Consequently, K contains ) and its valuation induces the p-adic valuation v, on @. Since
K is algebraically closed, it contains a valued overfield (Ky,v) of (@, v) such that Ky = K
and v(Ky) = v,(Q) = Zv(p); this field can be constructed as follows:

Take 7T to be a set of foreimages for a transcendence basis 7 of K|IF,; then 7 is a valuation—

independent set and we have @(7) = IF,(7T) and v(Q(7T)) = v(®) by Lemma 2.21. Now
K |@Q(T) is an algebraic extension which can be viewed as a transfinite tower of algebraic
extensions, every successor being a finite extension of the predecessor and the index set of
this tower being well-ordered. By induction on this well-ordering one can lift succesively
all these finite extensions preserving the degree; this is possible since we are working in
the algebraically closed field K. By this construction, we get a tower of finite extensions,
starting from the field @(7), and since all these have the same degree as the corresponding
extension of their residue fields, all these extensions will have the same value group as
@(T) which is Zv(p). The union over this tower is the desired field K.
Now by Lemma 2.20,

Ko(r) = Ko(7) = K(7) . (56)
By hypothesis (53), we have F' = K (z,y)" with

[K(z,y) : K(2)] = [K(7,7) : K(7)] (57)
where K (7,7)|K () is a separable extension. Let

flz,y) =0

be the irreducible equation for xz,y over K, normed such that f has integral coefficients
with f(X,Y) # 0. Condition (57) implies that f(X,Y) and f(X,Y’) have the same degree
in Y'; moreover we have B
0f(z,9)
9y
because T is a separating transcendent element for F'| K. By (56), we may choose a

polynomial g(X,Y") € Ko[X, Y] with integral coefficients such that ¢g has the same degree
inY as f and

£0 (58)

§<X7Y> = f(X>Y> .

From (58) it follows by Hensel’s Lemma that g(z,Y) has exactly one zero y € F with
Yy =7. We have K(x,y)" C K(z,y)" Again from (58) it follows that the polynomial
f(x,Y) has exactly one root in K (z,y')" whose residue is equal to y/ = 7. This root must
be y, hence y € K(x,y')" and we have shown

K(:zc,y’)h = K(z,y)"=F.
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Hence we assume from now on that y is algebraic over Ky(z) with
[Ko(z,y) : Ko(2)] = [Ko(7,9) : Ko(@)] = [K(2,7) : K(T)] = [K(2,y) : K(z)] .

In particular, this shows that the function field Fy = Ky(z,y) is linearly disjoint from K
over K. Moreover, we have

FO - Ko(f, y) - F

and
F = (K.Ko(z,y))" = (K.Fp)" (59)

Now we lift the Frobenius-closed K-basis B of F to Fy in the following way:
First we observe that every basis element % in B which is not equal to 1, is an element of
F\ K which implies that there exists an integer v = v(7) such that @ ¢ F* . This shows
that

B={1,7" |ncINanduecB\F"}.
For every 7 € B\ F* we choose an element u € F, with residue @. Let B’ be the collection
of all these elements u. Then

B={1,4"" |n€IN and u € B'}
is a linearly valuation-independent set and a set of representatives for B. Let
Ry = Ky[B]
be the subring of Fy generated over K, by the elements from B. Since
v(Ro) = v,(Q) = v(Fy) and Ry =F = Iy

and since the value group v,(@) is isomorphic to Z, we conclude that Ry is dense in Fj.

Recall that K and Fy are linearly disjoint over K. We form the subring generated by
K and Ry in F":
R=K® Ko R(] C F.

Since Ry is dense in Fy and K is of rank 1 by our assumption (53), the ring R is dense in
the ring
R =K®g, FoCF .

From (59) it follows that F' is the henselization of the quotient field of R’. Since the rank
of F'is 1, the field Quot(R’) is dense in its henselization, and the fact that R is dense in
R' implies that Quot(R) is dense in Quot(R’); hence R satisfies property (I).

By construction, B is a valuation basis of R over K containing 1, closed under p—th powers
and such that B is a Frobenius-—closed K-basis of F; hence R satisfies properties (II.B)
and (III).

We summarize what we have proved:

Lemma 3.43 In the unramified case (53) there exists a subfield Ko of K and a function
field Fy linearly disjoint from K over Ky such that v(Fy) = v(Ky) is discrete, Ko = K and
Fy=F. Op, contains a linearly valuation—independent set B including 1 and closed under
p-th powers such that B is a Frobenius—closed valuation basis of F' over K. The ring Ry

generated by B over Ky is dense in Fy, and the ring R = K ®g, Ry C F satisfies properties
(I), (IL.B) and (III).
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An application of Lemma 3.42 now proves

Corollary 3.44 If F satisfies the assumptions of (53), then every Galois extension E|F
of degree p is defectless. This proves (R6) in the unramified case (53).

3.9 Frobenius—closed bases of algebraic function fields.

Let F'|K be an algebraic function field in one variable with constant field K of characteristic
p > 0. Recall that a K—basis B of F|K is called Frobenius—closed if B? C B. Here B?
denotes the set of all p-th powers t? with t € B.

Lemma 3.45 If F is an algebraic function field over an algebraically closed field K of
arbitrary characteristic and q is an arbitrary natural number > 1, then there exists a basis
of F|K which is closed under q—th powers.

Proof: If FF = K(z) is a rational function field, our lemma follows from the theorem on
the partial fraction decomposition: every element f € F' has a unique representation

1
f=c+ cpx" + CanT—
et L D ey

where only finitely many of the coefficients ¢, ¢,,, ¢, € K are nonzero. If we put

1
t, = , teo =
r—a

it follows that the elements
1, t7 with a € KU{oo}, n € IN

form a K-basis of F; this basis has the property that every power of a basis element is
again a basis element.

For general function fields the theorem on the partial fraction decomposition remains
true in the following modified form (according to Hasse). Let Py, be a fixed place of F|K
and R* the ring of functions which are holomorphic in every P # P>. It is well known
that R* is a Dedekind domain with F' as its quotient field, and that the prime ideals of R*
correspond to the places P # P, of F|K. Hence by virtue of the approximation theorem
for Dedekind domains (cf. [BOU], chapter VII, §2.4, proposition 2), there exists for every
P # P a function tp € F such that

Up(tp) = —1
vo(tp) > 0 for Q # P, P .

By construction, every tp is the inverse of a uniformizing parameter for P. Every function
f € F can be expanded P—-adically with respect to such a uniformizing parameter, and the
principal part that appears in this expansion has the form

hP(f) = ZCP,TL 7]137

n>0
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where only finitely many of the coefficients ¢p,, € K are nonzero, namely n < —vp(f).
By construction, tp has only a single pole # P,, and this pole is P; the same holds for
hp(f) (if hp(f) # 0). Consequently, the function

h=f— > he(f)

P#Po
has no pole other than P, and is thus an element of R*. We have shown that f has a

unique representation
feht XY enath
P#Ps n>0

with coefficients cp,, € K and an element h € R*. This shows that the functions
tp with P # Py, ne IN
form a K—basis of F' modulo B> which has the property that every power of a basis element

is again a basis element.

Now it remains to show that R> admits a basis which is closed under ¢—th powers. An
integer n € IN is called pole number of P, if there exists a function f € R* such that
vp, (f) = —n. If we choose for every pole number n of P,, such a function ¢, € R>, we
get a K—basis

1, t, with n e IN

of R*. To get a basis which is closed under g—th powers, we have to carry out our choice
as follows:
Let H,, C IN be the set of all pole numbers. H., is closed under addition; in particular

qH. C Hy, .

For every m € H, \ ¢H, we choose an arbitrary element t,, € R* with vp_(t,,) = —m.
Every n € H,, can uniquely be written as

n=q¢"m where v >0 and m € Hy \ ¢Hw -

Accordingly we put

t, =12
which implies
vp, (tn) = ¢ -vp (tm) = —¢"m = —n .

This construction produces a K—basis
1, t7 with m € Hy \ ¢Hoo, v >0

of R* which is closed under ¢—th powers. O

For the generalization of this lemma to perfect ground fields of characteristic p > 0 we
have to choose ¢ = p:

Lemma 3.46 If F' is an algebraic function field over a perfect field K of characteristic
p > 0 then there exists a Frobenius—closed basis for F|K.
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Proof: If K is not algebraically closed, we have to modify the proof of the previous
lemma since not every place P of K has degree 1. (Such a modification is also necessary
for the theorem on the partial fraction decomposition in K (z) if K is not algebraically
closed.) The modification reads as follows:

For every place P of F|K, let
dp = [FP: K]

be the degree of P. For every P # P., we choose elements up; € R*, 1 <1 < dp, such
that their residues up P, ..., upq, P form a K-basis of FP. We note that for every v > 0,
the p”-th powers u’; , of these elements have the same property: their P-residues also form
a K—basis of F'P since K is perfect.

We write every n € IN in the form

n=p'm with me€ IN, (p,m)=1, v >0
and observe that the elements

ub th with P# Py, n€IN, 1 <i<dp
form a Frobenius—closed K—basis of F' modulo R*.

It remains to construct a Frobenius—closed K—basis of R*°. This is done as follows:
We consider the vector spaces of the multiples of the divisors nP,, in the sense of the
Riemann—-Roch Theorem:

L,=L(nPy)={xe€ F|vp, () > —nand vp(x) >0 for P # Py} .

We have Lo = K and
R®=\J L.
nelN
For
dooyn =dim L,, /L,y

we have do,, > 0 and
doon < [FPy: K] =dy .
(By the Riemann — Roch Theorem, equality holds for large enough n.)
Now for n = 1,2, ... we will choose succesively basis elements ¢, ; € L,, modulo L,,_;. Then
the elements
1, t,; with ne€ IN, 1 <7 <dy,

form a K-basis of R*. To obtain that this basis is Frobenius—closed, we organize our
choice as follows:

If n = pm, the p-th powers ¢ ; € L, are linearly independent modulo Ly(,—1) and
even modulo L,,,,—1 = L,,—;. This fact follows from our hypothesis that K is perfect: the
existence of nonzero elements ¢; € K with Zcitfn’i € Lym—1) would yield Zcil /p tm,i € L
for some k < m, a contradiction. In our choice of the elements ¢, ; we are thus free to
take all the elements ¢, ; and to extend this set to a basis of L,, modulo L,,_; by arbitrary
further elements, if necessary (for n large enough, the elements ¢, ; will already form such
a basis). This procedure guarantees that the p-th power of every basis element ¢,, ; is again
a basis element, namely equal to ¢,,, ; for suitable j. Hence a basis constructed in this way
will be Frobenius—closed. O
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4 The relation of immediate Artin—Schreier—exten-
sions and immediate purely inseparable extensions
in characteristic p > 0.

In this section, we want to classify immediate Artin—Schreier—extensions according to the
question whether they are in some sense similar to immediate purely inseparable extensions
or not. We study the relation between such immediate extensions, and the results will
enable us to break up the property “defectless field” into similar properties which only
deal with more special classes of extensions (such as “separably defectless field”). At
the end of the first subsection, we will derive some persistence results which show that
the considered properties are inherited by certain algebraic extensions. By an application
to an earlier result which was proved in section 3, we obtain Theorem 4.16 which is an
analogue of Theorem 3.1 for inseparably defectless fields.

In the second subsection, we will use these results to establish two important charac-
terizations of algebraically complete fields whose applications are to be found in section 5
and section 10.

4.1 Classification and general results.

We will consider the following situation:

LIK an immediate Artin-Schreier—extension of henselian fields of characteristic p > 0
¥ an Artin—Schreier—generator of L|K
a =pW)="w-19eK
d = dist(¢, K) the distance of ¥ from K.

Since L|K is immediate, we know by Theorem 11.27 that § > v(¢). ¢’ is another Artin—
Schreier—generator of L|K if and only if

¥ =nd+u withue Kand1<n<p-1. (60)

As a consequence, the distance § does not depend on the choice of the Artin—Schreier—
generator and is thus an invariant of the extension L|K. Assume that there exists an
Artin—Schreier—generator ¥ = 1 — ¢ with v(p(9')) = v(¥') > 05 if in this case, there exists
an Artin—Schreier-root o' (p(¢)) in K, then K (') = K by Hensel’s Lemma; otherwise
K (') is an Artin-Schreier—extension of K implying that L|K is a tame extension and
thus defectless. Since we assume L|K to be nontrivial and immediate, we deduce from

Corollary 3.23 that

Vee K:v(W—¢) <0 (61)
which shows that ¢ is a negative cut.

We will now distinguish two types of immediate Artin—Schreier—extensions. To this

end, we consider § as a cut in the value group v(K) which is equal to the divisible hull
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U(A[%) of the value group v(K). This is done in the way as described in section 2.3, page 30:
if 6 = (A, A’) in v(K), then A is the convex hull of

A(appr(d, K)) = {v(d —¢) | c € K}
in v(K). Note that A admits no maximal element since L|K is assumed to be immediate,
hence by virtue of Theorem 11.27 it follows that appr(¢, K) is immediate. We consider the

following interval in v(K):
Us={aecv(K)|d<a< -6},

Here —§ denotes the cut (—A’, —A) derived from § = (A, A’), where —A = {—a | a € A}.
If Us is a group (hence a convex subgroup of v(K)), we call the immediate Artin—Schrei-
er—extension L|K independent. If Us is not a group, we call L|K dependent. Note that
the associated ideal

Is ={ce K |v(c) > -0}
is a prime ideal of O if and only if Us is a convex subgroup of v(K). If I5 is a prime ideal,
there exists a coarsening vs of v such that vs(K) = v(K)/Us. Furthermore, Lemma 11.73
shows that Us is a group if and only if |d]| is a distinguished cut and Uy coincides with the

invariance subgroup Z(6,v(K)) (cf. section 11 for definitions and further details). Note
that for the following it will be crucial that we took the cut 4 as a cut in the divisible hull

v(K) = v(K) of the value group v(K); indeed, the interval [4, —d] in v(K) may be a group
whereas as an interval in v(K) it may not.

To start with, we observe the following

Lemma 4.1 Us is a group if and only if

Vaev(K):a<d e pa<d
which fact we express in short terms by writing
0=p0o .
Note that o < § = pa < 9 follows already from 6 < 0.

Proof: Let Us be a group. Then a > 0, i.e. a € Us implies pa € Uy, i.e. pa > §. For
the converse, assume that Uy is not a group. Then there exist elements «, 5 € Us such that

0<a<f<0 and a+5<6.

This yields
pa<2a<a+(<9

whereas a > 4. O

We have chosen the name “dependent” since dependent immediate Artin—Schreier—ex-
tensions depend on immediate purely inseparable extensions in a way that we will describe
in the following lemma.
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Lemma 4.2 Assume that L|K is dependent, hence in particular 6 < 0. Then there exists
an immediate purely inseparable extension K(U*)|K of degree p; moreover we can choose
9% such that it satisfies the same approximation type as 9 —u over K for some u € K and
has the same distance as 9 —u and 9 from K:

appr(J*, K) = appr(d — u, K)
dist(¥*, K) = dist(¥ — u, K) =< dist(9, K) .

Proof: For u € K, we consider the Artin—Schreier—generator ¥ — v and put
ay, =p(—u)=a—pu) € K.

We try to find u such that

1

satisfies the same approximation type as 9 — u, i.e.
Vee Ko —c)=v(0 —u—c). (62)

If this is true then we see that ¥* ¢ K since otherwise we would get a contradiction by
putting ¢ = ¥*, hence K (%) is of degree p over K; on the other hand, we conclude that

dist (v, K) = dist(¥ — u, K) < dist(J, K) = 0

and in view of Lemma 11.83, that L*|K is an immediate extension.
According to the definition of 1), we have:

1

ﬁ*—c:(au)%—c:p(ﬁ—u)ﬁ—c:ﬁ—u—c— (ﬁ—u)%.

Hence (62) will be satisfied if

for all ¢ € K, which is equivalent to

(0 —u)
E—

0 <

< (63)
By definition of  we have v(¢ — u) < 0. To show the existence of u € K satisfying (63)
we use that Us by hypothesis is not a group. In view of Lemma 4.1 we choose an element

a € v(K) such that
pa<d<a. (64)

Then, by definition of §, there exists u € K with pa < v(d¥ —u) < §, and dividing by p we
deduce (63). O

Corollary 4.3 If K admits no proper immediate purely inseparable extensions, then K
admits no immediate dependent Artin—Schreier—extensions.
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The converse of this corollary is not true: every separable—algebraically closed valued
field K of characteristic p > 0 which is not algebraically closed is a counterexample,
since its value group is divisible and its residue field is algebraically closed and hence the
proper purely inseparable extension K |K is immediate. But a closer look shows that the
irreversibility stems only from immediate purely inseparable extensions which lie in the
completion of K:

Lemma 4.4 Assume that K admits an immediate purely inseparable extension K(0*)|K
of degree p such that
0 = dist(¥*, K) < 00
(which means that there exists an element v(K) which is an upper bound for v(¥* — c),
c € K). Then K admits an immediate dependent Artin-Schreier—extension K (U)|K. More
precisely, given any 3 € v(K) such that
-1 1
Em o) 2 07,
p p

and if b € K has value v(b) = (3, then the Artin-Schreier—generator 0 can be chosen as to
satisfy

E\‘ez
|

v( v(¥) = p
appr(ﬁ, K) = appr(d/b, K)
dist(9, K) = dist(d*, K) — 6.

All immediate Artin—-Schreier—extensions obtained in this way are dependent.
Proof: Let © be a root of the polynomial

YP — 0Py — 9P € K[Y].
By Corollary 11.46 we know that

appr(©, ) = appr(J*, K) ,

and in view of Lemma 11.83 we conclude that K (©)|K is a nontrivial immediate extension.
Putting Y = bZ we find that ¥ = ©/b is a root of

v

7 -7-(5

)P (65)
and hence an Artin—Schreier—generator of K (0)|K. By hypothesis we have
— B+ —v(¥) > 6 > o) (66)
p p

from which we deduce

B> w(0)

((5)) <
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and hence that g+
o) = v(5) = 0(0) - B

since 9 is a root of the polynomial (65). As an immediate consequence we get
dist(0, K) = dist(9*, K) — j.

It remains to show that the cut 6 = dist(¥*, K) — 8 cannot induce a convex subgroup Uj
of v(K). To see this, we rewrite (66) in the form

SWW) =p) =6 =1
peLw(07) = B) = v(¥*) - B < 6" — 3

which shows that Uy is not a group. O

For the proof of the preceding Lemma, we have transformed an immediate purely insep-
arable extension which was not contained in the completion, into an immediate separable
extension. On the other hand, an immediate purely inseparable extension with a generator
¥* in the completion of K, i.e.

dist(v*, K) = o0, (67)

cannot be transformed into any immediate separable extension with a generator of the
same approximation type since the above equation implies that any element having the
same approximation type over K as 9" can be mapped to ¥* by a valuation preserving
isomorphism over K. Moreover it is well known that K is separable-algebraically closed
in its completion since K is assumed to be henselian.

If K admits any immediate purely inseparable extension that does not lie in the comple-
tion of K, then K satisfies the hypothesis of the preceding lemma. Indeed, if n € VK \ K¢
such that K(n)|K is an immediate extension, we may assume that n* € K¢ (otherwise
replace 1 by a suitable p”—th power). We have dist(n, K) < oo, hence

dist (7", K?) < 0o = dist(n?, K)

which shows that there is some d € K with v(n — d'/?) > dist(n, K). By Lemma 11.26,
this implies
appr(d'/?, K) = appr(n, K) ,

hence by Lemma 11.46, K (d'/?)|K is an immediate extension not contained in K°. This
yields:

Corollary 4.5 Assume K does not admit any immediate dependent Artin—Schreier—ex-
tenston. Then every immediate purely inseparable extension lies in the completion of K.
If K is Artin—-Schreier—closed, then the perfect hull of K lies in the completion of K. In
particular, if K is separable—algebraically closed, then K lies in the completion of K.

The following lemma shows that the condition of the preceeding corollary is inherited
by the completion of K:

Lemma 4.6 If K¢ admits an immediate dependent Artin—Schreier—extension, then K ad-
mits an immediate dependent Artin—Schreier—extension with an Artin-Schreier—generator
of the same distance.
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Proof: Let Y? — Y — a be the minimal polynomial of a dependent Artin—Schreier—ex-
tension of K¢ and let ¥ be a root of it. Since dist(¥, K¢) < oo, we may choose an element
a* € K such that v(a — a*) > p - dist(d, K¢). Then by Lemma 11.83, Y? — Y — a* is the
minimal polynomial of an immediate Artin—Schreier—extension and if ¥ is a root of it, then
dist(9*, K) = dist(¢, K¢). In particular, the extension K (¢*)|K is also dependent. O

An immediate consequence of this lemma is:

Corollary 4.7 If K does not admit any immediate dependent Artin—-Schreier—extension,
then K¢ does not admit any immediate purely inseparable extension. In particular, this
holds if K is separable—algebraically maximal.

None of the Artin—Schreier—extensions constructed in the last lemma can be indepen-
dent. This follows from a more general fact that at the same time justifies our choice of
the notion “independent”:

Lemma 4.8 If L|K is an independent Artin—-Schreier—extension, then there ezists no im-
mediate purely inseparable extension K (9*)|K such that

appr (v, K) = appr(dJ*, K) . (68)
This can be expressed by writing
dist(0, K) = dist(9, VK) .

Proof: To deduce a contradiction, assume the contrary and choose v > 1 such that
9**" € K. From appr(d, K) = appr(¥*, K) we deduce

v —9") > dist(V, K) =: 4 .
By hypothesis we know that Us is a group, hence
0 = pd
in view of Lemma 4.1. From 9¥? = 1 4+ a we compute
W =9 +a where d =a+...+a" €K .
Putting all these equations together we get
6 = dist(9, K) > v(9 — (07" —a')) = v(0"" —0**") = po(d —0*) > p"6 =6 ,

the desired contradiction. O

For later use, we need the following

Lemma 4.9 If Ky C K; C K5 is an extension of henselian fields of characteristic p > 0
such that K,|Ky is finite and purely inseparable and Ky Ky is an independent immediate
Artin—Schreier—extension, then there exists an Artin-Schreier—exctension L|Ky such that
Ky = Ki.L, and every such extension L|Ky is an independent immediate Artin—Schreier—
extension.
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Proof: Let n be an Artin—Schreier—generator of K,|K; and choose v > 1 such that
KV C Ky .

Then
o) = (p(n)?" € Ko ,

hence
Ko(n” )| Ko

is an Artin—Schreier—extension: it is nontrivial since Ky(n)|Kp is not purely inseparable.
Computing degrees we see that Ky = K. Ky(n?").

Now let L|Kj be any such Artin-Schreier—extension. Let ¢ be an Artin—Schreier—gene-
rator of L| Ky and hence of K;3|K; too. We choose v as above and compute:

dist(¥?", K,) = dist(0, K)
since 97" is also an Artin—Schreier—generator of Ky|Kj;
dist(9, K) = 6 = pd = dist (9", K¥")
in view of Lemma 4.1 since Uy is a group by hypothesis;
dist (97", KP") < dist(9*", Ky) < dist(97", K1)
because K- fy C Ky C K;. Putting these three equations together, we deduce
dist (97", Kq) = dist (07", K) = dist (9, K1)

showing that L| K| is an independent immediate Artin—Schreier—extension like Ko|K;. O

Another property of independent immediate Artin—Schreier—extensions is their persis-
tence under maximal immediate extensions, in the following sense:

Lemma 4.10 If K admits an immediate Artin—Schreier—extension L| K with Artin—-Schrei-
er—generator ¥ of distance 6 = 0, then every algebraically maximal immediate extension
(and in particular every maximal immediate extension) M of K contains also an im-
mediate Artin—Schreier—extension with an Artin—Schreier—generator v* of distance 0 and
of the same approximation type appr(¥*, K) = appr(d, K).

Proof: If L C M, there is nothing to show. Assume the contrary. Then L.M|M is also
an Artin—Schreier—extension with Artin—Schreier—generator ). Since M is algebraically
maximal, the extension L.M|M is defectless and thus admits a valuation basis, according
to Lemma 2.7. From Lemma 11.8 we infer the existence of an element u € M satisfying

v(¥ —u) > dist(d, M) .
On the other hand, K C M implies

dist(d, M) > dist(d, K) = ¢
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showing that v(¢ — u) > 0. We put
ay = oW —u)=a—p(u) e M

and note that v(a,) > 0. Since M|K is immediate, there exists b € K having the same
residue class as a,: -
b=1a, .

We consider the Artin—Schreier-polynomial o(X) — b € K[X]. By construction, after
reduction to M[X] we have: -
p(X) —b=p(X) —a,.

Since p(X)—a, has the zero J —u in the henselian field L.M, by Hensel’s Lemma it follows
that also p(X) — b has a zero n € L.M and that we may assume

n=19—-u. (69)

We put
V=19 —n.

To show that ¥* € M we consider the automorphism o of L|K defined by
o) -9 =1

which generates the Galois group of L|K and admits a unique prolongation to a generating
automorphism of L.M|M. u € M implies

c(@—u)—(W—u)=0c()—09=1.

By construction, also 7 satisfies an Artin — Schreier — equation over M, thus o(n) —n=n
for a unique n € Z /p. Equation (69) shows

on)—n=c@—u)— (0 —u)=1.

This yields
o(V) = 0" =0(0) =0 — (o(n) —n) =0, hence V" € M.

Moreover, since v(n) > 0 we have for every ¢ € K:
v —¢c)=v(W—c—n)=min(v(d —c), v(n)) =v[—c) <0
proving that appr(d*, K) = appr(d, K). In particular, this shows that ¥* ¢ K so that
K (v*)|K is a proper immediate Artin—-Schreier—extension. O
From this lemma, we deduce the following

Corollary 4.11 If there exists a maximal immediate extension in which K is separable—
algebraically closed, then K admits no independent immediate Artin—-Schreier—eztension
with distance 6 = 0.
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The converse of this corollary is not true. For example, let £ be an algebraically closed
valued field of rank 1 and k(z) an immediate extension of k, and let K be a henselization
of k(x); note that k(x) is dense in K, i.e. K = k(z) + Mg and in view of My C p(K)
(cf. Lemma 3.22), we have K = k(z) + p(K). To show that K admits no independent
immediate Artin—Schreier—extensions, let L be any Artin—Schreier—extension of K; since
v(K) = v(k) is divisible and K = k is algebraically closed, L|K must be immediate. We
have shown above that K = k(z) + p(K), thus L|K admits an Artin-Schreier—generator
¥ such that p(J) € k(z). Again from Lemma 3.22, we know that v(p())) < 0. Since for
every element a in k(z)\ k, there is a v > 1 such that a ¢ k(x)P", we may moreover assume
that a = p(V) € k(x)\ k(z)?; otherwise we could replace ¥ by the Artin—Schreier—generator

Y — a% which satisfies X

(9 —ar)P — (9 —ar) = ar) .

Now we consider the element 9 — a7 in K. We compute

hence

which is only possible if
1
appr(v, K) = appr(ar, K)

showing that L|K is dependent.

We have proved that K does not admit independent Artin—Schreier—extensions. On the
other hand, it admits proper Artin—Schreier—extensions, and any of these is immediate. But
all of them are included in every maximal immediate extension of K. This is true because
the fact that K is algebraically closed and v(K) is divisible implies that every maximal
immediate extension of K is algebraically closed and therefore contains K. We have shown
that K is not separable—algebraically closed in any of its maximal immediate extensions
whereas it doesn’t admit independent immediate Artin—Schreier—extensions.

In this connection, note that every Artin—Schreier—extension of a valued field K, whether

immediate or not, becomes an independent immediate extension over the perfect hull v K
of K.

In the sequel we will consider independent immediate Artin—Schreier-extensions L|K
with distance § < 0. In this case, Us is a proper subgroup of v(K'), and we let vs denote
the coarsening of v with

U(;(f() = U(K)/Ug .
By definition of § and Us, we see that

Vee K :vs(0—¢) <0,

supvs(v —c¢) =0.
ceK

This means that also (L,vs)|(K,vs) is an immediate extension and that the vs—distance
dist,, (9, K) is 0. Hence (L,vs)|(K,vs) is covered by the case that was treated in
Lemma 4.10. From this it follows
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Lemma 4.12 Assume that for every coarsening w of v, there exists an immediate algebra-
ically complete extension (M, w) of (K,w) such that K is separable—algebraically closed
in M. Then K admits no independent immediate Artin—Schreier—extensions.

Lemma 4.13 The condition of Lemma 4.12 is satisfied if K is a finite extension of a
separable—algebraically mazimal field Ko such that K|Ky is defectless.

Proof: Let w be any coarsening of v. Since (Kj,v) is separable—algebraically maxi-
mal, the same is true for (K, w) since every finite separable immediate extension of ( Ky, w)
would also be immediate for the finer valuation v. Now let (/V,,, w) be a maximal immediate
extension of (Ky,w). (Ko, w) being separable-algebraically maximal, K, is separable—
algebraically closed in N,,. Hence K itself satisfies the condition of Lemma 4.12. By this,
our lemma becomes a consequence of the following more general lemma. O

Lemma 4.14 Assume that for every coarsening w of v, Ko admits an immediate alge-
braically complete extension (N, w)|(Kq,w) such that Ky is relatively algebraically closed
(resp. separable—algebraically closed) in N,,. If K|Ky is finite and defectless, then for every
coarsening w of v, (M, w) = (N,.K,w) is an immediate algebraically complete extension
of (K,w) such that K is relatively algebraically closed (resp. separable—algebraically closed)
m M.

Proof: Since (K, v)|(Ky,v) is defectless by hypothesis, the same is true for the extension
(K, w)|(Ky, w) by Lemma 2.17. We note that (K, w) is henselian since it is assumed to be
separable—algebraically closed in the henselian field (N,,, w). So we may apply Lemma 2.13:
since (N, w)|( Ko, w) is immediate and (K, w)|( Ky, w) is defectless, (N,. K, w)|( K, w) is im-
mediate and N, is linearly disjoint from K over K. The latter shows that K is relatively
algebraically closed (resp. separable—algebraically closed) in N,. On the other hand,
(M, w) = (N,.K,w) is algebraically complete being a finite extension of an algebraically
complete field. O

A property that is shifted through every finite extension (even if it is not defectless), is
the property of being inseparably defectless:

Lemma 4.15 Fvery finite extension K of an inseparably defectless field K, of character-
istic p > 0 s inseparably defectless too.

Proof:  From Corollary 2.9 it follows that every finite purely inseparable extension of
an inseparably defectless field is again an inseparably defectless field. Thus it remains to
show the lemma in case K|K| is separable. We fix a prolongation of v to K and consider
the ramification fields K and K" of K, and K with respect to that prolongation. By
Lemma 2.11, we know that K| is inseparably defectless if and only if K is inseparably
defectless, and the same holds for K. By Lemma 2.10, we have K" = K.K{. The same
lemma shows that K;?|K{ is a p-extension, hence K"|K] can be viewed as a tower of
Artin—Schreier—extensions (cf. Lemma 3.15). Replacing Ky and K by their ramification
fields we may assume from the start that they are henselian and that K|K is a tower of
Artin—Schreier—extensions. Let L|K, be an Artin—Schreier—extension contained in K|Kj.
We want to show that L is inseparably defectless since then by induction, it follows that
K is inseparably defectless. Since L = L.v/Ky, it suffices to show for every finite purely
inseparable extension K;|Kj (which itself is defectless by hypothesis), that Ky = Kj.L is
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a defectless extension of L. This follows immediately if K5|K; and thus K| Ky are defect-
less. Now assume that K5|K; is immediate. K is an inseparably defectless field being a
finite purely inseparable extension of the inseparably defectless field K. In particular, this
yields that K; admits no immediate purely inseparable extension and hence by virtue of
Lemma 4.2, no dependent immediate Artin—Schreier—extension. K| K] is thus an indepen-
dent immediate Artin—Schreier—extension. An application of Lemma 4.9 shows that L|K)
is immediate. Since L and K are linearly disjoint over K,, we have

[Ky: L) =[K,.L: L =[K;: Koy,

and we compute

A(FalKo) = d(KalKy) - (K |Ko) = [Kol K] -1 = 220 =

[KQ : L] . [L : Ko]
= =|L: Ky =d(L: K
[K2 : L] [ 0] d( 0)
whence 016, o)
d(K,|L) = =200
(FalL) d(L : Ko)
showing that K5|L is defectless, as desired. O

As a corollary to this lemma and Lemma 3.20, we get:

Theorem 4.16 Let F|K be a henselian function field without transcendence defect. If K
is inseparably defectless then F' is inseparably defectless.

4.2 Characterizations of defectless fields.

Our results on immediate Artin—Schreier—extensions enable us to prove the following useful
characterization of the property “defectless field”:

Theorem 4.17 Let K be a separable—algebraically maximal field of characteristic p > 0.
If in addition K s inseparably defectless, then K is algebraically complete.

Proof: We note that K is henselian since it is separable-algebraically maximal. Let L|K
be a finite extension. We want to show that L|K is defectless. Since any subextension of
a defectless extension is defectless too, we may assume w.l.0.g. that L|K is normal. Hence
there exists an intermediate field Ky such that L|K; is separable and K;|K is purely
inseparable. By hypothesis, we know that K;|K is defectless. It remains to prove that
L|K; is defectless.

Let K’ be a finite tame extension of K such that L.K'|K’ is a tower of Artin—Schrei-
er—extensions, and put L' = L.K’. By Lemma 2.11, L|K; is defectless if and only if
L'|K’ is defectless. Since K;|K is defectless and K’|K; is tame and hence defectless, both
extensions being finite, K’|K is finite and defectless. Using Lemma 4.15 we conclude that
K’ is inseparably defectless too and therefore does not admit immediate purely inseparable
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extensions, showing by virtue of Lemma 4.2 that every immediate Artin—Schreier—exten-
sion of K’ must be independent. Moreover, from Lemma 4.13 we infer that K’ satisfies the
hypothesis of Lemma 4.12 which shows that K’ admits no independent immediate Artin—
Schreier—extensions. Consequently, given an Artin—Schreier—extension K”|K’ contained
in L'|K’, this extension must be defectless. In view of Lemma 4.15, Lemma 4.14 and
Lemma 4.12, K" will again be inseparably defectless and will not admit any independent
immediate Artin—Schreier—extension. By induction, we conclude that all Artin—Schreier—
extensions that L'| K’ consists of are defectless, hence L'|K’ and thus L|K; and L|K are
defectless, as asserted. O

Conversely, every defectless field is immediately seen to be separable—algebraically maxi-
mal and inseparably defectless. Note that, if [K : K] and (v(K) : pv(K)) are finite (and
charK = p > 0), we can replace “inseparably defectless” by “every immediate extension is
separable” or by

K K7 = [K : K- (o(K) : po(K))
since it was proved by Delon that in this case, all the three properties are equivalent (see
[DEL1], Proposition 1.43).

The reader may have noticed that one could use Theorem 4.17 to organize our reduction
steps in section 3 in quite a different way; in particular, one could dispense with Lemma 3.19
showing that the structure of a henselian almost rational function field is preserved under
defectless extensions of degree p. But since Theorem 4.17 works only in the case char(K) =
p > 0 and since we wanted to prove the case of “mixed characteristic” simultaneously
together with the case of “equal characteristic”, we had to choose the way as developped
in the previous section.

Now we will give a second characterization for algebraically complete fields. For this
we need the following lemma.

Lemma 4.18 Let L|K be a finite defectless purely inseparable extension and let ay, ..., ap,
be elements of L. Then for every value o € v(K), there exists a defectless separable
extension L'|K having the same degree as L|K such that v(L') = v(L), I’ = L and L
contains elements ay, ...,a., with v(a; —a;) > a, 1 <i < m.

If among the elements a; there is a valuation basis of L| K, say ay, ..., an, and if o is chosen
to be greater than maxi<;<n(v(a;)), then the elements al, ..., al, will form a valuation basis

of I'|K.

Proof: The extension L|K is a tower of purely inseparable defectless extensions of degree
p. According to this we may choose a special valuation basis of L|K as follows:

S;i={1,s4,5%, ..., sp_l}

is a valuation basis of the i—th extension such that
— either v(s;) > 0 and 0, v(s;), ..., (p—1)v(s;) is a basis of V(K (s1, ..., $;))|v(K(s1, ..., Si—1)),
—orv(s;)) =0 and 1,5, ...,57 ! is a basis of K(sy, ..., ;)| K(s1, ..., 8i_1)-

If we are given m elements ay, ..., a,, in K(s1) and a value o € v(K), then we may write
p—1
a; = sjlcij with Cij e K.
=0
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We put
v o= rrzle}x(v(sl), a—v(cy)) -

If we choose r; to be a root of the polynomial
Y? —dY — s}
where we choose d; € K with value v(d;) as large as to guarantee
v(sy —ry) >,
whence v(ry) = v(s1) > 0 and
Vi, 0<j<p: (s —r) >y,

then every
p—1
I Z J
a;, == rCij
j=0

satisfies v(a; — a}) > 3 and moreover, 1,71, ...,75" " is a valuation basis for K (r,)|K since
the 7] have the same values resp. residues as the s]. By construction, [K(r,) : K] = p and
o(K (1)) = o(K (1)), K(rr) = K1)

Now we have to use induction. Assume that whenever given m elements aq, ..., a,,
in K(sq,...,8¢-1) and a value a € v(K), then we can find rqy,...,ry_1 € K and ele-

ments ay,...,a,, € K(ry,..,rp_1) such that Vi : v(a; — a;) > « and that the extension

ey Uy

K(ry,...,m;)| K is separable and defectless. Now let m elements ay, ..., a,, in K(sq,..., Sg)
and a value a € v(K) be given. We may write

p—1
a; = Sicij with Cij € K(Sl, e Sk—l) .
§=0
We put
Vi = HZI%X(U(Sk)’ a —v(c;))
(where 1 < i <mand 0 < j <p—1). Let us now choose a suitable separable defectless

extension K (7, ...,7,_1) of K and elements CiisTh € K(ry,...,m5—1) with

v(ey — ) > H}?X(Oéa v(ciyj))

and

v(sh — 7)) >p- Y

Such extension and elements exist by our induction hypothesis. Note that by our choice,

v(c; ;) = v(ciy) for all 4, j. If we choose 74 to be a root of the polynomial

YP —dpY — 7
where we choose dj, € K with value v(dy) as large as to guarantee

v(ry =) > P,
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then we will have
v(sy — 1) > ;min(v(sﬁ — ), v(rh — 7)) > Y
and consequently, v(ry) = v(s;) > 0 and
Vi, 0<j<p: o(sh—7rl)>v,
which shows firstly that 1,7, ..., ri_l is a valuation basis for
K(ry, o) | K(ry, ooy Ti—1) -
Secondly, every

p—1
_ J ./
=D _Ticy
j=0

satisfies

p—1 p—1
v(a; —al) = v (Z $hCij — Y ric%)
=0 =0

> min(v(zsi(cij ”), (2:;) 7 — s))c w))>a.

[K(Tla "'7rk) : K(Tl, ...,T’k_l)] =p

By construction,

and

V(K(r1,..yrr)) = (K (81, .0y 8K)), K(r1,...,rx) = K(s1, .., Sk) -
By induction, this completes the proof of the first part of our lemma.

Assume now that aq, ..., a, is a valuation basis of L|K and that

> .
a> 1réllag%(v(a,)) :

This implies
Vi : v(a; —a;) > v(a;) = v(a))

and consequently, for every cy, ...,c, € K:

v(adiey + ...+ alc,) = vlaier + ... + ane, + Z a;)c;)
7=1
n
. . : /
= 11%111<Iln (a;ci), z:: ay —aj)ci)) = 1I£z*lgrln(v(aici)) = 1%1grln(v(aici))

which shows that the elements a/, ..., a!, € L' are valuation-independent over K, and since
[l : K| =[L: K] = n, this yields that they form a valuation basis of L'| K. O

Now we are ready to prove

84



Theorem 4.19 Let K be a separable—algebraically complete field of characteristic p > 0.
If in addition K¢|K is separable, then K is algebraically complete.

Proof:  According to Theorem 4.17, it suffices to show that K is inseparably defectless.
Assume that this is not the case. Since every purely inseparable extension is a tower of
extensions of degree p, it follows that there exists a finite defectless purely inseparable
extension L|K and elements a,b € /K such that b» = a € L and the extension L(b)|L
is immediate. Let ti,...,t, be a valuation basis of L|K. By our hypothesis that K¢|K is
separable, we know that

[K°.L(b) : KL =p.
Since L|K is finite, thus K°.L = L°, this shows that the distance of b from L¢ is not oco:
§ :=dist(b, L) < o0 . (70)

Note that L =, K & ... & t, K. We show: if ], ...t € K are other valuation—independent
elements over K such that

Vi: v(t;—t) > —v(b) +ov(t;) (71)

then
dist(b, L) = dist, (b, t; K & ... ® t,K) = dist, (b, K & ... & 1), K) . (72)

Indeed, for any ¢, ..., ¢, € K such that Vi : v(t;¢c;) > v(b), we have
v(b=> tic;) = v(b=> tic;+ > (t; —t))c;)
i=1 i=1 i=1
= mm(v(b — ZtiCz‘), U(Z(tz — t;)CJ) = U(b — thCz)) <0
i=1 i=1 i=1

since Vi : v((t; — t})c;) > 0 — v(b) + v(t;) + v(b) — v(t;) = 0. This yields (72).

If we take a > max;(pd,0 — v(b) + v(t;)), the previous lemma shows the existence of
a defectless separable extension L'|K which admits a valuation basis ], ..., 1/, satisfying
condition (71), and that in addition there is an element o’ € L’ such that v(a — a’) > pd.

The latter condition yields
v(b—(a)'?) >

which by Lemma 11.26 implies
§ = dist(b, L) = dist(b, L") = dist((a’)l/P7 L)

by virtue of (72) and
I'=t/Ke..otK.

If we now take b’ to be a root of the polynomial
YP —dY —d
where we choose d with value v(d) as large as to satisfy

() = (a)7) 24,
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then we get an immediate separable extension L'(b')|L" with
dist(b', L") = dist((a')l/p,L’) =9.

Altogether, we have constructed a finite separable extension L'(b")| K which is not defect-
less in contradiction to our assumption on K. Hence we have shown K to be inseparably
defectless and thus algebraically complete, as asserted. O

Corollary 4.20 Let K be a henselian field of characteristic p > 0. If K is a separable—al-
gebraically complete field, then K€ is an algebraically complete field, and vice versa.

Proof: K¢ is henselian like K; cf. the proof of Lemma 5.12. By virtue of the preceding
Theorem, K¢ is separable—algebraically complete if and only if it is algebraically complete.
Thus it suffices to prove that K¢ is separable—algebraically complete if and only if K is
separable—algebraically complete.

Assume that K¢ is separable—algebraically complete. Let L|K be an arbitrary finite
separable extension. By Lemma 11.70, the henselian field K is separable-algebraically
closed in K¢. Consequently, every finite separable extension of K is linearly disjoint from
K¢ over K which shows that [L.K¢: K¢| = [L : K|. By hypothesis, L.K¢|K* is defectless.
On the other hand, L.K¢ = L¢ is the completion of L and thus an immediate extension of
L. Consequently,

[L:K]=[L°: K= (v(L°) : v(K°)) - [L¢: K| = (v(L) : v(K)) - [L : K]
showing that L|K is defectless. Since L|K was an arbitrary finite separable extension we
have shown that K is separable—algebraically complete.

Now assume that K¢ is not separable—algebraically complete. Then there exists a finite
separable extension L;| K¢ with nontrivial defect. By Lemma 3.15, there exists a finite tame
extension of N|K¢ such that N.L;|N is a tower of Galois extensions of degree p which are
Artin—-Schreier—extensions. Since d(N.Li|N) = d(L1|K¢) > 1, at least one of them must
be immediate. Hence putting N and some suitable defectless Artin—Schreier—extensions of
the tower together, we obtain a finite separable defectless extension L| K¢ and the existence
of an element a € L such that the Artin—Schreier—extension with Artin—Schreier—generator
9 satisfying ¥ — ¥ = a, is immediate. By Lemma 3.22,

dist(d, L) <0 < oo and wv(a) <O0.

Let tq,...,t, be a valuation basis of L|K° Let L = K(b) and let f(X) € K¢ X] be the
minimal polynomial of b over K¢. We write

a=g(b)/h(b) and t; = gi(b)/hi(b)
with g(X), h(X), g:(X), i(X) € K°X] .
Replacing the coefficients of f, g, h,g;, h; by sufficiently close elements from K, we get
polynomials f*, g*, h*, gF, h}, and taking b* to be a root of f* we get a* := ¢g*(b*)/h*(b*) €
K(b*) and tf := g7 (b*)/hi(b*) € K(b*), and we may assume

via—a*) >0, v(t;—t7) >v(t;) —v(d) > v(t),
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and that K(b*)|K is separable of the same degree as K¢(b)|K°. In particular, this yields
that the elements ¢}, ..., ¢ form a valuation basis of K (b*)|K. Now we take J* to be a root

of the polynomial
YP—-Y —a".

Since v(a — a*) > 0 and (J — 9*)? — (¥ —¥*) = a — a*, we have v(J — 9*) > 0 > dist(v, L)
which by Lemma 11.26 implies

0 > dist(v, L) = dist(¥*, L) .
Now L =t K°® ... ®t,K¢ and as in the proof of the last lemma one can show that
dist(9*, L) = dist, (0", t; K¢ & ... & £, K¢) = dist (V" t] KD ... Dt K°) .
Furthermore, we have
0>dist, (0", 6] K@ ...t K) > dist, (V" t] K & ... d 1, K) = dist(J", K (b)) .

We will show equality here. Indeed, for every choice of elements cy,...,c, € K¢ we can
find elements cj, ..., ¢ € K with v(¢f(¢; — ¢)) > 0 which consequently satisfy

v(" — thc;") =" — thci + Z(t;‘(cl —cf)) =v( — thci) <0.

This gives the asserted equality. We have now proved that the extension K (b*, 9*)| K (b*) is
immediate and thus the whole separable extension K (b*,9*)|K is not defectless. Hence K
is not separable—algebraically complete if K¢ is not separable—algebraically complete. O
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5 Defects of function fields without transcendence de-
fect over arbitrary ground fields.

In this section we will consider function fields without transcendence defect over their
ground fields, i.e. function fields F|K admitting a valuation transcendence basis. Using
Theorem 3.1 we will define the defect for such function fields and show how this defect
corresponds to extensions of the ground field and their defect. Furthermore, we will define
and investigate two other notions of “defect” which are not as strong as the ordinary one
but nevertheless can carry specific information. We will define a completion defect for
finite extensions as well as for function fields without transcendence defect. In particular,
we will use it to give a characterization of separably defectless fields.

5.1 Definition and basic properties of the defect of subhenselian
function fields without transcendence defect.

Our results on function fields without transcendence defect over defectless fields enable
us to give also a simple definition for the defect of function fields without transcendence
defect over arbitrary ground fields. We are considering the following situation:

K a valued field,

F  asubhenselian function field over K, i.e. F" is the henselization

of a valued function field over K,

v the valuation of K and F'.

For every transcendence basis 7 of F' over K, we consider

d(F|K(T)) .
We define
d(F|K) = sgip d(F|K(T))

and we will show in the following that this supremum is a finite number whenever F|K
has no transcendence defect, in which case it is equal to d(F|K (7)) for every valuation
transcendence basis 7 of F|K.

Lemma 5.1 For every (not necessarily finite) valuation transcendence basis T over K,
K(T)|K and K(T)"|K" are reqular and valuation—reqular extensions.

Proof:  As a purely transcendental extension, K (7 )|K is regular. Corollary 2.21 shows
that K(7)|K is valuation-regular. From this, the same follows for K(7)"|K" since K"|K
and K(7)"|K(T) are immediate extensions. Finally, by Lemma 3.9 it now follows that
K(T)" K" is regular. O

Lemma 5.2 For every h—finite extension L|K and every valuation transcendence basis T,

d(L(T)|K(T)) = d(L|K) .
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Proof:  Let 7 = {zy,..., 2,91, ..., ys} where v(zy), ...,v(xL) are rationally independent
over v(K) and 71, ..., 7s are algebraically independent over K. Then by Lemma 2.20,

V(K(T)) = v(K)® Zv(r)®...d Zv(x,),
v(L(T)) = v(L)® Zv(x) D ... 0 Zv(x,),

ﬂ = F(m?"'?m)?
L(T) = L(yi,.7s) -
This shows
1) &) = [2 A
(W(L(T)) : v(K(T)) = (v(L):v(K))

and thus, in view of
[L(T)": K(T)" = [L". K(T)" : K(T)"] = [L" : K"],
which is a consequence of the foregoing lemma, we have
d(L(T)|K(T)) = d(L|K)

as contended. O
Lemma 5.3 For every valuation transcendence basis of F|K there exists a finite extension
K7 of K such that for every algebraic extension L of K containing K- the following holds:

1. the extension L.F|L(T) is defectless

2. A(L.F|\K(T))=d(L(T)|K(T)) = d(L|K).

If K is henselian then Kg may be chosen to be a finite purely wild extension of K. If
char(K) = p > 0, then K7 may be chosen to be a finite immediate separable extension of
a finite purely inseparable extension of K.

Proof:  For any finite extension L of K for which L.F|L(7T) is defectless we compute

d(L.F|K(T)) = d(L.F|L(T))-d(L(T)|K(T))
= d(L(T)|K(T)) = d(L|K)
where the last equation holds by Lemma 5.2. Hence we may restrict our attention to the
fulfillment of assertion 1.

Furthermore, we will show that w.l.o.g. we may replace F' and K by their henselizations.
Indeed, by definition we have for every valuation transcendence basis 7 :

d(F|K(T)) = d(F"|(K(T))") = d((F")"|(K™"(T))") = d(F"|K™(T)) .

Now if K- is a finite purely wild extension of K" such that L.F"|L(7T) is defectless for
any finite extension L of K7, then we may choose a finite extension K,’T of K such that

(K)" = Kir K" = K and hence for every finite extension L' of K7 we get:

d(L.FIL(T)) = d((L.F)"|(L(T))"
= d((L"FY) (L MT)")
= d(L'"FhLMT)) =1
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since L'" is a finite extension of (K4-)" = K. Thus we may assume from the start that
F and K are henselian.

The extension K.F|K(T)" is defectless by Theorem 3.1. We will show now that there
exists a finite extension Kz such that for every finite extension L of K containing K'7- the
following holds:

L [LF: (L(T)" = [K.F: (K(T))",
2. (v(L.F) : v(L(T))) = (v(K.F) : v(K(T))),
3. {ﬁﬁ} = {IN(FK(T)]

K.F|K(T)" being defectless, these three conditions yield immediately that L.F|L(T)" is
defectless too. To prove the existence of K7, we observe first that there is a finite extension
K; of K such that

[K1.F: (Ky(T)] = [Ki.F:K.(K(T)"
= [K.F:K.(K(T))"
= [K.F: (K(T))"],
and this remains true if we replace K; by any algebraic extension since such a replacement
cannot increase the degree. . .
Secondly, we note that v(K) is trivially pure in v(K.F). Since K.F' is a henselian
function field without transcendence defect over K, we deduce

W(K.F) = o(K)® Zv()®...& Zv(z)

v(K(T)) = v(K)® Znv(z)®...0 Znv(z)

for suitable elements zq,...,z. € K.F. Let K5 be a finite extension of K; such that
21,..., 2 € Ko.F. For any algebraic extension L of K containing K, this implies

v(L.F) 2 o(L)® Zv(z)®...0 Zv(z)
v(L(T)) = v(L)® Znv(z)®...d Znv(z)

showing that
(v(L.F) :v(L(T)))

v

ny-...-n, = WK.F):o(K(T))). (73)

Furthermore, we observe that K.F is a finite extension of K (7)) which in turn equals the
rational function field

F(E77@) ) ylu"'7ys€T-

Hence _ .
K.F=K(,. ..,Us,01,--,0m)

for suitable elements ay, ..., an € K.F. Let fi(X),..., fm(X) be the minimal polynomials
of ay,...,a, over f((’]')h and take the elements ¢y, ..., ¢, € K(T)h to be their coefficients.
Let Kq be a finite extension of K such that ay,...,a, € F.Kg and c,...,c € Ko (7).
Then for every algebraic extension L of K containing K,

[L.F;(T)]z[L.F;L(m,...,ys)}:[mz (T)} . (74)
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Putting equations (73) and (74) together, we get

(K. F:K(T)"| = [LF: LT > [LF: L(T)| - (v(L.F) : o(L(T)))
> [K.F:K(T)]- (v(K.F):v(K(T)))=[K.F:K(T)",

—

w__»

hence must hold here as well as in inequalities (73) and (74) for every algebraic
extension L of K.

It remains to show that K'7- may be chosen satisfying the additional conditions stated
at the end of the lemma. Assume K to be henselian. Since we may replace K7 by a
finite extension of K'7-, we may assume w.l.o.g. that there exists an intermediate field K’
of K7|K such that K7|K' is a tame and K'|K is a purely wild extension. We want to
show that we may replace K by K'. To this end we only have to show that L'.F|L'(T)
is defectless for every algebraic extension L’ of K’. By what we have shown already,

d(K. L)) F|(K7. L')(T)) = 1 (75)

since K. L' is an algebraic extension of K7. On the other hand, the extension K-z . L'|L’
is finite and tame like K7 |K’, hence it is defectless. Using Lemma 5.2 we deduce

d(K. L')(T)|L/(T)) = d(K7. L'|L)) = 1. (76)

Putting equations (75) and (76) together we see that (K. L').F|L'(T) is defectless. Thus
the same holds for the subextension L'.F|L'(T), as asserted.

We have shown that if K is henselian then K7 may be chosen to be a purely wild
extension of K. Now any maximal algebraic purely wild extension contains the perfect
hull VK of K, and if char(K) = p > 0 then it is just a maximal immediate algebraic
extension of VK. In the general case, in view of what we have shown at the beginning of
our proof, we may choose K such that K7 K " is a finite purely wild extension of K",

hence contained in a maximal immediate algebraic extension of vV K" = /K ". Since v K"
is an immediate extension of vV K we may express this by saying that K4 is contained in

a maximal immediate algebraic extension of v/ K. This completes our proof. O

After this preparation, we are able to prove the finiteness of d(F|K) and its indepen-
dence of the choice of the valuation transcendence basis 7 :

Theorem 5.4 Let F|K be a subhenselian function field without transcendence defect.
Then for every valuation transcendence basis T of F|K,

d(F|K) = d(F|K(T)) < oo . (77)

Moreover, there exists a finite extension K' of K such that for every algebraic extension L
of K containing K' we have

1. for every valuation transcendence basis T of F|K, the extension L.F|L(T) is defect-
less,

d(L|K) d(N|K)
2 d(FIK) = A(L.F|F) ~ NiKfmie d(N.F|F)
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If K is henselian then K' may be chosen to be a finite purely wild extension of K. If
char(K) =p > 0, then K’ may be chosen to be a finite immediate separable extension of a
finite purely inseparable extension of K.

Proof: Let 7y be any transcendence basis of F|K. Then by additivity of the trans-
cendence defect, the transcendence defect of K(7()|K is zero. Hence K(7,) admits a
valuation transcendence basis 7 over K. We compute

d(F|K(To)) < d(F|K(To)) - d(K(T0)|K(T)) = d(F|K(T))
showing that
d(F|K) = Sup d(F|K(T))

where 7 runs over valuation transcendence bases only. Since F' is a subhenselian function
field, every d(F|K (7)) is a finite number. It remains to show that for any two valuation
transcendence bases 71 and 7 o,

d(F|K(T1)) = d(F|K(T2)) .

We choose finite extensions K7z and K according to Lemma 5.3. Putting Ly =
K . Kz, we get by Lemma 5.3:

d(Lo.F|K(T1)) = d(Lo| K) = d(Lo.F|K(T3))
and from this we deduce

Lo.F|K(T,))  d(Lo.F|K(T3))
d(Lo.FIF) —  d(Lo.F|F)

a(FIK(T)) = — A(FIK(T)) .

This proves (77).
Furthermore, using Lemma 5.2, for any finite extension L of K containing Kz we
observe the following:

d(L(T2)|K(T,)) = d(L|K) = d(L.F|K(T1)) = d(L.F|F) - d(F|K(T1))
= d(L.F|F)-d(F|K(T3)) = d(L.F|K(T>))
showing that
A(L.F|L(T»)) = d(L.F|K(T»)) JA(L(T5)| K (T5)) = 1.

Hence every algebraic extension L of Kt satisfies assertion 1 and also the first part of
assertion 2, because

d(FIK) = d(F|K(T)) = dfégg)) - d?ﬂ@)

where the last equation holds by Lemma 5.3. The second part of assertion 2 follows from
d(N[K) = d(N(T)|K(T))
< d(N.FIN(T)) - d(N(T)|K(T)) = d(N.F|K(T))
= d(N.F|F)-d(F|K(T))=d(N.F|F)-d(F|K) .
We have actually shown that K’ may be taken to be equal to the field K'q arising from

Lemma 5.3 for any valuation transcendence basis 7. This shows that K’ may be chosen
as to satisfy the same additional conditions, as asserted in the theorem. O
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Corollary 5.5 Let E and F be subhenselian function fields over K. If E|F is algebraic
and F|K has no transcendence defect, then E|F is h—finite and the following multiplicativity
holds for the defect:

d(E|K) =d(E|F) - d(F|K) .

Proof:  Taking any valuation transcendence basis 7 of F|K (which is also a valuation
transcendence basis of E|K since E|F is algebraic), we compute

d(E|K) = d(E|K(T)) = d(E|F) - A(F|K(T)) = d(E|F) - d(F|K)
using Theorem 5.4. O

Corollary 5.6 For every subhenselian function field F' without transcendence defect over
K there exists a finite extension K' of K such that

d(K'. F|K) = d(K'|K) .

Proof: Choosing K’ according to Theorem 5.4, applying assertion 2. of Theorem 5.4 for
L = K’ and using the preceding corollary, we get

d(K'|K) = d(K'.F|F) - d(F|K) = d(K'.F|K) .

The following theorem is an immediate consequence of the two preceding corollaries:

Theorem 5.7 If K is a defectless field then for any subhenselian function field F' without
transcendence defect over K, d(F|K) is trivial.

On the other hand we know by Theorem 3.1 that any subhenselian function field F’ without
transcendence defect over a defectless field K is itself a defectless field. Note that the
foregoing theorem can also be proved by an application of Theorem 3.1 to K(7) which
shows that d(F|K(7) = 1 for every valuation transcendence basis 7 of F|K.

As further consequences of Theorem 5.4 we get the following corollary for function
fields:

Corollary 5.8 Let F' be a valued function field without transcendence defect over K and
let P be the place associated to v. Assume that P = QQ. Then FQ is also a function field
without transcendence defect over KQ, and the following holds:

d((F, P)[(K, P)) = d((F, Q)(K, Q) - d(FQ, Q)I(KQ,Q)) -

Proof: According to Lemma 2.23 we may choose a valuation transcendence basis 7°
of (F, P)|(K, P) such that it is also a valuation transcendence basis for (F, Q)|(K, Q) and
that the nonzero elements of the set {tQ|t € 7} form a valuation transcendence basis
T’ of (FQ,Q)|(KQ,Q). Hence (F,Q) has no transcendence defect over (K,Q), and by
Lemma 2.20, F'Q is finitely generated over KQ. Hence (FQ, Q) is a valued function field
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without transcendence defect over (K@, Q). Now using Theorem 5.4 and Lemma 2.17 we
compute:

d((F, P)[(K, P)) = d((F, P)|(K(T), P))
= d(F.QIK(T).Q)) - d(FQ,QUK(T)Q.Q))
= d((F,QIK(T),Q)) - d(FQ, QIKQ(T),Q))
= d(FQIK,Q)) - d((FQ,Q)(KQ,Q)) -

For the next corollary we need an additional lemma:

Lemma 5.9 Let K be a valued field and E|F an extension of valued fields such that
K.E|K.F is h-finite. Then there exists a finitely generated subfield k of K such that
for every subfield Ky of K containing k, the following holds:

1. [(Ko.E)': (Ko.F)') = [(K.E)': (K.F)",
2. (v(Ko.E) :v(Ko.F)) > (v(K.E) : v(K.F)),

3[%E4QﬂzpaaKﬂ,

4. d(Ko.E|Ko.F) < d(K.E|K.F).

Proof:  Since [(K.E)" : (K.F)"] is finite, (v(K.E) : v(K.F)) and {K.E : K.F} are finite
too. Hence there exist 0y, ..., 3, € v(K.FE) such that

VK.E)=v(K.F)+ Zph+ ...+ Zp,,

and there exist by, ...,b, € K.E such that

KE=KF(,...,b).

Whenever K is such that

By, Br € v(Ko.E) (78)

and
biy...,bs € Ko F (79)

then
(v(Ko.E) : v(Ko.F)) > (v(K.E):v(K.F)) (80)
[KoE:KoF| > |[KE:KF|, (81)

the left sides not necessarily being finite.
Now we choose a finitely generated subfield k of K such that every subfield K of K
containing k satisfies

[(Ko.E)': (Ko.F)" = [(K.E)": (K.F)" (82)
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as well as (78) and (79), hence also (80) and (81), where the left sides now have to be
finite. Then by (80), (81) and (82),

[(Ko.E)": (Ko.F)"
(v(Ko.E) : v(Ko.F)) - |[Ko.E : Ko.F|

[(K.E)': (K.F)"
(v(K.E): v(K.F))- [KE: KF|

d(Ko.E|Ko.F) =

IN

= d(K.E|K.F) .
O

Corollary 5.10 Let E be a valued function field without transcendence defect over K.
Then there exists a finitely generated field Ko and a function field Eo without transcen-
dence defect over K such that

1. E = K.Ey,
2. d(E|K) > d(Eo|Ko)

3. if Bt and E§P™ are the exact constant fields of E resp. Eg, then E<"t = K. E§s
and [E<"t : K| = [E§™" . K.

Given a valuation transcendence basis T of E|K, Ey| Ky may be chosen to have the same
valuation transcendence basis T and to satisfy

1 [E": K(T)"] = [Eg : Ko(T)"],
2. (v(Eo) - v(Ko(T))) = (v(E) : v(K(T))),
3. {FO: KO(T)] > {E ; m}

Proof: Let 7 be a valuation transcendence basis of F|K and ay,...,a, be elements of
E such that £ = K(7 ,ay,...,a,). Let K; be a finitely generated subfield of K such that

Kl(T, ai, ... ,an)|K1(T)
is algebraic and hence finite. Put
F1 = K1(7> and E1 = Kl(T, ay..., an) .

Then K.F} = K(7) and K.F, = E. In addition, we may choose K; as large as to satisfy
Ecorst = "t and [E©™t . K| = [E{"" . K], where E™" denotes the exact constant
field of E; over K1, and that in addition E;|E{"" is linearly disjoint from K.E{"st| Egonst,
Now we choose a finitely generated subfield £ of K according to Lemma 5.9. Let K be an
arbitrary finitely generated subfield K containing £ and K. Then

[(Ko.BE)": (Ko.F)" = [(K.E)": (K.F)"
(v(Ko.Ey) : v(Ko.Fy)) > (w(K.E):vo(K.F))
[Efiquz MElKﬂ
d(Ky.E\|Ko.F) < d(K.E\|K.F).
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Putting Fy = Ko.E, and Fy = Ko.F} = Ko(7) we see that 7 is a valuation transcendence
basis of Ey| Ky and Fy| Ky, and the following holds:
EFE=K.F =K.FE,,
L+ Ko(T)"] = [(Ko-En)" : (Ko Fy)'] = [(K.E)* < (K.Fy)Y] = [B" : K(T)"]
(v(Eo) : v(Ko(T))) > (v(K.Ey) : v(K.FY)) :] (v(E) : v(K(T))) ,
and in view of Theorem 5.4:

[Bo: Ko(T)| > |[KBy: K Fy| = [
d(Eo|Ky) = d(Eo|Ko(T)) = d(Ko.Eq|Ko.FY)

< d(K.E\|K.F) = d(E|K(T)) = d(E|K) .

Moreover Ky.ES" i algebraically closed in Ey = K,.E since ES"" i algebraically closed
in E; and the extension E;|F{"" was assumed to be linearly disjoint from
K.E"st| Egonst and thus from K. Bt Efost. Hence E§™' = Ko.E{"!; together with

[Efonst . Kl] S [Ko.E(C]onSt . KO] S [K'E(c)onst . K] — [Econst . K] — [Efonst . Kl}

it yields
Econst — K‘Egonst and [Econst . K] — [E(t)zonst . KO] )

This completes the proof of our corollary. O

5.2 Definition and properties of completion defect and defect
quotient, and their relation to the ordinary defect.

In this subsection, we will define and investigate the completion defect and the defect quo-
tient, the quotient of henselian defect and completion defect. For every h—finite extension
L|K we define the completion defect by

dm (L|K) = d((L")|(K™)")
and the defect quotient by

d(L[K)
e (= o i)
hence by definition
A(LIK) = dm (LIK) - de (L|K) . (83)

An h-finite extension L|K is called c—defectless if dy (L|K) = 1, and it is called gq—defect-
lessif d¢ (L] K) = 1. Accordingly, a valued field K is called c—defectless if every h—finite (or
equivalently, every finite) extension L|K is c—defectless, and g—defectless if every h—finite
(or equivalently, every finite) extension L|K is q—defectless. Thus for h—finite extensions
of q—defectless fields, the completion defect equals the ordinary defect.

For subhenselian function fields F' without transcendence defect over K we define the
completion defect and the defect quotient by

dm (F|K) = S%p dm (F|K(T))

de (F|K) = S%p de (F|K(T))
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where the supremum is taken over all transcendence bases of F|K.
The following observation is immediate:

Lemma 5.11 FEvery h-finite extension L|K satisfies:
dm (L|K) = dm (L"K")
de (LK) = de (L"K").

Hence K is an c—defectless resp. q-defectless field if and only if its henselization K" is an
c—defectless resp. q—defectless field.

A similar assertion for subhenselian function fields over K will be shown later. To shorten
our formulas, we define for any valued field K:

KM= (KM)° .
The correspondence K +— (K")¢ = K" may look a bit weird, but at least it has the nice
property to be idempotent:
Lemma 5.12 The completion of a henselian field is henselian too. Consequently,
(th)hc — th ]

Proof:  Since for any field L we know that (L¢)¢ = L¢, it suffices to show that (K"¢)" =
K"¢ or equivalently, that the completion of any henselian field is again henselian. This
can be shown using the fact that the zeros of a polynomial depend continuously on the
coefficients of that polynomial, cf. Theorem 4.5 of [PZ], p. 329. Let f € Ogn[X] a
polynomial satisfying the hypothesis of Hensel’s Lemma, i.e. f should admit a simple zero
a. For every a € v(K), we may choose a polynomial f, € K"[X] such that all coefficients
of f — f, all have value > «, i.e. the greater « is chosen, the better the coefficients of f are
approximated by the coefficients of f,. For every a > 0, the polynomial f, will admit @ as
a simple zero and will thus have a root a, in the henselian field K" with residue @, = a.
Now for o — o0, these roots will converge to a root of f also having residue @. O

completion defect and defect quotient have the following properties:
Lemma 5.13 Let L|K be an h—finite extension. Then

d(L|K) > dm (L|K) and d(L|K) >dc (LK), (84)
and dm (LK), de (LK) are integers dividing d(L|K') and hence are powers of p.

The completion defect and the defect quotient are multiplicative: if M is an h—finite exten-
sion of L, then

dm (M|K) = dm (M|L)-dm (L|K)

de (MK) = de (M|L) - de (L|K) .

Any h—finite separable extension L|K is q—defectless. A finite purely inseparable extension
L|K satisfies

dm (L|K) = d(L|K") (85)
_ Lo K]
de (L|K) = Lo K] (86)

and it 1s q—defectless if and only if it is linearly disjoint from the completion of K.
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Proof: Since finite extensions of complete resp. henselian fields are again complete
resp. henselian, for every finite extension L|K we get L¢ = L.K° and for every h-finite
extension L|K we get L" = L. K" and L" = L.K"*. From this and the multiplicativity
of extension degree, ramification index and inertia degree we obtain the multiplicativity of
the completion defect and the defect quotient. Furthermore K"¢ contains the henselization
K" of K and L contains the henselization L" of L. In view of

o(K) = o(K") = o(K) . o(L) = o(L") = o(L).

Khe=Kh=K Lhe=[h=T1
and the fact that [L': K] = [L.K" : K] < [L.K" : K" = [L" : K"], we deduce
Lhc . th
dm (L|K) = d(L"|K"™) = [ L —
(v(Lhe)) = v(Ehe) - [Lhc : th}

[Lh: K"
v(Lh) s o(EM) - [IF: KF

=d(L"K") = d(L|K) .

Since on the other hand, dmy (L|K) is the ordinary defect of the extension L"|K"* it is a
power of p and consequently a divisor of d(L|K'). This yields that

is also an integer dividing d(L|K) and a power of p. In the above inequality, equality holds
if and only if
[L.Kh . K" = [L.K" : K" (87)

expressing the property of L.K" to be linearly disjoint from K"¢ over K". Since the hen-
selian field K" is relatively separable-algebraically closed in its completion, for every finite
separable extension L|K equation (87) holds, proving the fact that every such extension is
q—defectless.

Now let L|K be a finite purely inseparable extension. Assume that we are able to show

[L.K": K" =[L.K°: K. (88)
Then it follows by virtue of L¢ = L.K¢:
dm (L|K) = d(L.K"|K") = d(L°|K®) ,

which proves (85). Using this and the fact that [L" : K" = [L.K" : K" = [L : K] (since
K"K is separable), we deduce

de (LIK) = d(LIK)/dm (LK) = [L' : K"/[L°: K9 = (L K)/[L°: K9,
which proves (86). Hence L|K is c—defectless if and only if
[L:K]=[L: K]

which expresses the property of L to be linearly disjoint from K¢ over K. This will prove
the last assertion.
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It remains to show equation (88) which claims that L.K* is linearly disjoint from K"¢
over K¢ Assume that this does not hold. Then there exists an intermediate field N
between L and K and an element a € L'\ N, a”? € N, such that

a ¢ N.K°but ac N.K" .

Since a ¢ N.K¢ = N¢, the distance dist(a, N) of a to N must be finite. Since a € N.K"¢ =
(N.K")¢ = (Nh)¢ = Nh¢ there exists an element b € N such that v(a — b) > dist(a, N),
hence appr(a, N) = appr(b, N). a being an element of N, Lemma 11.92 proves that this is
contradictory, which completes our proof. O

Corollary 5.14 Let L|K be a finite extension. Then

[L . K]insep

. insep

In particular, if L|K is c—defectless and immediate, then L|K is purely inseparable and L
is included in the completion of K.

Proof:  Let LK be the maximal separable subextension of L|K; then L|L is purely
inseparable. By Lemma 5.13, d¢ (Ls|K) = 1 and

de (LIK) = dc (L|Ls) - de (Ls|K) = de (L] Ls) =

On the other hand, [L : Ly] = [L : Klipsep- Furthermore, L¢ = L.K° and LS = L,. K¢ shows
that L¢|L¢ is purely inseparable and LS| K¢ is separable and consequently, [L¢: L] = [L°:
K €insep- This proves the first assertion of our lemma.
Now let L|K be c—defectless and immediate, i.e. dm (L|K) = 1 which in view of (83)
yields
[L:K]=d(L|K)=dc(L|K) .

By what we have proved above, this implies

[L . K] insep

[L: K| = —[LC K

This shows [L : K| = [L : Klipsep, i-¢. L|K is purely inseparable. Moreover, it shows that
[L¢: K¢ =1, ie. L = K¢ which is only possible if L is included in the completion of K,
as contended. O

Using Lemma 5.13, we obtain the following important characterization:

Lemma 5.15 K s q—defectless if and only if its completion is a separable extension. In
particular, every complete field is q—defectless.
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Proof: K is g—defectless if and only if every finite extension L|K is q-defectless. In
view of the multiplicativity of the defect quotient and the fact that every finite extension
is contained in a finite normal extension, it follows that K is q-defectless if and only if
every finite normal extension L|K is q—defectless. Again by multiplicativity, and by the
fact that a normal extension L|K admits an intermediate field N such that N|K is purely
inseparable and L|N is separable and thus q—defectless, it follows that K is q—defectless
if and only if every finite purely inseparable extension L|K is q-defectless. This in turn
is the case if and only if every finite purely inseparable extension L|K is linearly disjoint
from K€, or in other words: if and only if K¢|K is separable. O

From the multiplicativity of the defect quotient and the completion defect as stated in
Lemma 5.13, one derives:

Lemma 5.16 Let L|K be an h—finite extension. Then K is a q—defectless field if and
only if L|K is q—defectless and L is a q—defectless field. The same holds for “c—defectless”
instead of “q—defectless”.

From equation (86) of Lemma 5.13 one derives:

Lemma 5.17 Let (L, P)|(K, P) be a finite extension and P = QQ a decomposition of P
with nontrivial (). Then

de (L, P)|(K, P)) = dc (L, Q)[(K, Q) (89)
dm (L, P)|(K, P)) = dm (L, Q)|(K, Q) - d(LQ, Q)(KQ,Q)) - (90)

Proof: To prove the equation for the defect quotient we use the assertion of Lemma 5.13
that every separable h—finite extension is q—defectless. Consequently, by the multiplicativ-
ity of the defect quotient, we may assume that L|K is a finite purely inseparable extension
and we may use equation (86) to compute:

de (L, P)(K,P)) = [L:K]/[L°P): KP)]
= [L:K]/[L79: K9 =dc (L, Q)|(K,Q)) ,

using the hypothesis that @) is nontrivial which yields the equality of the completion under
P and Q: L¢P = [4@ and KP) = K@) This proves equation (89). Using this result,
we get

dm ((L, P)|(K, P)) = di((((LL’iD);
(

d((Z, Q)|

(K, P))

(K, P))

K,Q)) d(LQ, Q)I(KQ,Q))
)

proving equation (90). O

Another important property of completion defect and defect quotient is the following:
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Lemma 5.18 Let L|K be a finite extension of henselian fields and assume that the rank
of (K, P) has no last element (i.e. v admits no nontrivial coarsest coarsening). Then there
is a decomposition P = QQ) with nontrivial Q and nontrivial () such that

de (L, P)|(K, P)) = de (L, Q)I(K, Q) = d((L, Q)[(K, Q)) (91)
dm ((L, P)|(K, P)) = d((LQ, Q)|(KQ, Q)) (92)

For a separable extension L|K this means

d((L, P)I(K, P)) = d((LQ, Q)|(KQ.Q)) - (93)

Proof: Firstly we note that equation (92) follows from equation (91) by virtue of
equation (83) and Lemma 2.17. So we will only consider equation (91) in the sequel.
Moreover, the first equation of (91) is already stated in Lemma 5.17. Secondly, we prove:
if K7 is an intermediate field of L|K and there are places ()1 and Q2 such that

de ((Klap)’(K7 P)) =dc ((K17Q1)|(K7Q1)) = d((K17Q1)|<K7 Q1))
dc ((L, P)](Kl,P)) =dc ((La Q2)’(K1,Q2)> = d((La Q2>’(K17Q2))

then equation (91) holds if we choose @ to be the coarser one of the places Q)7 and Qs.
But this becomes an immediate consequence of the multiplicativity of the defects if only
we can show: if equations of the type (91) hold for a place @, then they also hold for
any nontrivial coarsening @' of ). For the first “=" in equation (91) this follows from
equation (89) of Lemma 5.17. Having proved

d((L, QUK. Q) = de((L, QK Q)) = de (L, Q)|(K, Q"))
< d((L, QK. Q) < d((L, Q)I(K,Q))

one derives
d((L, QI(K, Q)) = d((L, Q")I(K, Q"))
showing that the whole equation (91) holds for @’ too.

By what we have shown, it suffices now to prove our Lemma in the following two cases:
Case 1: L = K(a) is a separable extension of K. Let f(X) € K[X] be the minimal
polynomial of a over K and let ¢;, 0 < ¢ < n be the coefficients of f. Then by our
hypothesis on the rank of P there exists a nontrivial coarsening () of P such that @ is
trivial on k(co, ..., c,) where k denotes the prime field of K. This shows that f@ is a
separable polynomial over K@) of the same degree as f; moreover it is irreducible since if
it were then the same would follow for f by Hensels Lemma ((K, Q) being henselian by
our hypothesis on (K, P) and Lemma 2.15). Hence in this case, [L : K] = [LQ : KQ] and
consequently d((L, Q)|(K,Q)) = 1 which proves equation (93). This implies equations (91)
and (92) since by Lemma 5.13, every separable extension is q—defectless.

Case 2: L = K(a) is a purely inseparable extension of degree p.
Ifd((L, P)|(K, P)) =dc ((L, P)|(K, P)) = p, then for any coarsening @) of P, equation (91)
is fulfilled since by equation (89) of Lemma 5.17 we have

de (L, QUK, Q)) = dc ((L, P)|(K, P)) = p
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and consequently,

d((L, QK Q)) = p = de (L, Q)[(K, Q))

since d((L, Q)|(K, Q)) is greater or equal to d¢ ((L, Q)| (K, Q)) but can’t exceed [L : K] = p.
The existence of a nontrivial coarsening of P is guaranteed by the hypothesis on the rank
of P.

If on the other hand, d¢ ((L, Q)|(K,Q)) = 1, then a cannot be an element of K¢ and thus
there is an element o € vp(K) such that Vb € K : vp(a —b) < a. By our hypothesis on
the rank of P there exists a coarsening ) of P such that vg(a — b) = 0, hence a@) # bQ
for all b € K (this is satisfied if the coarsening corresponds to a convex subgroup of vp(K)
which includes «). This shows a@) ¢ K@ and thus [LQ : KQ| = p which yields that
d((L,Q)|(K,Q)) =1=dc ((L,Q)|(K,Q)). This completes the proof of our Lemma. O

Now we turn to the investigation of these defects for function fields. For the proof of
the next theorem, we need the following auxiliary result:

Lemma 5.19 Let K(7)|K be an extension of valued fields with valuation transcendence
basis T. Then for every element b € K(7T) \ K, there exist elements ¢y,co € K such that
c1b — ¢y 18 valuation—transcendental.

Proof: Let b= f/g with f,g € K[T]. By Lemma 2.19, the value of the polynomials f, g
is equal to the minimum of the values of the monomials in f resp. g, and these monomials
are uniquely determined; we will call them fy and go. If fj differs from gq just by a constant
factor from K which we will call ¢y, then we put A = f —cog and observe that the monomial
hg of least value in h will not any more differ from gy by a constant from K. If fy ¢ Kgo,
then we put ¢ = 0, h = f and hg = fy. Note that h # 0 and thus hy # 0 since by
hypothesis, f/g ¢ K. We have

and we know that in the quotient hy/go, at least one element of 7 appears with a
nonzero (integer) exponent. If at least one of these appearing elements from 7 is value—
transcendental, then hg/go and thus also b — ¢ is value-transcendental over K. In the
remaining case, we write

— €1 (&
— =c-yit .Y, e, ...,es € Z

where ¢ € K, and y, ..., ys are different residue-transcendental elements from 7. Since the
residues 7, ..., s are algebraically independent over K, this shows that hg/cgy and thus
also h/cg are residue-transcendental over K. Putting ¢; = ¢! and replacing ¢, by c¢a/c,
we obtain that ¢;b — ¢s is residue—transcendental over K. O

Theorem 5.20 Let F' be a subhenselian function field without transcendence defect over
K. Assume that K is a q—defectless field or that v(K) is not cofinal in v(F'). In both cases,
F is a g—defectless field.
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Proof:  Let 7 be a valuation transcendence basis of F/|K. In view of Lemma 5.16 we
have only to show that K(7) is a q—defectless field (hence we may assume F' = K(7)).
For this we have to show that the completion of F'is a separable extension.

In the first case, let us assume that K is a q—defectless field and that v(K) is cofinal in
v(F'). Then the completion F° of F' contains the completion K¢ of K. By our hypothesis
on K and Lemma 5.15, V'K is linearly disjoint from K¢ over K. We want to show now
that V'K is even linearly disjoint from F¢ over K for which fact we still have to prove that
VK .K¢ is linearly disjoint from F°¢ over K.

Assume the contrary. Then there exist two finite purely inseparable extensions N C L
of K and an element a € L\ N such that a € N.F¢\ N.K¢. Since a ¢ N.K¢ = N¢, the
distance dist(a, N) of a to N must be finite. Now N.F¢ = (N.F)¢, hence there exists an
element b € N.F' = N(7) such that v(a — b) > dist(a, V). But according to the preceding
Lemma, for every element b € N(7) there exist elements ¢;,co € N such that ¢;b — ¢y is
valuation—transcendental. a being algebraic over N, this yields

v((cra — cg) — (c1b — ¢2)) = min(v(c1a — ¢2),v(c1b — ¢2)) < v(cra — ¢3)
and consequently

v(ia—b) = wv(cia—c1b) —v(er) =v((cra — cz) — (e1b — ¢2)) — v(¢y)
< w(ea—c) —v(er) =v(a—cx/cr) < dist(a,N)

a contradiction. We have shown that v/ K is linearly disjoint from F*° over K. Conse-

VEK(T)

FeNK VF = FNK\JIF,(T)

quently, F.v/K is linearly disjoint from F€¢ over F. On the other hand, v/F = VE(T) =
FNK.\/IF,(T) is linearly disjoint from F°.v/K over F.v/K since any finite extension of

FANK = VK(T) within F./K./IF,(T) is defectless by Lemma 3.20, whereas the exten-

sion F¢.v/K|F.v/K is immediate since F°.v/K is included in v/ K (7)°. Putting both results
together, we see that v/F is linearly disjoint from F¢ over F. Hence by Lemma 5.15, F is
q—defectless. This completes our proof in the first case.

In the remaining case, v(K) is not cofinal in v(F'), i.e. the convex hull of v(K) in v(F)
is a proper convex subgroup of v(F"). Consequently, there exists a nontrivial coarsening w
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of the valuation v on F which is trivial on K. Trivially, (K, w) is a defectless field, and
so is (F,w) according to Theorem 3.1 since by Lemma 2.22 it is a function field without
transcendence defect over (K, w). Thus any finite purely inseparable extension is defectless
and thereby linearly disjoint from the w—completion F°™) of F since this is an immediate
extension of F'. On the other hand, the topology induced by v equals the topology induced
by any nontrivial coarsening of v, whence F®) = F¢. Consequently, v/F is linearly disjoint
from F*°. By virtue of Lemma 5.15, this completes our proof. O

On the basis of this theorem we are able to prove the following lemma:

Lemma 5.21 Let K(7)|K be an extension of valued fields with valuation transcendence
basis T. Let L be a finite extension of K. If v(K) is cofinal in v(K (7)), then

dm (L(T)|K(T)) = dm (LK)
de (LK) .

5
&
3
=
3
I

If v(K) is not cofinal in v(K(T)), then

dm (L(T)[K(T)) = d(L(T)|K(T)) = d(L|K)
de (L(T)|K(T)) = 1.
Proof: If v(K) is not cofinal in v(K (7)), the assertion follows from Theorem 5.20,

Lemma 5.2 and equation (83). Let us assume now that v(K) is cofinal in v(K(7)). In
view of Lemma 5.2 and equation (83), it suffices to prove the first equality.

L(T)hc — LK(T)hC — (Lhc(T))hc

/

(KhC(T))hC ZK(T)hC
LM(T) = L.K"(T)

/

th(T)
Lhc — L.th
Khe —
/ L
K
By definition,
dm (L|K) = d(L"|K") . (94)

Using L"(T) = (L.K")(T) = L.(K"(T)), from Lemma 5.2 we infer
d(L"|K") = d(L"(T)|K"(T)) . (95)

The complete field K¢ is q-defectless by Lemma 5.15, hence by the preceding theorem,
K"(T) is q-defectless too. Consequently,

d(L"(T)|K"(T)) = dm (L"(T)|K"(T)) - (96)
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By definition,
dm (L"(T)|E"(T)) = d((L"(T))"*|(K"“(T))") . (97)

From Lemma 5.12 we infer
(Lhc(T))hC — L(T)hc and (KhC<T>>hc — K(T)hc )

This yields
A((L"(T))"*|(K"(T))") = d(L(T)"|K(T)") . (98)

Again by definition,
A(L(T)"|K(T)") = dm (L(T)|K(T)) . (99)

Putting equations (94) — (99) together we obtain
dm (L|K) = dm (L(T)|K(T)) ,

as asserted. O

With the help of this lemma one proves the following theorem which is the analogue of
Theorem 5.4 for completion defect and defect quotient.

Theorem 5.22 Let F' be a subhenselian function field without transcendence defect over
K. Then for every valuation transcendence basis T of F|K,

dm (F|K) = dm (F|K(T)) < oo (100)

de (FIK) = de(F|K(T)) < o0 (101)
This yields

d(F|K) = dm (F|K) - dc (F|K) . (102)

Moreover, assume that v(K) is cofinal in v(F'). Then there ezists a finite extension K' of
K such that for every finite extension L of K containing K' we have

dm (F1K) = dm (L|K)/dm (L.F|F) (103)
= N‘Iﬁ%ﬁtedm(N|K)/dm(N'F|F) (104)
de (F|K) = dc(L|K)/dc (L.F|F) (105)
—  max de(N|K)/de (N.F|F) . (106)

N|K finite
K’ may be chosen as to satisfy the additional conditions stated in Theorem 5.4.

Proof: As it was done for the defect in the proof of Theorem 5.4, one shows that
dm (F|K) = Sup dm (F|K(T))

de (F|K) = Sup de (F|K(T))

where the supremum is only taken over all valuation transcendence bases of F|K. For the
proof of equation (100) it suffices now to show that dm (F|K (7)) is equal to a certain fixed
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number for any valuation transcendence basis 7, and for the proof of equation (101) we
will show the same for the defect quotient.

If v(K) is not cofinal in v(F'), then by virtue of Theorem 5.20, K(7) is q-defectless
and thus

dm (FIK(T)) = d(F|K(T)) = d(F|K)
de (FIK(T)) =1

If v(K) is cofinal in v(F), then K (7 )" contains K"¢. From this we deduce, using the
fact that K"¢(T) is q—defectless by Theorem 5.20:

dm (FIK(T)) = d(F"|K(T)") = d((F.K")"|(K"(T))"
= dy (F.K"|K"(T)) = d(F.K"|K"(T)) = d(F.K"|K") .

For the defect quotient, this implies

CAFIK(T)  A(FIK)
Ae (IR = 4 (FIRT)) ~ AR Rl

This completes the proof of equations (100) and (101). Now equation (102) follows from
equation (77) of Theorem 5.4 together with equations (83), (100) and (101).

For the remainder of the proof, we will assume that v(K) is cofinal in v(F'). Let K’
be as in Theorem 5.4 (hence it can be choosen as to satisfy the conditions stated there)
and let L be a finite extension of K containing K’. Choosing any valuation transcendence
basis 7 of F|K, by Theorem 5.4 we know that

d(L.F|L(T)) =1,
whence
dm (L.F|L(T))=1. (107)

Using this equation and (100) as well as the multiplicativity of the completion defect, we
deduce

dun (LF|F) - dm (FIK) = dun (L.F|F) - dpn (F|K(T)) = d (L.F|K(T))

= dm (L.F|L(T)) - dm (L(T)|K(T)) = dm (L(T)|K(T)) .
In view of Lemma 5.21, v(K) being cofinal in v(F') by assumption, this yields equation
(103). With regard to (102) and (83), equation (105) follows from equation (103) and the
corresponding equation for the defect given in Theorem 5.4.

Equations (104) and (106) are shown as it was done for the defect in the proof of
Theorem 5.4. a

As immediate consequences we get:

Corollary 5.23 Assume F' to be a subhenselian function field without transcendence defect
over a q-defectless field K. Then dc (F|K) is trivial.
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Proof: Let 7 be a valuation transcendence basis of F'|K. From Theorem 5.20 we infer
that K(7) is a q—defectless field, hence in view of Theorem 5.22,

de (F|K) = dc (FIK(T)) = 1.

|

Corollary 5.24 FEwvery subhenselian function field F' without transcendence defect over K
satisfies

dm (FIK) = dm (F"K) = dm (F"|K")

de¢ (F|IK) = d¢ (FM"K) = de (FMK") .

Proof:  Any valuation transcendence basis 7 of F|K is also a valuation transcendence
basis of F"|K and of F"|K". Hence with regard to Lemma 5.11,

m (F|K) = dm (FIK(T)) = dm (Fh\K( )") = dm (F"|(K™(T))")
= dm (F")"|(K"(T))") = (Fthh( )) = dm (F"|K")
and
dm (F"|K(T)") = dm (F")"|K(T)") = dm (F"|K(T)) = dm (F"|K) .
The assertions for the defect quotient are shown similarly. O

Corollary 5.25 Let E and F be subhenselian function fields over K. If E|F is algebraic
and F|K has no transcendence defect, then E|F is h—finite and the following multiplicativity
holds for the completion defect and defect quotient:

dm (EK) = du (E|F) - dm (FIK)
de (E|K) = dc(E|F)-dc(F|K) .

Proof: First, we prove that F|F is h-finite. £ and F' being subhenselian function fields,
E" and F" are the henselizations of valued function fields Ey and Fy over K. Since E|F is
algebraic, also E" F" and Ey.Fy|Fy are algebraic. As Fy.F, is also a function field over K,
Ey.Fy|Fy is finite and the same holds for (Ey.Fy)"| F. But E" = E} contains F and thus
also Fy, whence (FEy.Fy)" = E". By our choice of Fyy we have Fh Fh, and thus we have
proved that E"|F" is finite. Taking any valuation transcendence basis 7 of F|K (which is
also a valuation transcendence basis of F|K since E|F is algebraic), we compute

dm (E|K> =dm (E|K(T)) = dm (E|F)dm (F|K(7)) =dm (E|F> ~dm (F|K)

using Theorem 5.22 and the multiplicativity of the completion defect. The proof for the
defect quotient is similar. O

Corollary 5.26 Let F' be a subhenselian function field without transcendence defect over
K. If v(K) is cofinal in v(F') then there ezists a finite extension K' of K such that

dm (K" F|K) = dm (K'|K)
de (K FIK) = de(K'|K) .
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Proof:  We take K’ as in Theorem 5.22 and apply Corollary 5.25 to equation (103) and
equation (105), where we set L = K. O

The following theorem is a consequence of the two preceeding corollaries. It is the
counterpart of Corollary 5.23.

Theorem 5.27 Let F' be a subhenselian function field without transcendence defect over
K and let v(K) be cofinal in v(F). If K is an c—defectless field then dm (F|K) is trivial
and F is an c—defectless field.

Proof: Let K be c-defectless and K’ according to Corollary 5.26 such that
dm (K'.F|K) =dm (K'|K)=1.

By Corollary 5.25, putting £ = K'.F we get dm (F|K) = 1. On the other hand, if F”
is an arbitrary finite extension of F', then it is also a subhenselian function field without
transcendence defect over K and consequently, like F' it satisfies dm (F'|K) = 1. By
Corollary 5.25, we conclude

dm (F'|F) =1.

This shows that I’ is an c—defectless field. O

The following theorem identifies the class of c—defectless fields with the class of separably
defectless fields:

Theorem 5.28 A wvalued field K is an c—defectless field if and only if it is a separably
defectless field.

Proof: Let K be an c-defectless field. By Lemma 5.13, we know that every h-finite
separable extension of K is g—defectless, i.e. its completion defect equals the ordinary
defect. Thus every finite separable extension of K is defectless and consequently, K is a
separably defectless field.

For the converse, assume that K is separably defectless. Then by Lemma 2.3, also
its henselization is separably defectless, i.e. it is separable—algebraically complete. Now
Corollary 4.20 shows that K"¢ is algebraically complete. By virtue of the definition of the
completion defect, this shows K to be c—defectless. O

The following theorem is a corollary to the preceding theorem and Theorem 5.27:

Theorem 5.29 Let F|K be a subhenselian function field without transcendence defect. If
K is separably defectless and v(K) is cofinal in v(F') then F is separably defectless.

From this theorem we derive the following structure theorems:

Theorem 5.30 Let K be a separably defectless field and F|K a subhenselian function field
without transcendence defect. Assume that v(K) is cofinal in v(F). Then F' is a finite c—
defectless extension of a henselian rational function field Fy . Moreover, Fy can be chosen
such that

[ FO]sep = (v(L) : v(K))por - [£: KT;

1T -
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Proof: The valuation transcendence basis 7 is constructed as in the proof of The-
orem 3.2. By Theorem 5.28, K is an c—defectless field and by Theorem 5.27, K(7) is
an c—defectless field. Hence F' is a finite c—defectless extension of the henselian rational
function field K (7). O

Theorem 5.31 The situation being as in Theorem 5.30, assume in addition that
v(L)/v(K) has no torsion element of order p and that L|K 1is separable. Then there exists
a valuation transcendence basis T of F|K and an element a € F such that F lies in the
completion of K(T)"(a) which is a tame extension of K(T)" satisfying

[K(T)"(a) : K(T)"] = [K(T)(a) : K(T)] = (v(F) : 0(K))sor - [F : Klsep -

Proof: The valuation transcendence basis 7 and the extension field F, = K(7,a)
of K(7T) are constructed as in the proof of Theorem 3.3. Consequently, the extension
K(T,a)"| K(T)" has the same properties. As in the proof of Theorem 5.30 it is shown that
K(T) is an c—defectless field. Hence F' is a finite c—defectless extension of the henselian
rational function field K(7)" and thus also of K(7,a)". But by the construction of the
latter field, the extension F|K(7,a)" is immediate. But according to Corollary 5.14, an
c—defectless immediate extension of a field must lie in its completion. O

Theorem 5.32 The situation being as in Theorem 5.30, assume in addition that
v(L)/v(K) has no torsion and that L|K is reqular. Then there exists a valuation trans-
cendence basis T of F|K and an element a € F such that F lies in the completion of
K(T)"(a) which is a tame unramified extension of K(T)" satisfying

[K(T)"(a) : K(T)") = [K(T)(a) : K(T)] = [K(T)(a) : K(T)] = [F : Klsep -

Consequently, F' lies in the completion of a henselian rational function field generated by a
valuation transcendence basis over K if and only if F' is a rational function field over K.

Proof:  The theorem can be easily deduced from Theorem 5.31; cf. the proof of Theo-
rem 3.4. O

For the remainder of this section, we will consider the question to which extent Corol-
lary 5.8 and Corollary 5.10 carry over to the completion defect.

Corollary 5.33 Let F' be a valued function field without transcendence defect over K and
let P be the place associated to v. Assume that P = QQ such that Q is nontrivial on F.
Then the following holds:

de ((F, P)|(K, P)) = dc ((F, Q)[(K, Q) , (108)
dm ((F, P)|(K, P)) = dm ((F. Q)|(K, Q) - d((FQ, Q)|(KQ, Q)) - (109)

In particular, if dm ((F, P)|(K, P)) is trivial, then dm ((F, Q)|(K,Q)),
d(FQ,Q)(KQ,Q)) and dm (FQ,Q)|(KQ,Q)) are trivial too.
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Proof: According to Lemma 2.23, we choose a valuation transcendence basis 7 of

(F, P)|(K, P) that is at the same time a valuation transcendence basis of (F,Q)|(K, Q).

Since @ is assumed to be nontrivial, we may apply equation (89) of Lemma 5.17 to compute
= de (F,QIK(T),Q)) =dc ((F,Q)(K,Q)) -

This proves assertion (108). Using this result, we get

d((F, P)|(K, P))

dm (P P)) = 35 p)(E.P))

_ d((F,Q)!( Q) - d((FQ,QIKQ.Q))
de ((F, Q)|(K, Q)) B
= dm (F,Q)(K, Q) - d(FQ, QI(KQ, Q)
by virtue of equation (102) of Theorem 5.22 and Corollary 5.8. a

This corollary shows clearly that the ground field K may be c—defectless while even a
rational function field F' = K(z) may not. But this case can only arise if v(K) is not
cofinal in v(F').

Corollary 5.34 Let E be a valued function field without transcendence defect over K.
Then there exists a finitely generated field Ky and a function field Ey without transcen-
dence defect over K, satisfying all conditions of Corollary 5.10 and in addition:

dm (E|K) > dm (Eo| Ky) .

Proof: Choose K and Ey according to Corollary 5.10. Assume that v(FEj) is not cofinal
in v(E). Then the place P associated to v can be decomposed P = Q@ such that Q is
nontrivial on E but trivial on Fy. We identify E, with FyQ. Applying Corollary 5.10 to
EQ and K@ instead of F and K, we see that Ky and Ey (with @ trivial on K, and Fp)

can actually be chosen as large as to satisfy not only the required conditions, but also

d(EQ, QIKQ, Q) = d((EeQ, Q)(Ko@Q, Q)) = d((Eo, P)|(Ko, P)) ,

whence

dm ((E, P)|(K, P)) = d((EQ, Q)I(KQ, Q) = d((Ey, P)|(Ko, P)) = dm ((Eo, P)|(Ko, P))

by virtue of Corollary 5.33.

Now assume that v(FEjp) is cofinal in v(E). Then for a given valuation transcendence
basis 7, the fields Fy and Ky may be replaced by larger fields that not only satisfy the
conditions of Corollary 5.10 but also

[E : K<T)]insep = [EO : KD(T)}insep
[E° - K(T) Timsep = [EG : Ko(T) Tinsep -
In view of Lemma 5.14 and equation (101) of Theorem 5.22, this yields

(61K = de(olany) = (e [ o e

= de (Eo|Ko(T)) = dc (Ep|Ko) -
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Hence
dun (E|K) = di(gﬁ()) > dfiﬂﬁgj) — dum (Fol o)
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6 Tame extensions, tame and separably tame fields.

In this section we will state some important properties of tame and separably tame fields
that we will use in the subsequent sections. Moreover, we will introduce a valuation
theoretical property that characterizes the Galois groups of tame Galois extensions.

Let K be a valued field with p = char(K) (p = 1 if char(K) = 0). K is said to be a
tame field if it is henselian and K | K is a tame extension, and a separably tame field, if it is
henselian and K*%|K is a tame extension (K resp. K*® denote the algebraic closure resp.
the separable—algebraic closure of K). Here, an algebraic extension of a henselian field is
called tame if every finite subextension L|K satisfies

(a) the ramification index (v(L) : v(K)) is relatively prime to p,
(b) the residue field extension L|K is separable,
(c) the extension L|K is defectless.

An arbitrary extension L|K is called purely wild if

(@) (v(L) :v(K)) is a p—torsion—group,
(b’) L|K is purely inseparable algebraic.
(Cf. the definitions on p. 46 of [KPR].)
For a henselian field K, let us recall the following facts stated in [KPR]:

Every subextension of a purely wild extension is purely wild. Every purely inseparable
extension is purely wild. (Cf. the remarks on p. 47 in [KPR].)

An algebraic extension of K is purely wild if and only if it is K—linearly disjoint from K.
(Cf. Lemma 4.2 on p. 47 in [KPR].)

The ramification field K" (= the ramification field of the extension K*?|K; see [END2]
for its definition) is the maximal tame algebraic extension of K. Consequently, a Galois
extension of a henselian field is tame iff its ramification group is trivial. If char(K) = 0
then K" = K and every algebraic extension of K is tame. On the other hand, in [PAN1],

[PAN2], M. Pank proved the following important theorem:

Theorem 6.1 (M. Pank)

Let K be a henselian field with residue characteristic p > 0. There exist algebraic field
complements W of K™ over K, i.e. K".W = K and W s linearly disjoint from K* over
K. These complements W can be characterized as the maximal algebraic purely wild ez-
tensions of K. They are unique up to K—isomorphism if there does not exist any finite

tame extension of K whose degree is divisible by p. Moreover, v(W) is the p—divisible hull
of v(K), and W is the perfect hull of K.

For the proof and further information on purely wild extensions, cf. [KPR].

6.1 Tame fields.
Tame fields can be characterized as follows:

Lemma 6.2 The following assertions are equivalent:

1) K is tame

2) Every algebraic purely wild extension of K is trivial

3) K is algebraically maximal and closed under every purely wild extension by p—th roots
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4) K is algebraically mazimal, v(K) is p—divisible and K is perfect.

In particular, a valued field K of characteristic p > 0 s tame if and only if it is
algebraically maximal and perfect. Consequently, given a valued field (K,v) of positive
characteristic p, any mazimal immediate algebraic extension (W,v) of (VK,v) is a tame
field having the p—divisible hull of v(K) as value group and the perfect hull of K as residue
field.

Every tame field is algebraically complete (hence for perfect valued fields of positive
characteristic, “algebraically maximal” and “algebraically complete” are equivalent).

Proof: Let K be a tame field, i.e. K" = K. Then by Pank’s Theorem, every maximal
algebraic purely wild extension of K is trivial. This proves 1) = 2).

If K has no algebraic purely wild extension then in particular it has no purely wild extension
by p—th roots. Since moreover every finite tame extension is defectless (by definition), K
is a defectless field and since it is assumed to be henselian, it is algebraically complete and
thus algebraically maximal. This proves 2) = 3).

Assume now that K is an algebraically maximal field closed under purely wild extensions
by p—th roots. Let a be an arbitrary element of K. Assume that v(a) is not divisible by p
in v(K); then the extension K (b)|K generated by an element b € K with b = a satisfies
(v(K(b) : v(K))) =p = [K(b) : K] and is thus purely wild contrary to our assumption on
K. Assume that v(a) = 0 and that @ has no p-th root in K; then the extension K (b)|K
generated as above satisfies [K(b) : K| = p = [K(b) : K] and is again purely wild contrary
to our assumption. By this, we have shown that v(K) is p—divisible and K is perfect. This
proves 3) = 4).

Assume now that K is an algebraically maximal (and thus henselian) field such that v(K) is
p-divisible and K is perfect. The latter condition yields (by definition) that every algebraic
purely wild extension of K is immediate. But since K is assumed to be algebraically maxi-
mal every such extension must be trivial. This shows that K has no nontrivial algebraic
purely wild extension at all and thus it follows from Pank’s Theorem that K = K”. This
proves 4) = 1).

The second part of our lemma follows from the first part since if K has positive character-
istic then every extension by p—th roots is purely inseparable and thus purely wild. Finally,
the last assertions follow already from our proof. O

For the model theory of tame fields, the following corollary gives a basic information:

Corollary 6.3 The property of being a tame field of fized residue characteristic is recur-
siwely first order aziomatizable.

Proof: If the residue characteristic is fixed to 0 then “tame” is equivalent to “henselian”
which is recursively first order definable by an axiom scheme that just expresses Hensel’s
Lemma. If the residue characteristic is fixed to be a positive prime then the assertion is
seen as follows:

By the foregoing lemma, a valued field of positive residue characteristic is tame if and only
if it is an algebraically maximal field having p—divisible value group and perfect residue
field. A valued field K has p—divisible value group if and only if it satisfies the following
first order axiom:

Vee Kdye K: v(zy?)=0.
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Furthermore, K has perfect residue field if and only if it satisfies the following first order
axiom:
Vie Kdye K: (v(z) =0= v(zy? —1) >0) .

Finally, the property of being algebraically maximal is axiomatizable by a recursive scheme
of first order axioms as it is shown in [DEL1], p. 15, Proposition 1.17, and p. 16, Corol-
laire 1.18. O

Let be given an abelian group I' and a field k& of positive characteristic p which are
elementarily equivalent to the value group resp. the residue field of some tame field of
positive characteristic (hence by Lemma 6.2, I" is p—divisible and k is perfect). The next
corollary will show that it is rather easy to construct tame fields with value group I' and
residue field £ which moreover satisfy that its cardinality does not exceed the maximum of
the cardinalities of value group and residue field.

Corollary 6.4 Let p be a prime number, I' a p-divisible ordered abelian group and k a
perfect field of characteristic p. Then there exists a tame field K of characteristic p having
I' as its value group and k as its residue field such that K|IF, admits a valuation transcen-

dence basis and the cardinality of K is equal to the maximum of the cardinalities of I' and
k.

Proof: Given I' and k both of cardinality at most s, we proceed as follows:

Take o, ¢ € I to be a maximal set of rationally independent values in I', and z;, j € J
to be a transcendence basis of k|IF,. Let 7 = {x;,y; | i € I, j € J} be a set of algebraically
independent elements over IF,, and let Ky = IF,(7) be valued such that

Viel: viz;))=o; and VjeJ: 7 =z;.

Note that by Lemma 2.19, the valuation v is uniquely determined by the above assign-
ments. Now take (K7, v) to be a maximal immediate algebraic extension of the perfect hull
(VKo,v). By Lemma 6.2, (K1, v) is a tame field with the p—divisible hull of v(Kj) as value
group and the perfect hull of K| as residue field. But since by hypothesis, I' is p-divisible
which shows v(K;) C I'. Similarly, k is perfect by hypothesis which shows K; C k. Now
I'/v(K}) is a torsion group without p-torsion, and k|K, is a separable-algebraic extension.
Hence there exists a tame algebraic extension (K, v) of (K7,v) having value group I' and
residue field k. We have K" = K] = K; = K which shows that (K,v) is a tame field like
(K1,v). By construction, K|IF, has 7 as valuation transcendence basis.

Finally, note that the cardinality of 7 does not exceed the cardinality of I and k; this
shows

K| = max{Ro, [T} < max{[TY, ]}

since K is an infinite subfield of the algebraic closure of IF, (7). The inequality on the
right hand side holds since at least |I'| is infinite. On the other hand, the cardinality of a
valued field cannot be smaller than the cardinalities of its value group and its residue field
which shows that the above inequality is indeed an equality. O

Note that Lemma 6.2 also yields that every tame field is perfect and that for a perfect
field of positive characteristic the properties “algebraically maximal” and “algebraically
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complete” are equivalent. This is true since every such field is tame and thus defectless
if it is algebraically maximal. Since it is also henselian if it is algebraically maximal, this
implies that it is algebraically complete if it is algebraically maximal.

Every valued field (K, v) admits algebraic extensions which are tame fields and minimal
in the sense that no proper subextensions are tame fields. These are exactly the maximal
purely wild algebraic extensions of K, as one concludes from Lemma 6.2 together with
Theorem 6.1. They have the p—divisible hull of v(K) as value group and the perfect hull
of K as residue field. Note that in general they are not unique up to isomorphism; cf.
the appendix of [KPR]. Here it remains to note an additional property of these extensions
concerning the “side conditions” as they appear in the hypothesis of Ax—Kochen—Ershov—
principles:

Lemma 6.5 If (K,v) is a tame field and (L,v)|(K,v) an extension with v(K) <3 v(L)
and K <3 L, then every mazimal purely wild algebraic extension (W,v) of (L,v) is a tame
field satisfying v(K) <3 v(W) and K <3 W.

Proof: As mentioned above, v(W) is the p-divisible hull p%ov(L) of v(L) and W is

the perfect hull VT of L. So we only have to prove that v(K) (which is itself p-divisible
by Lemma 6.2) is existentially closed in p%ov(L) and that K (which is itself perfect by

Lemma 6.2) is existentially closed in the perfect hull VI of L.

By Lemma 8.1, the hypothesis v(K) <3 v(L) implies that v(L) is embeddable over v(K)
into every |v(L)|T-saturated elementary extension of v(K'). Such an elementary extension
is p—divisible like v(K), hence the embedding can be extended to an embedding of p%,ov(L)

which by Lemma 8.1 shows v(K) <3 Z%,OU(L).
Again by Lemma 8.1, the hypothesis K <3 L implies that L is embeddable over K into
every |L|T—saturated elementary extension of K. Such an elementary extension is perfect

like K, hence the embedding can be extended to an embedding of V'L which by Lemma 8.1
shows K <3 VI. O

Now we will prove an important lemma on tame fields that we will need in several
instances.

Lemma 6.6 Let L be a tame field and K C L a relatively algebraically closed subfield. If
in addition L|K 1is an algebraic extension, then K is also a tame field and moreover, v(K)
is pure in v(L) and K = L.

Proof: The following short and elegant version of the proof was given by F. Pop. Since
L is tame, it is henselian and perfect and since K is relatively algebraically closed in L, it
is henselian and perfect too. Assume that K;|K is a finite purely wild extension; in view
of Lemma 6.2, we have to show that it is trivial. The degree [K; : K] is a power of p, say
p™. Since K is perfect, L|K and K;|K are separable extensions and since K is relatively
algebraically closed in L, we know that L and K, are linearly disjoint over K, thus K is
relatively algebraically closed in K;.L and

[K1.L: L =[K,:K|]=p™.
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Since L is assumed to be a tame field, the extension K;.L|L must be tame and this can
only be the case if

KiI|T
is a separable extension of degree p™. On the other hand, K;.L | K, is an algebraic extension
since by hypothesis, L | K and thus also K;.L | K are algebraic extensions. Furthermore,
K;.L being a henselian field and K being relatively algebraically closed in K;.L, Hensel’s
Lemma shows that

ewAbe
must be purely inseparable. This yields that
7 = R Ty < KL Ky = R L Kl - [K7: Bl
KKy < (K K) < [ K] = "
showing that -
K| K

is separable of degree p™. Since K;|K was assumed to be purely wild, we have p™ = 1 and
the extension K;|K is trivial.

We have now shown that K is a tame field; hence by Lemma 6.2, v(K) is p—divisible
and K is perfect. Since L|K is assumed to be algebraic, it must be separable-algebraic.
But L being henselian, the hypothesis that K is relatively algebraically closed in L yields
by Hensel’s Lemma that L = K. Furthermore, v(L)/v(K) has no p-torsion; thus in view
of L = K and Hensel’s Lemma, the hypothesis that K is relatively algebraically closed in
L yields that v(L)/v(K) has no torsion at all. O

The same lemma holds for separably tame fields, as stated in Lemma 6.17 below. The
following corollaries will show some nice properties of the class of tame fields. They also
possess generalizations to separably tame fields, see Corollary 6.18 below.

Corollary 6.7 For every valued function field F with given transcendence basis T over a
tame field K, there exists a tame subfield Ko of K of finite rank with Ky = K and v(Kj)
pure in v(K), and furthermore a function field Fy with transcendence basis T over K, such
that

F = K.F, (110)

and
[Fo Ko(T)] = [F: K(T)] . (111)

Proof: It is well known that there exists a finitely generated subfield K; of K admitting
a finite extension F} of K;(7) such that (110) and (111) hold for K; and F} in the place
of Ky and Fy. As a finitely generated field, K has finite rank. Now let y;, 7 € J, be a
system of elements in K such that the residues 7, j € J, form a transcendence basis of K
over K;. According to Lemma 2.21, the field K;(y;|j € J) has residue field K;(y;|j € J)
and the same value group as K7, hence it is again a field of finite rank. Let Ky be the
relative closure of this field within K. Since by construction, K|K;(y;|j € J) and thus
also K|Kj are algebraic, we may infer from the preceding lemma that K, is a tame field
with Ky = K and v(Kj) pure in v(K). As an algebraic extension of a field of finite rank
it is itself of finite rank. Finally, the function field Fy = Ky.F) over K| satisfies assertions
(110) and (111). O
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Corollary 6.8 For every extension L|K with L a tame field, there exists a tame interme-
diate field Ly such that the extension Lo|K has no transcendence defect and the extension
L|Lgy is immediate.

Proof: Take 7 to be a maximal set of algebraically valuation—independent elements
over K in L. With this choice, v(L)/v(K(T)) is a torsion group and L|K(7) is algebraic.
Let Ly be the relative algebraic closure of K(7) within L. Then by Lemma 6.6, we have
that Ly is a tame field, that L = Ly and that v(Lg) is pure in v(L) and thus v(Lg) = v(L)
which shows that the extension L|Lg is immediate. On the other hand, 7 is a valuation
transcendence basis of Ly|K by construction which shows that according to Lemma 2.21,
this extension has no transcendence defect. O

Now we will state two lemmata which we will actually not use further since we will
deduce a general embedding lemma in section 8 that will serve us to prove our model
theoretic results on tame fields. Nevertheless, in view of the fact that section 8 will only
cover the case of tame fields of positive characteristic, the case of tame fields of characteristic
0 needing a different approach which we have to postpone to a subsequent paper, it is
certainly interesting to see how far we can use the above presented results.

Lemma 6.9 Let KC be an elementary class of tame fields given by the axiom

1) “K,v) is a tame field”

and optional arioms

2) on the characteristic of K,

3) on the value group of K,

4) on the residue field of K.

Then every extension L of a field K € K such that v(K) <3 v(L) and K <5 L, admits an
extension L' € K such that v(K) < v(L') and K < L.

Proof:  Since v(K) <3 v(L), in view of Lemma 8.1 we may embed v(L) into a |v(L)|T—
saturated elementary extension v(K)* of v(K). Since K <3 L, in view of Lemma 8.1 we
may embed L into a |L|T-saturated elementary extension K of K. Let (L”,v) be an
arbitrary extension of (L, v) having value group v(K)* and residue field K. Furthermore,
we take L' to be a maximal immediate algebraic extension of L”. Then v(L') = v(L") =
v(K)* is a p-divisible group like v(K), and I’ = L” = K is a perfect field like K. Thus by
Lemma 6.2, I’ is a tame field because it is algebraically maximal by construction. Since
char(L') = char(K), K < K =L, v(K) < v(K)* = v(L') and K € K, we have L' € K by
the special form of our axioms for K. O

The notion of Ax—Kochen—Ershov—class which is used in the following corollary, will be
introduced in section 8.

Corollary 6.10 Let IC be an elementary class of tame fields as in the preceding lemma.
If every field in this class is existentially closed in every immediate function field of tran-
scendence degree 1, then K is an Ax—Kochen—Ershov—class.

Proof: Let L be an extension of the tame field K such that K <5 L and v(K) <3 v(L).
We have to show (K,v) <3 (L,v). By virtue of the preceding corollary we may w.l.o.g.
assume from the start that L € K and thus that L is also tame.
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Let Ly be the tame intermediate field of the extension L|K which is described in
corollary 6.8. Then Lo € K since char(Lg) = char(L), v(Lo) = v(L), Ly = L and L € K.
By Theorem 8.4, v(K) <3 v(L) = v(Ly) and K <5 L = Lg implies (K,v) <3 (Lo, v).

It remains to show (Lg,v) <3 (L,v). For this we only have to show that (Lg,v) is
existentially closed in every finitely generated subextension (F,v) C (L,v). Let {x1,...,x,}
be a transcendence basis of F'|K and L; be the relative algebraic closure of Lg(xy, ..., x;)
within L. Note that L|Ly and thus every extension L|L; is immediate. By Lemma 6.6, this
shows that every L; is a tame field and since L € K, that every L; is a member of K. L,
contains F, so if we are able to show that (Lg,v) <3 (L, v), our lemma will be proved.

Now the transcendence degree of every extension L;1|L;, 0 < i < n, is equal to 1.
Hence it remains to show that for every immediate extension L|K of transcendence degree
1 of fields K, L € K, we have (K, v) <3 (L,v). This is true if (K, v) is existentially closed in
every finitely generated subextension (F,v) C (L,v). But F being an immediate function
field of transcendence degree 1 over K, this follows from the hypothesis that (K, v) is
existentially closed in every such function field. O

6.2 Separably tame fields.

For the following, we will make no restriction on the characteristic of K. However, if
char(K) = 0, then “separably tame” is the same as “tame”, and some results are already
proved above; note that in this case, the perfect closure vK of K has to be interpreted to
be just K.

Recall that a valued field (K, v) is called separably defectless, if every finite separable
extension is defectless; it will be called separable—-algebraically complete, if in addition it is
henselian. (K, v) is called separable—algebraically maximal, if it does not admit proper im-
mediate separable—algebraic extensions. Since the henselization of (K, v) is an immediate
separable-algebraic extension of (K, v), a separable-algebraically maximal field (K, v) will
coincide with its henselization and thus be henselian. Note that “separable-algebraically
complete” implies “separable-algebraically maximal .

Since every finite separable-algebraic extension of a separably tame field is tame and
thus defectless, a separably tame field is always separable—algebraically complete. The
converse is not true; it needs additional assumptions on the value group and the residue
field. Under the assumptions that we are going to use frequently, the converse will even
hold for “separable-algebraically maximal” in the place of “separable—algebraically com-
plete”. Before proving this, we need a lemma which essentially makes use of a theorem of
M. Pank.

Lemma 6.11 Let (K,v) be a henselian field. (K, v) is defectless if and only if every finite
purely wild extension of (K, v) is defectless. Similarly, (K,v) is separably defectless if and
only if every finite separable purely wild extension of (K, v) is defectless.

Proof: By a theorem of M. Pank (cf. [KPR], Theorem 2.1 and Theorem 4.3, or [PAN1]),
there exists a field complement W of the (absolute) ramification field K" over K in the
separable—algebraic closure K* (hence VW is a field complement of K" in K ). Conse-
quently, given any finite extension (resp. finite separable extension) (L', v)|(K,v), there is
a finite extension (resp. finite separable extension) (L,v)|(L’,v), a finite tame extension

118



N|K and a finite (resp. finite separable) purely wild subextension Wy|K of W|K such that
L = NWy. If (L,v)|(K,v) is defectless, then also (L', v)|(K,v); hence (K,v) is defect-
less (resp. separably defectless), if and only if every such extension (N.Wjy,v)|(K,v) is
defectless. By Lemma 2.11,

d(LIN) = d (Wo|K)

and since every tame extension is defectless by definition,
d (LK) = d(L|N)

in view of the multiplicativity of the defect. Hence (L,v)|(K,v) is defectless if and only if
(Wo,v)|(K,v) is defectless; this yields our assertion. O

Lemma 6.12 Let (K,v) be a separable—algebraically maximal field with p—divisible value
group and perfect residue field. Then (K,v) is separably tame.

Proof: For every finite purely wild extension, the ramification index and the inertia degree
are powers of p. Consequently, under our assumptions on the value group and the residue
field, every purely wild algebraic extension of the henselian field (K, v) is immediate. Since
by assumption, (K,v) does not admit immediate separable—algebraic extensions, every
purely wild separable—algebraic extension is thus trivial. This shows by the foregoing
lemma that every finite separable—algebraic extension (L, v) | (K,v) is defectless, and by
our condition on the value group and the residue field, p does not divide (v(L) : v(K)) and
L|K is separable; this proves that K*|K is a tame extension. O

The conditions of the foregoing lemma are characteristical for separably tame fields:

Lemma 6.13 Let (K,v) be a separably tame field. Then the value group of (K,v) is p—
divisible, and the residue field is perfect. Moreover, the perfect hull VK of K (equipped
with the unique prolongation of v) lies in the completion of (K, v).

Proof: In the case of char(K) = 0, the assertion is included in Lemma 6.2. Let us now
assume char(K) =p > 0.

Every Artin—Schreier—extension of (K, v) is separable; consequently, for the assertion
on the value group and the residue field it suffices to show that every henselian field (K, v)
which is closed under purely wild Artin—Schreier—extensions, has p—divisible value group
and perfect residue field. To deduce a contradiction, assume that there exists a € v(K)
not divisible by p. W.l.o.g. we may assume that o < 0, and we may choose a € K with
v(a) = a. We consider the Artin—Schreier—polynomial X? — X — a. Any root b of this
polynomial will have value a/p, hence K (b) will admit a unique prolongation of v, and
this will satisfy (v(K(b)) : v(K)) = p. The extension (K (b),v)|(K,v) will consequently be
purely wild, in contradiction to our assumption.

Similarly, assume that there exists a € K such that @ does not admit a p—th root in
K. We choose some ¢ € K with v(c) < 0 and consider the Artin-Schreier-polynomial
XP—X —acP. Any root b of this polynomial will satisfy (%)p = @, hence K (b) will admit
a unique prolongation of v, and this will induce a purely inseparable residue field extension
K(b)|K of degree p. The extension (K (b),v)|(K,v) will consequently be purely wild, in
contradiction to our assumption.
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The value group of the perfect hull (v/K,v) is the p-divisible hull of v(K), and the
residue field of (VK, v) is the perfect hull of K. By what we have just shown, it follows
that the extension (vVK,v)|(K,v) is immediate. The fact that it lies in the completion of
(K, v) follows from the first assertion of Corollary 4.5 since immediate Artin—Schreier—ex-
tensions are purely wild. O

Lemma 6.14 (K,v) is a separably tame field if and only if (vVK,v) is a tame field. Con-
sequently, if (VK ,v) is a tame field, then the extension (VK,v)|(K,v) is immediate.

Proof: (vK,v)|(K,v) is a purely wild algebraic extension contained in every maximal
purely wild algebraic extension. Consequently, if (\/F ,v) admits no purely wild algebraic
extensions at all, then (v/K,v) is the unique maximal purely wild extension of (K, v), and
thus it must be a field complement for K" over K in K (see the proof of Lemma 6.11); this
yields that K" = K*%? ie. K°P|K is a tame extension by Proposition 4.1 of [KPR], and
thus (K, v) is a separably tame field. Conversely, if (K, v) is a separably tame field, then
there is no separable purely wild extension of (K, v) which shows that (v/K,v) admits no
purely wild extensions at all. So VK is a field complement for K" over v'K in K which
shows that K™ = K : hence K |\/E is a tame extension and thus VK a tame field. This
proves our first assertion.

If (VK,v) is a tame field, then by what we have proved, (K, v) is a separably tame
field and it follows from Lemma 6.13 that the extension (v K, v)|(K,v) is immediate. O

Lemma 6.15 Fvery immediate algebraic extension of a separably tame field (K,v) is
purely inseparable and included in the completion of (K,v). In particular, every algebraic
approximation type over K has distance oo.

Proof: Recall that a separably tame field (K, v) is henselian. Every immediate algebra-
ic extension of (K, v) is purely wild and thus purely inseparable since (K, v) is assumed
to admit no separable—algebraic purely wild extensions. Then such extension lies in the
perfect hull of (K, v) which by Lemma 6.13 lies in the completion of (K,v). Since every
algebraic approximation type over K induces an immediate algebraic extension of (K, v) by
an element a whose distance dist (a, K) coincides with the distance of the approximation
type (cf. Theorem 11.52), such approximation type must have distance oo. O

The following lemma describes the behaviour of separably tame fields under a decom-
position of their place.

Lemma 6.16 Let (K,v) be a separably tame field and let P be the place associated to v.
Assume P = Py PyPy where Py is a coarsening of P and Py is nontrivial. (Ps may be
trivial.) Then (K Py, Py) is a separably tame field. If also Py is nontrivial, then (K Py, Py)

15 a tame field.

Proof: By Lemma 6.13, v(K) is p—divisible. The same is then true for vp, (K P;). We will
also show that the residue field K P; P is perfect. Indeed, assume that this were not the
case. It is then possible to construct a separable extension of degree p of (K, P, P») which
adjoins a p—th root to the residue field K P, P»; in the case of char(K) = p > 0, the extension
is chosen to be an Artin—Schreier—extension as in the proof of Lemma 6.13. Since already
this residue field extension is purely inseparable, the induced extension of the residue field
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K = K P, P,P; cannot be separable of degree p. This shows that the constructed separable
extension is a purely wild extension of (K, v) contrary to our assumption on (K, v).

(K Py, P) is a separable-algebraically complete field since every finite separable defect
extension of this field could be lifted to some separable defect extension of (K, P) (of the
same degree, but possibly bigger defect if P; is nontrivial). From Lemma 6.12 we may now
infer that (K Py, P,) is a separably tame field. If in addition P; is nontrivial, one shows
as above that the residue field K P; is perfect. Then it follows from Lemma 6.14 that
(K Py, P) is a tame field. O

The following is an analogue of the very useful Lemma 6.6.

Lemma 6.17 Let (K,v) be a separably tame field and k C K a relatively algebraically
closed subfield of K. If the residue field extension K|k is algebraic, then (k,v) is also a
separably tame field.

Proof: Since k is relatively algebraically closed in K it follows that also vk is relatively
algebraically closed in K. (K,v) being a separably tame field, (v/K,v) is a tame field

according to Lemma 6.14. From this lemma we also know that K = VK = ﬁ and
v(K) = v(VE). Our assumption on K|k yields that the extensionv/K|vk is algebraic.
From Lemma 6.6 we may now infer that (vk,v) is a tame field with VE = ﬁ = K and
v(vk) pure in v(vK) = v(K). Again by Lemma 6.14, (k,v) is thus a separably tame field
with & = vk = K and v(k) = v(vk) pure in v(K). 0

Corollary 6.18 Corollary 6.7 also holds for separably tame fields in the place of tame
fields. More precisely, if F|K is a separable extension, then Fy and Ky may be chosen such
that Fo|Ko (and thus also F'|Ky) is a separable extension. Moreover, if v(K) is cofinal in
v(F) then it may also be assumed that v(Ky) is cofinal in v(Fyp).

Proof: Since the proof of Corollary 6.7 only involves Lemma 6.6, it can be generalized
using Lemma 6.17. The first additional assertion is clear since F' is finitely generated over
K. The second additional assertion is seen as follows. If v(F') admits a biggest proper
convex subgroup, then let K contain a nonzero element whose value does not lie in this
subgroup. If v(F) and thus also v(K) does not admit a biggest proper convex subgroup,
then first choose Fy and K| as in the (generalized) proof of Lemma 6.7; since Fj has finite
rank, there exists some element in K whose value does not lie in the convex hull of v(Fjp)
in v(F"), and adding this element to K, and F, will make v(K)) cofinal in v(Fp). O

Corollary 6.19 Corollary 6.8 also holds for separably tame fields in the place of tame
fields.
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6.3 Valuation independence of Galois groups.

Given a Galois extension (L, v)|(K,v) of degree n of henselian fields, then its Galois group
Gal(L|K) = {o1,...,0,} will be called valuation independent, if for every choice of ele-
ments di, . .., d, € L there exists an element dy € L such that (for the unique extension of
the valuation v from L to L):

n
v (; oi(dp) - dl-) = 1I£ilgrlnv<0i(d0) -d;) . (112)
We will show in this section that a Galois extension of a henselian field is tame iff it has
a valuation independent Galois group. Note that we could give the above definition and
the following results also for extensions which are not Galois, replacing automorphisms by
embeddings; however, the normal hull of an algebraic extension L|K of a henselian field
K is a tame extension of K if and only if L|K is a tame extension, so there is no loss of
generality in restricting our scope to Galois extensions.

Lemma 6.20 FEvery finite tame unramified Galois extension has a valuation independent
Galois group.

Proof: Let (L,v)|(K,v) be a finite tame unramified Galois extension and {oy,...,0,}
its Galois group; it induces the Galois group of the residue field extension L|K through

Ve € Or : 7;(a) = o;(a) .

Since the degree of L|K is also equal to n, the automorphisms o; € Gal(L|K) are all

X
distinct; thus they are distinct characters from L™ into (L) . By a well known theorem of

Artin we know that these characters are linearly independent in L. This means: for given
elements dy, ..., d, of O, not all in M ;, there is some dy € OF such that

> oildo)-di= ) Ti(do)-di #0. (113)

1<i<n 1<i<n
Now let be given arbitrary elements di,...,d, € L. Choose some d;, of minimal value
among them. Then (112) holds for dy, ..., d, if and only if it holds for d[oldl, . ,di’oldn.
Hence we may assume w.l.o.g. that d,, ..., d,, are elements of O;, not all in M ;. We choose

some dy € L such that (113) holds, and we compute, using the fact that v(o;(do)) = v(do)
since K is henselian,

v ( > oi(do) - di> = 0= min v(o;(do) - d;) ;

<<
1<i<n 1<i<n

this proves (112). O
Lemma 6.21 Every tame Galois extension (K (b),v)|(K,v) with
(v(K)+ Zv(b)) : v(K)) =[K(b) : K] =:n and V" € K

has a valuation independent Galois group.

122



Proof: We may write Gal(L|K) = {0y,...,0,} with ¢;(b) = b(* where ( is a primitive
n—th root of unity. So ¢;(b)/b = ¢*, and since the characteristic of L does not divide n,

a®b=C=C

where ( is also a primitive n-th root of unity in L. The characters y; from the group of

X .
n—th roots of unity into (L) where x; sends ¢ to ¢ are all distinct (1 < i < n), hence

they are linearly independent in ) by the theorem of Artin cited in the foregoing proof.

This means: given elements dy, ..., d, of O;, not all in M ;, there is some j with1 < j <n
such that
S d= Y O TA0. an
1<i<n 1<i<n
Now let be given arbitrary elements dy,...,d, € L be given. As shown in the foregoing
proof, we may assume w.l.o.g. that dy,...,d, are elements of O;, not all in M ;. We

choose some j € {1,...,n} such that (114) holds, and we compute, using the fact that
v(o;(7)) = v(b) since K is henselian,

U(Z O'Z'(bj)-di) = U(Z Uié?j)-di)+v(bj):v(z Cij-di)+v(bj)

= o) = min v(o;(tY) - d;) ;

1<i<n

this proves (112) for dy = /. 0

Lemma 6.22 Let (N,v)|(K,v) a finite tame Galois extension of henselian fields, and let
L|K a Galois subextension of N|K. If Gal(L|K) and Gal(N|L) are valuation independent,
then Gal(N|K) is valuation independent too.

Proof: Let m =|[L: K]and n= [N :L]. We choose
0i,7; € Gal(N|K), 1<i<m,1<j<n,
such that

Gal(L|K) = {oi|lr|1<i<m}
Gal(N|L) = {m[1<j<n}.
Then
Gal(N|K)={oy7; |1 <i<m,1<j<n}.

Note that since K and L are henselian, the automorphisms o;, 7; do not change the value
of elements when applied to them. Now we have to show that for any choice of elements
d;; € N there exists some dy € N such that

v (Z o7 (dp) - dz‘j) = minv(o;7;(do) - dij) ,
o I
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where the sum and the minimum run over 1 <17 < m, 1 < 5 < n. Let iy, jo be such that
d;,j, 1s of minimal value among the d;;. By the assumption of the lemma, we may choose
some df, € N such that

v (Z 7;(dp) - Uiol(dioj)) = mjinv(%‘(dﬁ) -0, (digg)) = v(dp) + v(diyj,) -
J
For i # ig we have:

v (Z 7;(dp) - Ufl(dij)) > mjiﬂv(Tj(df)) co; N dig)) > v(dy) 4 v(dig,) -

J

Again by the assumption, we may choose some dj € L such that

v (Z oi(dp) - Zaﬁj(dg) : dij) = min v (Ji(dg) : Zaﬂj(d{)) : dij) : (115)

Since djj € L and thus 7;(djy) = dj for every j, the left hand side of (115) is equal to

v (Z oi(dy) - oiTi(dp) - dij) =v (Z o;7;(dydp) 'dij> :

1] 1,J

The right hand side of (115) is equal to

)

min v (Ui(dg) o (D Ti(dy) - Ui_l(dij») = minv (dg : ZTj(dE)) 'Oi_l(dij))
= o(dy) +v (Z 7;(dy) - Ui_ol(dioj))
v(dg) + v(dp) + v(digjo )

min v(oy7;(dgdyp) - di) -
7

Hence dy = djdj, € N is the required element. O

Theorem 6.23 FEvery finite tame Galois extension has a valuation independent Galois
group.

Proof: Let (IV,v)|(K,v) be a finite tame Galois extension. Let (L, v) be the inertia field
of this extension. Then (L,v)|(K,v) is a Galois extension of the same form as required
in the assumption of Lemma 6.20, hence it has a valuation independent Galois group. By
the foregoing lemma, it now suffices to prove that the (purely ramified) Galois extension
(N,v)|(K,v) has a valuation independent Galois group. If this extension is not trivial,
then it admits a subextension of the form as required in the assumption of Lemma 6.21,
which consequently has a valuation independent Galois group. In view of the foregoing
lemma, our assertion now follows by induction on the degree of the extension. O

To show that tame Galois extensions are characterized by valuation independent Galois
groups, it remains to prove the converse of the foregoing lemma. This is actually very easy.
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Theorem 6.24 A Galois extension of a henselian field is tame if and only if its Galois
group 1s valuation independent.

Proof: If the extension (L, v)|(K,v) is not tame then by our remark following the
definition of “tame” (cf. page 112), its ramification group is not trivial, i.e. its Galois
group G contains an isomorphism o such that

VeeL: viox —x)>v(r) =v(ox) .

Assume w.l.o.g. that the elements of G are numbered such that o; = ¢ and oy = id.
Choosing d; =1, dy = —1 and d; = 0 for ¢ > 2, we thus have

1<i<n

VeelL: v (; oi(x) - dl-) v(ox —x) > min v(o;(z) - d;)

which shows that G is not valuation independent. O
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7 Henselian rationality of immediate henselian func-
tion fields.

In this section we will show:

Theorem 7.1 Let K be a tame field and F' an immediate function field over K. If its
transcendence degree over K is 1, then F" is a henselian rational function field over K".
In the general case of transcendence degree > 1, given any immediate extension N of F
which is a tame field (such an extension does always exist), there is a finite immediate
extension Fy of F within N such that Fl is a henselian rational function field over K.

Actually, we will prove the more general

Theorem 7.2 Let K be a separably tame field and F a separable immediate function
field over K. If its transcendence degree over K is 1, then F" is a henselian rational
function field over K. In the general case of transcendence degree > 1, given any immediate
extension N of F which is a tame field (such an extension does always exist), there is a
finite separable immediate extension Fy of F within N such that F! is a henselian rational
function field over K.

Indeed, the latter theorem implies the former, since by Lemma 6.2 a tame field is always
perfect, and for char(K) = 0 both theorems coincide. Note that in case of char(K) = p > 0,
Theorem 7.1 can also be formulated as follows:

Let K be a defectless perfect field and F' an immediate function field over K. If its tran-
scendence degree over K is 1, then F" is a henselian rational function field over K". In
the general case of transcendence degree > 1, given any immediate extension N of F which
is a tame field (such an extension does always exist), there is a finite immediate extension
Fy of F within N such that FI* is a henselian rational function field over K". This version
follows from Theorem 7.1 since by Lemma 6.2, the henselization of a defectless perfect field
is a tame field.

Let trdeg(F|K) = 1. If x € F" is transcendental over K, then the finite extension
FMK(z)" is immediate and thus purely wild. If char(K) = 0, it is consequently trivial
which shows that Theorem 7.2 is trivial in this case; we will from now on always assume
char(K) = p > 0. Our consideration also shows that for the proof of our assertion it
suffices to look at minimal purely wild algebraic extensions of immediate henselian rational
function fields K (z)", i.e. purely wild algebraic extensions which do not admit proper
nontrivial subextensions. In case of char(K) = p > 0 (the “equal characteristic case”),

such extensions have the following special structure:

Lemma 7.3 (F. Pop)
Let L be a valued field of positive characteristic. Every minimal purely wild algebraic
extension of L is generated by a root of a minimal polynomial

AY) —a

where A(Y) € L[Y] is an additive polynomial and a € L". If moreover L is an immediate
extension of a valued field K, then we may even assume A(Y) € K[Y].
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Proof: A proof is given in [POP]. O

We will use this lemma for the proof of Theorem 7.2 in the equal characteristic case. But
in case of char(K) = 0 with char(K) = p > 0 (the “mixed characteristic case”), we do not
know of an analogue to this lemma. Only if K is algebraically closed, we can say that the
minimal purely wild extensions are Galois extensions of degree p = char(K), cf. Lemma 7.22
below. In the mixed characteristic case we will hence use a different approach. We will first
prove Theorem 7.1 for algebraically closed K. Then we will prove a “pull down principle”
for henselian rationality through tame extensions which yields the desired general form of
Theorem 7.1 since for a tame field, the extension K|K is tame by definition. Note that
we could have used the pull down principle also in the equal characteristic case, but our
aim was also to prove normal form results for minimal purely wild extensions in the most

general setting.

At this point, we insert a short discussion of a very special sort of immediate function
fields over henselian fields. Here, stronger assumptions on the function field enable us to

assume less structure for the ground field. We need the following lemma (cf. Corollary 7.6
of [PZ)):

Lemma 7.4 Fvery algebraic extension of a henselian field within its completion is purely
inseparable.

Using this lemma we prove:

Theorem 7.5 Let (K,v) be a henselian field of arbitrary characteristic. If the valued
function field (F,v)|(K,v) is a separable subextension of the completion of (K,v), then F" is

a henselian rational function field over (K,v), generated by every separating transcendence
basis of F|K.

Proof: Let 7 be a separating transcendence basis of F|K. Then (F,v) lies in the
completion of (K(7),v) since it lies in the completion of (K,v). Consequently, also F™"
lies in the completion of K(7)" (which is equal to K* since the completion of a henselian
field is again henselian: cf. Lemma 5.12). But F"|K(7)" is a finite separable extension;
by Lemma 7.4 it must be trivial. O

7.1 The case of separably tame ground fields of equal character-
istic.
In this subsection, all fields shall have characteristic p > 0.
Let us assume the setting as described in the above Lemma of Pop. In order to deter-

mine a suitable normal form for the minimal polynomial A(Y) — a, let us first look at the
additive polynomial A.

Lemma 7.6 Let A € K[Y] be a separable additive polynomial of degree p¢. Then there
are elements ¢y, co € K such that the additive polynomial A(Y') = ¢; - A'(c2 - Y) is of the
form

AY) =k YP 4k VP A YP Y € Mg[YP +Y (116)
If ¢ is an element of a henselian overfield L of K with v(c) > 0, then the polynomial
AY)—-ce O,
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has a zero in L with residue ¢ by Hensel’s Lemma; in other words,
Or C A(L) .

Proof:  Let k| be the coefficient of Y in A’; it is nonzero by our hypothesis on A’. We
put ¢; = (kjca)™'. Any choice of ¢ with a high enough value will now yield the asserted
form of A. If v(¢) > 0, then A(Y) —c =Y —¢has ¢ € L as a simple zero. By Hensel’s
Lemma this shows that A(Y') — ¢ admits a zero over the henselian field L having residue

C. O

As a consequence of the two preceding lemmata we get:

Corollary 7.7 Let L|K be an immediate extension of valued fields and let L' be a nontrivial
minimal purely wild separable-algebraic extension of L. Then L' is generated over L™ by
a root of a minimal polynomial of the form A(Y') —a where A(Y') is an additive polynomial

of the form (116), p°® = deg(A) = [L' : L"), and where
a € L" with v(a) <0 . (117)
For any element
a€a+ AL") +Op =a+ AL

there is a root of the polynomial

AY)—d
which also generates L' over L".

The last assertion follows by O;n C A(L") and the additivity of the polynomial A(Y); it
yields the question whether there are also normal forms for the element a which suit our
purposes well. We will answer this question in the special case L = K(x). First we need:

Lemma 7.8 If the rank of K is 1 and K (z)|K is immediate, then K|[z] is dense in K (z)".

Proof: Since any valued field of rank 1 is dense in its henselization, it suffices to show
that K[z] is dense in K (x). For this we only have to show that for every f(z) € K[z] and
every a € v(K) there exists an element g(x) € K[z] such that v(g(x) —1/f(z)) > a. Since
K(z)|K is immediate there is an element ¢ € K satisfying v(c — f(z)) > v(f(z)) = v(c)
which yields v(1— f(z)/c) > 0. By our hypothesis on the rank which actually says that the
value group v(K) is archimedian, there exists j € IN such that j-v(1— f(z)/c) > a+v(c).
Now we put h =1 — f(z)/c € K[z] and compute

1 ) L v 1 _c—lj_l i
(f()_ Zh) ) (cu—h) Zh)
= v(c W) =j-v(l - f(z)/c) —v(c) > .

The sum being an element of K[x], this proves our lemma. O

As an immediate consequence we have:
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Corollary 7.9 If A(Y) is a separable additive polynomial of the form (116) and if a €
K(x)" where K has rank 1 and K(z)|K is an immediate extension, then there exists a
polynomial

#(a) € K[a] (1 (0 + O) © Kol 11 (0 + ACK(0)"))

Any extension of K(x)" generated by a root of the polynomial A(Y) — a will then also be
generated by a root of the polynomial

AlY) = f(z) .

Adding the hypothesis that appr (z, K) is transcendental, we will now derive a stronger
normal form for f(z). For the following lemma, we do not need the hypothesis that A be
separable.

Lemma 7.10 Let the situation be as in Corollary 7.9, with appr(z, K) transcendental (and
consequently = transcendental over K by virtue of Corollary 11.48). Let deg A = p® and
Klx] N (a+ A(K(z)") # 0. Then there exists a finite purely inseparable extension K'|K
and a polynomial

h(z) € K'la] 0 (f(x) + A(K[z])) (118)
where
h(z) = apz™ + ... + a1z + ag € K'[z] where
z=(x—c)/d, withv(z) =0, ce K and0#de K (119)
dneN,0<m<e,Vi>0: (i#p"ANa; #0) = v(am) < v(a;) <0 .

Note that K[z] = K|[z].

Proof:  Let deg(f) = n. We consider the Taylor expansion for an arbitrary x:

n

f(@)=_ filwo)(w — xo)’

=0
where f; denotes the i—th formal derivative of f. For any ¢ which is divisible by p°€, say
i = p°r, the summand f;(zo)(z — z0)" in f(z) is equivalent to

e—1

=3 k(R filwo) )P (= o)

=0
modulo A(K[z]), where
Ky =K (k' filwo))” ") -

By a repeated application of this procedure we find that modulo A(K'[z]) where K'|K is
a finite purely inseparable extension, f(x) is equivalent to the polynomial

flwo) + 3 2_:0 <Z R (xo)p*“”> (x — x)™" (120)

where:
1. ) ' denotes the sum over all i <n with (p,7) = 1,

(2
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2. Z @) denotes the sum over all v > e with ip” < n,

3. k,, € K" are determined by the coefficients k; of A.
For big enough A € IN, every term

A

<Z Dk Fipp (:co)p“_">p (121)

v

is a polynomial in K [xg]. Since appr(z, K) is assumed to be transcendental, we may choose
ap € {v(z — x9)|xo € K}

such that for all o € K with v(x — o) > «ap the values of (121) are fixed for every ¢ and
w and thus we also have for all xy € K, v(x — ) > ap:

v (Z Dk fip (a:o)”“") = Biu (122)

where (3;, are elements of the p-divisible hull of v(K). Since the set {v(x — x¢)|zy € K}
has no greatest element (K (z)|K being an immediate extension by hypothesis), we may
choose xy with v(x — z9) > agp such that all values

Biw + i P - v(x — 20)
are different. Having chosen xg, we choose d; € K such that v(d;) = v(x — ) and put

r — 29

di

y:

hence v(y) = 0. The polynomial that we have derived from (120) we will now write as a
polynomial in y:

e—1 - ) . -
g(y) = f(%) + Z/ Z (dﬁp : Z (Z)ku,ufip"(xO)p ) yr. (123)
i p=0 v

In this polynomial all the coefficients of 4™ are equal to zero for m > e. We consider the
Taylor expansion

9(6) = 9(o0) + 3 0:(0)(w — )

Since appr(z, K) is assumed to be transcendental, the same is true for appr (y, K), and by
virtue of Lemma 11.32 there exists an element

Bo € {v(y —wo)lyo € K}, Bo >0

and an integer m > 0 such that for all yo € K with v(y — y9) > o the following holds for
every ¢ > 1 with n > 1 # p™:

v(gpm (40) (¥ — y0)"") < v(gs(y0) (¥ — %0)') - (124)
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By virtue of v(y) = 0, Corollary 11.35 shows
m<e.

Now we choose an element yy € K such that v(y — yo) > o and an element dy € K with
v(ds) = v(y — yo), and we put

Y—"Y _ T — x9 — diyo
do dyds

z =

so that v(z) = 0. Moreover we may choose y, such that

v(gi(yo)ds) # 0

for 1 <i < mn. If v(gi(yo)di) > 0 for a certain 7, then g;(yo)(y — vo)* € A(K'[y]). Conse-
quently, modulo A(K'[y]), ¢g(y) and thus also f(x) is equivalent to a polynomial

h(z) = a,z" + ...+ ap € K'[x]
where

0 otherwise

0 = { 9i(yo)ds if v(gi(yo)d3) <0

for 1 <i<n. We put
C:$0+d1y0€Kandd:d1d2€K

so that z = (z — ¢)/d.

To show the remaining assertion of our lemma, let us assume that h(z) ¢ K’ since
otherwise it is trivially fulfilled. Now for the integer m with m < e that we have determined
above, h(z) ¢ K'implies a,m # 0 by virtue of (124), and by the definition of the coefficients
a; we have:

Vi>0:i#p" ANa;# 0= v(aym) <v(a;) <0.

O

Next, we add the hypothesis that (K (z),v) is an immediate extension of the defectless
ground field (K,v) or that (K(z),v) is a separable immediate extension of the separably
tame ground field (K, v). Under both hypotheses, the crucial condition that appr (z, K)
be transcendental is always fulfilled:

Lemma 7.11 Let (K(x),v) be an immediate extension of the henselian defectless field
(K,v) or a separable immediate extension of the separably tame field (K,v). (The sepa-
rability condition is trivially fulfilled if x is transcendental over K.) Then appr (z, K) is
transcendental, i.e. it fizes the value of every polynomial over K. More generally, every
immediate approzimation type over (K,v) of degree > 1 is transcendental over (K,v) if it
15 realized in an arbitrary separable extension.

Proof: Assume that (K(z),v) is an immediate extension of the defectless field (K, v).
Then also (K (z),v)"|(K,v) is immediate. Since (K,v) is henselian defectless, it is in
particular algebraically maximal, which shows that appr (z, K) is transcendental. Now
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assume that (K (z),v) is a separable immediate extension of the separably tame field (K, v)
(in this case, K is already henselian). By Theorem 11.27, appr (x, K) is an immediate
approximation type. In order to derive a contradiction, let us assume that appr (z, K) is
algebraic. Then by Theorem 11.52, there is an immediate algebraic extension

<K<b>7v)|(K7 U) , appr (JI,K) = appr (ba K) :

By Lemma 6.15, K(b)|K is purely inseparable and b € K¢. By virtue of Lemma 11.26,
appr (z, K) = appr (b, K') implies

v(x —¢) > dist (b, K) = 00,

hence x = b. This contradicts our assumption that K (z)|K is separable.
Note that if it is assumed from the start that appr (z, K) is immediate, then the condi-
tion that (K (x),v)|(/K,v) is immediate may be omitted; this gives our second assertion. O

In the following, we will use the relative approximation degree, denoted by hy; for its
definition and properties cf. sections 11.2 and 11.3. Note that we may use the definitions
and results described there since by Lemma 7.11, appr (z, K) is transcendental. With this
notation, assertion 119 of Lemma 7.10 implies hx (z : h(2)) < p™ < p©.

Corollary 7.12 Let the situation be as in Lemma 7.10. Then there is a finite purely
inseparable extension K'|K such that

h(z) € K[2] N (f(z) + A(K'(x)"))
with
hi(z: h(z)) < p°.
If (K, v) is perfect or separably tame, we may even assume K' = K.
Proof: We only have to prove the last assertion for (K, v) separably tame. By Lemma 6.13,
(K, v) lies dense in (v/K,v) and thus also in (K’,v). Consequently, K[z] lies dense in
K'[z], and since the completion of a henselian field is henselian (cf. Lemma 5.12), K ()"

lies dense in K'(z)". In view of Corollary 7.7, the latter implies that A(K (x)") lies dense
in A(K'(x)"). Hence there exist elements hy(z) € K[z] = K[z] and by € K (z)" such that

v(hg —h) >0 and v((h— f)—A(by)) >0,
whence
v((ho — f) — A(bo)) > 0.
By Lemma 7.6 and the additivity of A, this yields

ho € K[2] N (f + A(K(x)")) .

Explicitly, ho(z) may be obtained by replacing the coefficients a; appearing in h(z) by
elements of K which are sufficiently close. Consequently, the same conditions on the
values of the coefficients may be assumed for hy(z). From Lemma 11.34 we may thus infer
hi(z @ ho(z)) < p° (since by hypothesis, appr (z, K) is transcendental which yields the
same for appr (z, K) so that condition (174) is satisfied).

It follows from Corollary 7.7 where we now take L to be K(z), that A(Y) — h(z) and
A(Y) — ho(z) will generate the same extension; so we may indeed replace h by hy. O

This corollary together with Corollary 7.7 now gives:
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Corollary 7.13 If K(z) is an immediate extension of the tame field K of rank 1 resp. a
separable immediate extension of the separably tame field K of rank 1, then every minimal
purely wild separable-algebraic extension of K(x)" is generated by a root of a minimal
polynomial

AY) = f(=)

where the additive polynomial A(Y') is of the form (116) and f(x) € K[x] satisfies hy(x :
Fx)) <.

If (K,v) is just a defectless field, then the above still holds if (K,v) is replaced by the
henselization of a suitable finite purely inseparable extension.

Proof:  Since we want to replace the polynomial f(x) as given in Corollary 7.7 by the
polynomial h(z) which appears in the foregoing corollary, it remains to show

hi(z:h(2)) =hg(z: h(z)) .

But this follows from Lemma 11.61 and the trivial fact that hx(x : z) = 1 (since z is linear
in x). O

The normal form that we have derived for f(z) allows us to prove the following first
assertion on the structure of henselian function fields over defectless fields of positive char-
acteristic:

Lemma 7.14 Let F' be an immediate function field over the defectless field K or a separa-
ble immediate function field over the separably tame field K. Assume that its transcendence
degree over K is 1 and that its rank is 1. Then for a suitable finite purely inseparable ex-

tension K' of K, (F.K')* = F".K' is a henselian rational function field over K™ Under
the second hypothesis, we may even assume K"=K =K.

Proof: If K is defectless, then by Corollary 2.14, the immediate extension F"|K is
separable, and for every K'|K algebraic, F" K'|K’' remains separable. So under both
hypotheses, we may choose a separating transcendental element z of F".K'|K’, and we
will choose z and a finite purely inseparable extension K'|K such that the degree [F". K’ :
K'(x)"] is minimal; under the second hypothesis, we leave K’ = K fixed. We will show
that [F'". K’ : K'(x)"] = 1 which yields the assertion of our lemma.

Assume the contrary. Then the extension F*. K’|K'(z)" is a nontrivial finite separable
extension and purely wild since it is immediate, hence it contains a nontrivial separable
minimal purely wild extension E"|K'(z)". According to the previous lemma, this extension
is generated by a root b of a minimal polynomial A(Y) — f(z) with hy.w(x : f(z)) < p°
and A(Y) € K'"[Y], where K” is a finite purely inseparable extension of K and equal
to K under the second hypothesis. By Lemma 11.58 (which we may apply in view of
Lemma 7.11),

K" ()"« K"(f(@))"] < o = deg A(Y) = [E" - K/(@)"] = [E".K" : K" (2],
which in view of f(z) = A(b) € K'"(b) shows that

[E" K" : K"(b)" = [K"(2)"(): K"(b)") = [K"(2)"(b) : K"(f(z))"(b)]
< [K"(@)": K"(f(x)"] <p® < [E"K": K"(2)"] .
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If the extension K”(x)"|K”(f(x))" happens to be inseparable, then we may use Corollary
7.7 to replace f(z) by f(z) + cx for some ¢ € K* with v(cz) > 0 so that = will become
a simple root of f which forces the extension K”(z)"|K"(f(x))" to be separable. Con-
sequently, the same will be true for K”(z,b)"|K”(b)" which proves that b is a separating
element of F". K”|K”. We have thereby deduced a contradiction to the minimum assump-
tion on x and K’. This completes the proof of our lemma. O

The next step towards the desired structure theorem is the following

Lemma 7.15 Let F' be an immediate function field over the defectless field K or a separa-
ble immediate function field over the separably tame field K. Assume that its transcendence
degree over K is 1 and that its rank is finite. Then for a suitable finite purely inseparable
extension K' of K, (F.K")" = F" K' is a henselian rational function field over K'". Under
the second hypothesis, we may even assume K"=K =K.

Proof: Let P be the place that is associated to the valuation on F. Since F' has finite
rank and F|K is an immediate extension of transcendence degree 1, there exist places Py,
Py, P; where P, and P3; may be trivial and P, has rank 1, such that P = P, P, P; and

trdeg(F"P|K"P,) =1,
trdeg(F"PLPy|K"P,Py) = 0.

By Lemma 2.15 and Lemma 2.17 the hypothesis that (K" P) is a henselian defectless
field yields that also (K"P,P,, P3) is a henselian defectless field, and by Lemma 6.16, the
hypothesis that (K, P) is a separably tame field yields that (K"P,P,, Ps) is a tame field.
Since (F", P)|(K", P) is immediate, it follows from Lemma 2.2 that vp (F") = vp (K"),
vp, (F"P)) = vp,(K"P)), and that the algebraic extension (F"P, Py, P3)|(K"P Py, P3) is
immediate; consequently, this extension must be trivial. This yields that also

(FhP17P2)|(KhP1aP2)
is an immediate extension. This extension has transcendence degree 1, and
(F.K"Py, P)|(K"Py, )

is finitely generated by Lemma 2.20. By Lemma 2.15 and Lemma 2.17 the hypothesis that
(K", P) is a henselian defectless field yields that also (K"P;, ) is a henselian defectless
field, and by Lemma 6.16, the hypothesis that (K, P) is a separably tame field yields that
also (K"Py, P,) is a separably tame field. Since the field (F"P, Py, P3) = (K"P, Py, Ps) is
already henselian, it follows by virtue of Lemma 2.16 that (F"Py, P,) is the henselization
of (F.K"Py, P,). We have shown that (F"P;, P,) is an immediate henselian function field
of rank 1 and of transcendence degree 1 over the henselian defectless resp. separably tame
field (K" Py, P,). By Lemma 7.14 there is a finite purely inseparable extension k of K"P
such that F"P,.k is a henselian rational function field over k, with k¥ = K"P, under
the second hypothesis; we may write F"Py.k = k(zP)"") for a suitable z € F* which
is consequently transcendental over K. If P; is trivial, there is nothing more to show.
Otherwise, we choose a finite purely inseparable extension K’ of K such that K’ "pP=k
and [K' : K] = [k : K"Py] from which it follows that (F".K')P, = F"P,.k ; we put
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K' = K under the second hypothesis. Furthermore, K'(z)P, = K'P,(zP,) = k(zFy), and
again from Lemma 2.16 we get k(xP)"2) = K'(z)"P,. Altogether, we have

(F"K'\P, = K'(z)"P; .

On the other hand, (F".K’, P)|(K".K’, P) is immediate by virtue of Lemma 2.13 since the
extension (F", P)|(K", P) is immediate and the extension (K" P)|(K", P) is defectless.
We deduce that also (F".K’, P)|(K'(z)", P) is immediate, hence

vp(F"K') = vp(K'(z)")

and consequently
Up, (Fh'K,) = Up (K/(x)h) .

We have shown that (F".K’, P))|(K'(z)", P\) is an immediate extension. Moreover we
know that it is algebraic and that (K'(x)", P,) is henselian like (K'(x)", P), by virtue of
Lemma 2.15. If we are able to show that this extension is defectless, then it will follow
that it must be trivial, or in other words that F*. K’ is a henselian rational function field
over K'" proving our lemma.

Assume first that K is a defectless field. As a finite extension of (K, P), the field (K’, P)
is also defectless, by virtue of Corollary 2.9. The same holds for (K’, P;) by Lemma 2.17.
Since zP; is transcendental over K'Py, the field (K'(x), P;)" is defectless by Theorem 3.1.
By Lemma 2.16, the extension (K'(z)", P,)|(K'(z), P,)" is tame. By virtue of Lemma 2.11
it follows that the field (K'(z)", P,) is a defectless field and thus (F".K', P))|(K'(x)", P,)
is a defectless extension, as desired.

Assume now that K is a separably tame field and F|K separable (and thus also F"| K
separable); now we have K’ = K. By the lemma that will follow this proof, we may have
chosen z to be a separating element of F"|K, hence we may assume that the extension
(Fh, P)|(K(x)", Py) is separable. By Lemma 6.16, (K, P;) is a separably tame field like
(K, P), hence it is separably defectless. In view of vp (F") = vp (K"), it follows from
Theorem 5.29 that also (K (z)", P) is a separably defectless field which yields that the
separable extension (F'" P)|(K(z)", P,) defectless, as desired. O

Lemma 7.16 Let L|K be a separable extension of transcendence degree 1 and let QQ be a
nontrivial place on L. Then for every x € L there exists a separating element y of L|K
which satisfies vg(y) = vo(x) and if vo(x) =0, also y@Q = zQ.

Proof: Let us choose any separating element z of L|K and an element w € L* which
satisfies vg(w) > vg(x) and vg(zw) > vo(z). Note that L| K (z, z,w) and K(x, z,w)|K are
separable extensions. But

K(z,z,w) = K(z,z + wz,z + w)

with
Q= (v +w)Q = (v +w)Q .
On the other hand, at least one of the elements x, z + wz, x + w must be a separating

element for the separable extension K (x,x + wz,z + 2)|K; we define y to be that element.
Then y is also a separating element for L|K, and it satisfies our assertion. ]
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Now we are able to prove our structure theorem on immediate henselian function fields
over separably tame fields of positive characteristic.

Proof of Theorem 7.2 for separably tame fields of positive characteristic: Let
us first consider the case trdeg(F|K) = 1. According to Corollary 6.18 there exists a
separably tame subfield K, of K of finite rank and a function field F of transcendence
degree 1 over K, with Ky = K and v(K,) pure in v(K) such that F = Fy.K and that
v(Kp) is cofinal in v(Fp); since F'|K is assumed to be separable, then we may also assume
Fy| Ky to be separable. If we are able to show

Fl = Ko(a)" (125)
for some z € ' then it will follow
F" = (Fo.K)" = (F' . K)" = (Ko(2)" K)" = K(2)"

and the first assertion of our theorem will be proved.
We distinguish the following two cases:

Case 1:  Fy|Kp is not immediate. Since
Ky=K=F2F 2K,

equality holds everywhere; in particular we have K, = Fy and thus v(K;) # v(Fp). Since
v(Ky) is pure in v(Fp) and Fy is finitely generated of transcendence degree 1 over Ky, it
follows

v(Fo) = v(Ko) ® Zv(x) = v(Ko(z))

for a suitable x € Fj; by the foregoing lemma, it may be chosen to be a separating element of
FI|K. (Ko(z),v) is separably defectless by Theorem 5.29. Hence the immediate separable—
algebraic extension F{'|Ky(x)" must be trivial which proves our assertion (125) in the first
case.

Case 2:  Fy| Ky is immediate. Then (125) follows from Lemma 7.15 and the fact that K
is separably tame.

The second assertion of our theorem follows from the first by induction on the tran-
scendence degree of F|K. Assume n > 1 and that the assertion is proved for every
transcendence degree < n. Let {t1,...,t,,t} be a separating transcendence basis of F|K.

We show that there is always a separable immediate extension of F' which is separably
tame. Let N be a maximal immediate separable-algebraic extension of F. Since K is a
separably tame field by hypothesis and F'|K is immediate, the value group v(F) = v(K) is
p-divisible and the residue field F' = K is perfect by virtue of Lemma 6.13. By Lemma 6.12
it follows that NN is a separably tame field.

Assume that there is given a separable immediate extension N of F' which is a se-
parably tame field, N|F not necessarily being algebraic. We denote by N’ the relative
algebraic closure of F' within N. By Lemma 6.17, N’ is also a separably tame field, and
it is an immediate separable—algebraic extension of F. Now we take L to be the relative
algebraic closure of K (ti,...,t,) within N’. Since N'|K and thus N'|K(ti,...,t,) are im-
mediate, it follows from Lemma 6.17 that L is also a separably tame field and that F.L
is a separable immediate function field of transcendence degree 1 over L. By the first
assertion of our theorem, (F.L)" = L(x)" for some z € (F.L)". But there exists a subfield
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Ly C L finitely generated over K such that € (F.Lg)" and (F.Lg)" = Lo(z)" and the
same will be true for every overfield of Ly within L. Ly being an immediate function field
of transcendence degree n over K, it admits by hypothesis a finite extension L; within
L such that L? = K(xy,...,x,)" for suitable elements 1, ...z, € L For F| = F.L; it
follows

Fl'= (F.L)" = Li(2)" = (LM2))" = (K (24, ..., 2,)"(2))" = K (21, ..., 2,)"

which shows that FJ* is a henselian rational function field over K. On the other hand,
Fi|F is a finitely generated subextension of the immediate separable-algebraic extension
N'|F, hence Fi|F is finite, separable and immediate. Finally, Fj is also a subfield of N.
This completes the proof of our theorem. O

7.2 A pull down principle for henselian rationality through tame
extensions.

Let (L, v)|(K,v) be a finite tame extension of algebraically maximal fields of rank 1, and let
(F,v)|(K,v) be an immediate function field of transcendence degree 1 and F' not contained
in the completion K¢ of K. We consider the following question:

Assume that F".L|L is a henselian rational function field, does this imply the same for
FhK?

Firstly, we observe that w.l.o.g. we may assume that the extension L|K is a Galois
extension; indeed, the normal hull of a tame extension is a tame extension too, and if
F".L|L is henselian rational, then the same holds for F".L'|L’ for every extension L'|L.
From now on we assume that L|K is a finite tame Galois extension and that F".L =
L(z)". Note that F.L|L is an immediate henselian function field like F|K. Moreover,
(L(z),v)|(L, v) satisfies hypotheses (186) and (187) of section 11.3 (with K replaced by L):

Lemma 7.17 F ¢ K¢ implies F.L ¢ L¢, hence dist (z, L) < co.

Proof:  Since F' ¢ K¢, there exists some z € F with dist (z, K) < oo. L|K is a finite
tame extension by assumption, hence it admits a valuation basis by,...,b,, by = 1; since
F|K is immediate, it remains a valuation basis of F.L|F. For every element

a:ZcibiEL, CiEK,

we compute

U(Z_a):v(z_cl S b )—mm{v(z—cl) oeb)} < v(z — 1)

i>1

This shows
dist (z, L) = dist (2, K)

and consequently, F.L ¢ L¢, as asserted.

Furthermore, dist (z, L) = oo would imply L(z) C L¢ since the rank of (K,v) is 1 by
assumption, the same is true for (L(z),v) and L(x) is thus dense in L(x)", and we would
get F'".I = L(x)" C L¢, a contradiction. 0

137



Lemma 7.18 If there erists an element y € F" such that L(y)" = L(z)", then F" =
K(y)".

Proof: Since y must be transcendental over K, we have that F"|K (y)" is a finite extension.
It must be purely wild since F*|K and thus also F"|K (y)" are immediate extensions. On
the other hand, F".L = L(z)" = L(y)" = K(y)".L is a tame extension of K(y)" induced
by the tame extension L|K. But the purely wild extension F"|K(y)" is a subextension
of the tame extension F".L|K(y)" which shows that F"|K(y)" must be trivial. Hence
F'" = K(y)", as asserted. 0

Since L|K is a finite tame Galois extension, the extension F".L|F" is a finite tame
Galois extension too. It is of the same degree as L|K, since L|K admits a valuation basis
and F"| K is immediate by assumption. With n = [L : K|, we write

Cal(F".L|F") = {p; | 1 <i < n}.

Then Gal(L|K) = {p;|r | 1 <i <n}.

Furthermore, we have assumed the rank of (L,v) to be 1, hence by Lemma 11.55, every
element in L(z)" \ L satisfies condition (188). In the next lemma, we will consider the
conjugates p;(z).

Lemma 7.19 For every i, 1 < i <n, we have
L(z)" = L(pi(2))" ,
hence hi(z : pi(z)) =1 by Corollary 11.62.
Proof:  Since p; € Gal(F".L|F") and p;|; € Gal(L|K), we may compute
L(z)" = F".L = pi(F".L) = pi(L(2)") = (pi(L(2)))" = (pi(L)(pi(2)))" = L(pi())" .
O

The following lemma and theorem make essential use of the valuation independence of
Galois groups of tame Galois extensions. Let Tr denote the trace.

Lemma 7.20 There is an element do € L such that
hK(ZL‘ . Tth'L‘Fh(dQ.f)) =1.

Proof: For 1 < i < n, let d; be an approximation coefficient of p;(z) in z. By
Theorem 6.23, we may choose an element dy € L such that (112) holds. Then for k; =
pi(do), the hypothesis (191) of Lemma 11.67 holds, so we may infer from this lemma that

hg (x : TFFh.L|Fh(din)) = hg (I : ;Pi(do$)>
— hy (m DIACH ~pi(:(:)> —1.

Now we are able to derive the main theorem of this subsection:
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Theorem 7.21 Let (K,v) be an algebraically mazximal field of rank 1, and let (F,v) be an
immediate function field of transcendence degree 1 over (K,v), with F ¢ K¢. If F'.L is a
henselian rational function field over L for some tame extension (L,v)|(K,v), then F" is
a henselian rational function field over K.

Proof: If (F".L,v) is a henselian rational function field L(z)" for some tame extension
L of K, then F".I' equals L'(x)" already for a suitable finite subextension L'|K of L|K.
Hence we may assume from the start that L|K is finite, and as discussed in the beginning
of this subsection, we may assume that it is Galois, so we may assume the situation as
it was treated above. Now the foregoing lemma shows that there is some dy € L such
that for y := Trpn 1 pn(dox) € F" we have hg(x : y) = 1. By virtue of Corollary 11.64,
L(y)" = L(z)". From Lemma 7.18, we may now infer that F" is henselian rational over
K, as asserted. O

7.3 The case of tame ground fields of mixed characteristic.

In this subsection, we will first prove that every immediate henselian function field of
transcendence degree 1 over an algebraically closed ground field of rank 1 and mixed
characteristic is henselian rational. In this setting, the minimal purely wild algebraic
extensions in question have the following special structure:

Lemma 7.22 Let L be a henselian field of mized characteristic with divisible value group
and algebraically closed residue field. Then every purely wild algebraic extension W of L
is a tower of Galois extensions of degree p. If L contains all p—th roots of unity, such
extensions of degree p are generated by p—th roots of suitable elements.

Proof: From our conditions on the value group and the residue field, it follows by virtue
of the Lemma of Ostrowski that i]L is a p—extension. Then for every intermediate fields
Ly, Ly with [Ly : Ly] = p, it follows that L;|Ls is normal since in general the degree of the
normal hull of L; over Ly must be a divisor of p!, whereas in our case it can only be equal
to a power of p; this shows that it must be equal to p. The second assertion of our lemma
follows from Kummer theory. O

In the case of L = K(x)" an immediate function field over an algebraically closed
ground field K of characteristic 0, a minimal (purely wild) algebraic extension is thus a
Galois extension L(V)|L given by

W =ac K(z)".

In the following we will determine a suitable normal form for the element a in the case
of (K,v) having rank 1. For every d € L* we have

L(¥) = L(dV), (d9)? = d*9" = d’a € L (126)

showing that all elements of the class a - (L*)P determine the same extension. Since
the extension L(9)|L is immediate and v(L) = v(K) is divisible, there exists an element
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d; € L* such that v(dja) = 0; moreover, since L = K is algebraically closed, there exists
an element dy € L* such that d/dba = 1. Consequently, we may from now on assume
v(a) =0 and @ = 1, thus a = 1 + b with b € M, (= the valuation ideal of L), hence the
extension is of the form

L(9)|L, 9» =14+be L with be My . (127)
Note that this implies v(J) = 0.
The algebraically closed field K contains an element C' € Mg which satisfies

1
v
p—1

CP~' = —p and v(C) = (p) >0 (128)

(cf. Section 3.8; we will also use the lemmata that we have proved there).

As an immediate consequence of Lemma 7.8 and part a) of Corollary 3.37, we have:

Corollary 7.23 If the rank of K is 1 and K (x)|K is immediate, then the extension (127)
will also be generated by a root of the polynomial

XP — (14 f(x)) (129)
for some suitable polynomial f(x) € Mz N K|z].

Let f(z) = d,x™ + ...+ dy. We consider the Taylor expansion for an arbitrary ¢ € K:
fla) =3 file)(x = ¢ (130)

where f; denotes the i—th formal derivative of f. Since K is algebraically closed, it is
algebraically maximal, and thus in view of Corollary 11.53, for ¢ / x the values of f;(c)
will be fixed. Consequently, for ¢ /' z the values of all monomials f;(c)(z — ¢)* will be
different (cf. Corollary 11.32) and thus bigger or equal to the value of f(x) € Mg(s), hence
fi(e)(x — ¢)" € Mg. Since K(z) = K(x — ¢), we may replace « by « — ¢ and d; by
fi(c), and we may thus assume from the start that all nonzero monomials d;xz* appearing
in f(z) have different values, all of them bigger or equal to v(f(z)). We may even assume
the following:

if i =p'and j = p'r with ¢ > 0, r > 0 and d; # 0, then v(d;2") < v(d;z7) (131)

(cf. Lemma 11.31). Furthermore, K(x)|K being immediate, there is some d € K with
v(dz) = 0; since K (z) = K(dz), we may replace x by dx and d; by d;d™", and we may thus
assume from the start v(z) = 0 and that all nonzero monomials d;z" appearing in f(x)
satisfy v(d;z") = v(d;).

Lemma 7.24 Let K be algebraically closed. In the situation of Corollary 7.23, and with
the assumptions of the foregoing remark, the extension (127) will then also be generated by
a root of the polynomial

XP — (14 h(2)) (132)
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for a suitable polynomial h(z) € K|x] with

hz) = apz™ + ... + a1z + ag € Mg|[z] where
z=(x—c)/d, withv(z) =0, ce K and0#d € K, (133)

and where ay is the unique coefficient of least value.

Then
hg(x:h(z))=1.

Moreover, we may assume
Vi>1: v(a;) <wv(p) = (i,p) =1.

v(p), we may even assume that there is no nonzero coefficient a; with pli or
v(p), and that all nonzero coefficients have different value.

If v(ay)

v(a;) >

-

—_

p—

Proof: = We may assume that f(x) is as in the remark preceding this lemma. For every
1 divisible by p, choosing d} /P to be any p—th root of d; in the algebraically closed field K,

we have 4
4P 2'? € Mlz] € My . (134)

We put '
d=(1+ Zdi/pxz/p)_l € K(x)*,
pli
and by Lemma 3.35 we find that the extension (127) will also be generated by a root of a
polynomial

XV = (1+ f(x))

where f(x) is a polynomial in z with

fl@)=(1+d"- Y djz’) mod pMglz] .

(p.g)=1

Using the representation of d = 1 modulo Mg,y as a geometrical series together with
our assumption that the rank of (K,v) is 1, we find that d is equivalent modulo pM g ()
to a polynomial in 2 whose nonconstant monomials are elements of M [x]. This implies
that d? is equivalent modulo pM g, to a polynomial in 27 whose nonconstant monomials
are again elements of Mgl[z|. At this point we take C' to be as in equation (128) and
introduce a polynomial g(x) which is equivalent to f(z) modulo C? M (,). From part a)
of Corollary 3.37 we infer that the extension (127) will also be generated by a root of the
polynomial
X~ (14 g(2)) .

Let g(z) = ¢a™+ ...+ cp; here, g may be chosen such that all monomials ¢;z" are already
appearing in f; consequently, every ¢; with pli and v(cz’) = v(¢;) < v(p) is equal to zero.

Suppose that there are still monomials in g(x) of value < v(p). Since by assumption,
all nonzero monomials d;z’ have different values, there is also a unique monomial d,z%
among those with (p,j) = 1; by (131) we have jo = 1. Note that d” = 1 modulo Mg z);
consequently, c;x = dyz is the monomial of minimal value in g(z), concluding our proof in
this case.
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Now let us assume that all monomials in g(z) have value > v(p). Changing notation,
we will talk again of f(x) instead of g(x) just to show that from now on, the proof is
somewhat parallel to the proof of Lemma 7.10. We consider the Taylor expansion for an
arbitrary xg:

fx) = f:lfi(xo)(fv ) (135)

where f; denotes the i—th formal derivative of f. For v(zg) > 0 (which holds for zy /" x),
every monomial f;(x)(x — x0)" has value > v(p). For pli, the analogue of (134) will now
be:
filzo) P (x — 20)"P € Mgz — x0] ,
in view of part b) of Corollary 3.37, we may then replace the summand f;(zo)(x — x¢)* for
1> 0 by '
—p- fi(ﬂﬁo)l/p(x — xo)l/p € pMxklr — w0
without changing the extension. Moreover, by Corollary 3.38 the constant coefficient fo(xo)

may be omitted since 1+ f(xo) admits a p—th root in the algebraically closed field K. Using
the first procedure repeatedly if necessary, we arrive at a polynomial

Z/ (Z (z‘)p(j) i ($0)p—1> (z — xo)i (136)

i J
where:

1. ) ' denotes the sum over all i < deg(f) with (p,4) = 1,

2. > @ denotes the sum over all j > 0 with ip/ < deg(f),

J
3. pU) are elements of K such that p® = 1 and (_p(j)/p)p = pU~"; hence v(p(j)) = v(p)
for all 7 > 1.

4. .77 denotes an arbitrary p’-th roots of the indicated element.

Let us write the i—th coefficient of (136) as
ci(wo) =) Wpt). fipo (xo)p_j ;
J

this is not a polynomial in zy. Nevertheless, we may proceed as follows. Since every
summand pY) - fi(20)P in ¢;(x0) has value > v(p), a straightforward induction on the
natural number p shows

Ci(xo)pu = Z(Z) (p(J))p“ . fipj (xo)p“*j mod Cp,u+l_1M ‘

J

But for large enough g, the latter is a polynomial in xy whose value is consequently fixed
for o * x. This shows: if the value of ¢;(xg) is not fixed for xg ' x, then it must be

bigger than
1 1 1
phTi -1y Py _
pMU(C’ ) =v(CP) pMU(C’)
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for every p. In this case, we have for zo /" = that
ci(xo)(z — 20)" € CP Mg ()

(since also z — xg will have a value > 0), and by part a) of Lemma 3.37, we may omit
this summand from the polynomial (136). So we may assume that the values of all ¢;(x)
are fixed (and that there is at least one ¢;(zo) of value < ~E7v(p) since the extension is
assumed to be nontrivial). Hence there exists an integer iy > 1 not divisible by p such that
for zy /' x, the summand
Cig (o) * (¥ — @0)"

of (136) is the unique summand having minimal value, and all summands have different
values. Having chosen such an x4, we choose d; € K such that v(d;) = v(z — x¢) and put

T — 2o

diy

y =
hence v(y) = 0. The polynomial that we have derived from (136) will now be written as a
polynomial in y: ‘
9(y) = >_dici(zo)y -

Proceeding further just as in the proof of Lemma 7.10, we arive at a polynomial h(z); note
that in the present case, a;z has minimal value among all nonconstant monomials since
the i—th coefficient of ¢g(y) is zero whenever p|i. As above, the constant monomial ay may
be deleted by Corollary 3.38. It follows from Lemma 11.34 that hg(z : h(z)) = 1, and
hy(xz : h(z)) = 1 follows from Lemma 11.61 and the trivial fact that hy(z : z) = 1 (since
z is linear in ).

It remains to show that h(z) may even be chosen such that there is no nonzero coefficient
a; with pli. To this end, we apply the above replacement procedure once more to h(z). If

a;z' € CP Mk (e

then by part a) of Lemma 3.37, we may omit this summand from the polynomial h(z). So
we may assume that the above replacement procedure is only applied to monomials a;2* of
value < 2= (p); for those, we have
p
o(eis') < o(—p- (a) =),

(where equality holds if and only if v(a;2") = -57v(p)). Moreover, the procedure is only

applied to monomials a;z* of value > v(a;2); this shows that the monomial a;z will remain
the unique monomial of least value in the newly obtained polynomial. O

The normal form that we have derived, allows us to prove the announced assertion on
the structure of henselian function fields over algebraically closed valued fields of mixed
characteristic:

Lemma 7.25 Let K be an algebraically closed valued field of mixed characteristic and F
an immediate function field of transcendence degree 1 over K. Assume that its rank is 1.
Then F" is a henselian rational function field over K.
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Proof:  Let us choose an element z of F" such that [F" : K(z)"] is minimal. We will
show that [F" : K (z)"] = 1 which yields the assertion of our lemma.

Assume the contrary. Then the finite extension F"|K(z)" which is purely wild since
it is immediate, contains a minimal purely wild extension E|K(z)". According to (127)
and Corollary 7.23, it is generated by a root of a minimal polynomial X? — (1 4+ f(x))
with f(z) € Mgk(). By an application of Lemma 7.24, we may in addition assume that
hy(z : f(z)) = 1. By virtue of Lemma 11.58, the latter yields K(z)" = K(f(z))". Since
f(x) =97 —1 € K(¥9), we have z € K(9)" and

E = K(z)"®) = K(z,9)" = K(®)"

with
[F': KW = [F": E] < [F": K(2)"],

which is a contradiction to the minimum assumption on x. This completes the proof of
our lemma. O

We will now generalize this result to tame ground fields of rank 1 and transcendence
degree 1. In view of Lemma 7.5, we have to consider only function fields which do not lie in
the completion of the ground field, so we may use the pull down principle of the foregoing
section.

Lemma 7.26 Fuvery henselian function field F' of transcendence degree 1 over a tame field
(K,v) of rank 1 and mized characteristic is henselian rational.

Proof: If F lies in the completion of K, our assertion follows from Lemma 7.5; so let
us assume now that F' is not contained in the completion of K. We know that F.K|K is
henselian rational by virtue of Lemma 7.25. But K being a tame field, the extension K | K
is tame. Thus our assertion follows from Theorem 7.21. O

Now we are able to prove the remaining mixed characteristic case of Theorem 7.1, i.e.

Theorem 7.27 Let K be a tame field of mized characteristic and F an immediate function
field over K. If its transcendence degree over K is 1, then F" is a henselian rational
function field over K. In the general case of transcendence degree > 1, given any im-
mediate extension N of F which is a tame field (such an extension does always exist),
there is a finite immediate extension Fy of F within N such that FI* is a henselian rational
function field over K.

Proof: Let us first consider the case trdeg(F|K) = 1. Let P be the place that is associ-
ated to the valuation on F". Since F is a valued field of mixed characteristic, there exist
places P, P,, P; where P; and P3 may be trivial and P, has rank 1, such that P = PP, Ps
and char (FP,) = 0, char (FP,P,) = p > 0. Note that since (F, P)"|(K, P) is immediate,
we have Upl(Fh) = Up (K), UPQ(FhP1> = UPQ(KP1> and that (thlpg,P3>|(KP1P2,P3) is
an immediate extension.

We distinguish three cases:

case 1: trdeg (F'P|KP;) = 0.
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(K, P) being a tame field, the same holds for (K P;, P,P3) by virtue of Lemma 6.16. On the
other hand, (F, P)|(K, P) and thus also (F P, P,Ps3)|(K Py, P,P3) are immediate extensions.
FP||K P, being algebraic, we must consequently have F'P, = KP;. So (F,P;) is an im-
mediate function field over (K, P;). Since char (F'P;) = 0, by our discussion of Theorem 7.2
(cf. page 126), the henselization (F, P,)"") which by Lemma 2.16 may be chosen inside
of (K, P)"?) is a henselian rational function field over (K, P;). Consequently, F"") =
(FMPYR(P) is a henselian rational function field over (K, P).

case 2: trdeg (F'P|KP;) =1 and trdeg (F P, P,|K P, P;) = 0.

A similar argument as in case 1 shows that F'P| P, = K P, P,; this yields that (F Py, P,)
is an immediate function field of transcendence degree 1 over (K Py, P»). By the previous
lemma, the henselization (FP;, P,)"2) which by Lemma 2.16 may be chosen inside of
(FMP)P| Py), is a henselian rational function field over (K Py, P;). Let us choose z € FP)
such that

(F P = K Py (2P = (K (2)P)MP)

Since (F'P Py, P3) = (K P, P, P3) is already henselian, we may infer from Lemma 2.16 that

Fh(P)p1 — (Fpl)h(Pzpa) — (Fpl)h(Pz)
K (z)"P) Py = (K (x)P)MPPs) = (K () Py)M)

which shows that
FMPYp = K(2)" PPy

Consequently, since we have vp, (F") = vp, (K), the extension
(F"P), )| (K ()", Pr)

is also immediate. Moreover, we know that it is algebraic and that (K (x)"*) P;) is hen-
selian like (K (z), P)"®), by virtue of Lemma 2.16. But since zP; is transcendental over
K Py, the field (K (x)""), P)) is defectless by Theorem 3.1. It follows that F"P)| K (2)h(F)
must be trivial, or in other words that F*) is a henselian rational function field over K.
case 3: trdeg (FPP|KPPy) = 1.

Since (F, P)|(K, P) is immediate, this yields that (F'P, P, Ps) is an immediate function field
of transcendence degree 1 over (K P P, P3). By the already proved part of Theorem 7.2 (the
equal characteristic case), the henselization (F P, Py, P5)""*) which by Lemma 2.16 may be
chosen inside of (K"") P, P, P3) is a henselian rational function field over (K P, Py, P3). To
show that F*®) is henselian rational, one proceeds as in case 2, replacing P; by P; P, and
P, by Ps.

The second assertion of our theorem follows from the first by induction on the transcen-
dence degree of F|K. We show that there is always an immediate extension of F' which
is tame. Let N be a maximal immediate algebraic extension of F. Since K is tame by
hypothesis and F|K is immediate, the value group v(F) = v(K) is p-divisible and the
residue field F' = K is perfect. By virtue of Lemma 6.2 it follows that N is a tame field.
The remainder of the proof of the second assertion may be transferred wordly from the
corresponding part of the proof of the equal characteristic case of Theorem 7.2. O
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8 On the model theory of valued fields.

In this section, we turn to model theoretic investigations about valued fields. The results
presented here should not be considered a complete description of the model theory of
tame and separably tame fields. In particular, details on the latter and questions about
quantifier elimination have to be postponed to a subsequent paper.

We will use the ordinary language Ly = {0, 1,4, -} for the residue fields and the lan-
guage L = {0,1,4+,-,V} for valued fields (K,v), where V is either a unitary predicate
O(z) denoting the assertion that © € Ok, or a binary predicate v(z,y) denoting that
v(xz) < v(y). Which of these predicates is chosen, does actually not influence our results.
Also, adding the inverse function to Ly and £ is optional and does not influence our results.

We use the following notation. By “v(K) <3 v(L)” we will always mean that v(K) is
existentially closed in v(L) with respect to the language of ordered groups. Analogously,
“K <3 L” means that K is existentially closed in L with respect to the language of fields.
In contrast to this, “(K,v) <3 (L,v)” means that the valued field (K,v) is existentially
closed in the valued field extension (L, v) with respect to the language of valued fields. The
same shall hold for elementary embeddings, denoted by “<”, and first order equivalence,
denoted by “=".

We want to prove model theoretic results by embedding lemmas; as a model theoretic
justification we cite Korollar 2.19 of [PRE]:

Lemma 8.1 Let A be a common L-substructure with universe A of the L—structures A*
and B.

(1) If A* is k—saturated with k > card (B) and

(a) if A <3 B, or

(b) if every finitely generated L(A)—substructure of B is embeddable into A*,

then B is embeddable as L(A)-structure into A*.

(2) If B is embeddable as L(A)-structure into A* and if A < A*, then A <3 B.

Instead of saying “embeddable as L£(A)-structure” we will use the “more algebraic” ex-
pression “embeddable over A”.

In our setting, the role of the models A C B will be played by an extension (L, v)|(K,v)
of valued fields, and we will look for an embedding of (L, v) over (K, v) into a k—saturated
elementary extension A* of A with x > card (B). Our general approach to this problem is
to break up the extension (L, v)|(K,v) into an extension without transcendence defect and
an immediate extension; the most general form of this approach will be discussed in the
section on Ax—Kochen-Ershov—classes. In the next section, we will consider extensions of
the first sort.

8.1 The Ax—Kochen—Ershov—principle for extensions without tran-
scendence defect of algebraically complete fields.

We need the following preparation which gives a precise description of the constructed
embedding relative to given embeddings of the value group and the residue field:

Lemma 8.2 (Embedding Lemma IT)
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Let (K,v) be a defectless field (the valuation is allowed to be trivial), (L,v)|(K,v) an
extension without transcendence defect and (K*,v*) a |L|* - saturated henselian extension
of (K,v). Assume that v(L)/v(K) is torsion free and that L|K is separable. If

pro(L) — v*(K")
is an embedding over v(K) and
oL — K*/v*
is an embedding over K, then there exists an embedding
v (L,v) — (K™, v*)
over (K,v) that respects p and o (in the sense of Lemma 3.5).

Proof: By our Embedding Lemma I (Lemma 3.5) we know that every finitely generated
subextension of L| K can be embedded over (K, v) into (K*, v*) respecting both embeddings
p and o. Using the saturation property of (K*, v*) we have to deduce from this the assertion
of our Embedding Lemma II. To do so we will work in an enlarged language £’ consisting
of the ordinary language £ of valued fields enriched by predicates

Ps(X) , d€pv(l))
Qd(X) ) d € O'(Z)

which are interpreted in (K*,v*) such that

Psla) <= v*(a) =0
Qi(a) <= afv*=d

for all @ € K* and in (L,v) such that
Ps(b) <= p(v(b)) =0
Qb)) = ob)=d

for all b € L. Note that these interpretations coincide on K.

We show that (K*,v*) remains |L|"-saturated in the enriched language £'. To this
end, we choose a subset A C K* of all values ¢ in p(v(L)) and a subset D C K* of

representatives for all residues d in o(L). We compute

Al = Ip((L)] = [o(L)] < [L] < |L]T
DI = |o(L)| =|L| < [L] < |L[",

hence |A U D| < |L|*. Consequently, if we add the elements from A U D as constants to
the language £ we get a language £* which satisfies

£ < LT

The new constants are interpreted in K* by the corresponding elements from AUD C K*.
From [CHK], Proposition 5.1.1 (iii), p. 215, we deduce that (K*, v*) remains | L|T—saturated
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in this new language £*. Now the predicates Ps and Q4 become definable in the language
L*, and this shows that (K*,v*) is also |L|*-saturated in the language £, as asserted.

An embedding ¢ respects the predicates Ps and Qy if and only if it satisfies

p(v(b)) = 0 <= Ps(b) <= Ps(1b) <= v*(tb) =9,
o(b) = d <= Qu(b) < Qu(1b) < b/v* =d,

which expresses the property of ¢ to respect the embeddings p and o.

By Lemma 3.5 we know that for every finitely generated subextension of L|K (and even for
its henselization) there exists such an embedding ¢ over (K, v) into (K™*, v*) which respects
the predicates Ps and Qy. The saturation property of (K*,v*) now yields an embedding of
(L,v) into (K™, v*) which respects the predicates and thus the embeddings p and o. This
completes the proof of our lemma. O

Before applying Embedding Lemma II, we want to state that the conditions
“v(L)/v(K) is torsion free” and “L|K is separable”
do in particular hold if v(K) <3 v(L) and K <3 L:

Lemma 8.3 Let I' C A be an extension of ordered abelian groups and ks|k, an extension
of fields. If ' <3 A, then I is pure in A, i.e. A/T is torsion free. If ky <3 ko, then the
extension ks|ky is regular.

Proof:  Cf. Proposition (2.3) of [VDD], p. 23, for the regularity. The easy proof of the
assertion for ordered abelian groups is left to the reader. O

Now we are able to prove the following Ax—Kochen—Ershov—principle for extensions
without transcendence defect:

Theorem 8.4 If (L,v) is an extension without transcendence defect of the algebraically
complete field (K,v), then the “side conditions”

v(K) <3v(L) and K <3 L (137)

imply
(K,U) <3 (L,U) :

Proof: We choose (K*,v*) to be an |L|"—saturated elementary extension of (K, v). Then
K*/v* is a |L|T-saturated elementary extension of K and v*(K*) is a |v(L)|T-saturated
elementary extension of v(K). Since “algebraically complete” is elementarily definable
by a scheme of first order axioms (cf. [DEL1], p. 21), (K*,v*) is algebraically complete
like (K,v) and thus henselian. By our hypothesis (137) and by Lemma 8.1, there exist
embeddings

pro(L) — v*(K°)

over v(K) and
oL — K*/v*
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over K. By the preceding Embedding Lemma II, there exists an embedding
v (L,v) — (K*,v")

over (K,v) that respects p and o. By Lemma 8.1, this shows that (K, v) is existentially
closed in (F,v). O

Note that it is not in general true that under the conditions of the above theorem, the
strengthened side conditions -
v(K)<wv(l), K<L

would imply (K,v) < (L,v). A counterexample is given in section 10 (cf. page 175).

8.2 Model theory of tame fields.

In this section we will treat the model theory of tame fields. We apply the Structure
Theorem 7.1 of the foregoing section and the auxiliary results of section 6. We have already
shown in Lemma 6.2 that in positive characteristic, the class of tame fields coincides with
the class of algebraically maximal perfect fields.

The following auxiliary embedding lemma is put into a rather general form. Note that
by Corollary 11.53, the condition “appr(z, K) is transcendental” does automatically hold
if K is algebraically maximal.

Lemma 8.5 (Embedding Lemma IIT)

Let (K(x),v)|(K,v) be a nontrivial immediate extension of valued fields. If appr(z, K)
is transcendental, then (K (z),v)" can be embedded over (K,v) into every |K | -saturated
henselian extension (K,v)* of (K,v).

Proof: Since (K,v)* is | K|*t-saturated, Lemma 11.13 shows that appr(z, K) is realized
by an element 2’ in (K,v)*. By Theorem 11.51, the homomorphism induced by z +— 2z’
is an embedding of (K (x),v) over (K,v) into (K,v)* since appr(z, K) is transcendental.
By the universal property of the henselization, this embedding can be prolongated to an
embedding of (K (z),v)" over (K,v) into (K,v)* which is henselian by hypothesis. O

Note that the lemma becomes false if the condition on the approximation type of z over K is
omitted, even if we require in addition that K is henselian. It is known that there exist hen-
selian fields K which admit nontrivial algebraic immediate extensions (cf. the examples of
F. K. Schmidt and of Ostrowski in [RIB1], Exemple 1, page 244, and Exemple 2, page 246).
Hence there exist also nontrivial finite simple immediate extensions (K (x),v)|(K,v). On
the other hand, K* may be a regular extension of K (e.g., this is always the case if (K, v)*
is an elementary extension of (K, v)), in which case K (z) is certainly not embeddable into
K™ over K.

The model theoretic application of Embedding Lemma IIT is:

Corollary 8.6 Let (K,v) be a henselian field and (K (x),v)|(K,v) an immediate extension
such that appr (z, K) is transcendental. Then (K,v) <3 (K (z),v)". In particular, an alge-
braically mazimal field (K,v) is existentially closed in every immediate henselian rational

function field (K (x),v)".
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Proof: Apply Embedding Lemma ITI with (K, v)* a | K|*—saturated elementary extension
of (K,v); since “henselian” is an elementary property, (K,v)* will also be henselian. O

Using this corollary and infering our Structure Theorem 7.1, we deduce:

Corollary 8.7 A tame field K is existentially closed in every immediate extension L of
transcendence degree 1.

Proof: It suffices to prove the assertion for every finitely generated subextension Fy|K
of L|K. For this, it suffices to show it for the henselization F' = F*. F is an immediate
henselian function field over K. By Theorem 7.1, F = K (x)" for a suitable element x € F'.
Now Corollary 8.6 shows that (K, v) is existentially closed in (F,v). O

As a consequence of Embedding Lemma II, Theorem 7.1 and Embedding Lemma III, we
will now derive our main embedding lemma and our main theorem on tame fields. Note that
instead of the following embedding lemma, we could also use the previous corollary together
with Corollary 6.10 to deduce Theorem 8.9 below. Nevertheless, it seems worthwile to state
the embedding lemma for tame fields in the most general form.

Lemma 8.8 (Embedding Lemma IV)

Let (K,v) be a valued field such that its henselization is a tame field (the valuation is
allowed to be trivial), (L,v) an extension of (K,v) and (K*,v*) a tame |L|T— saturated
extension field of (K,v). Assume that v(L)/v(K) is torsion free and L|K is separable.

If p:v(L) — v*(K*) is an embedding over v(K) and o: L — K*/v* is an embedding
over K, then there exists an embedding v: (L,v) — (K*,v*) over (K,v) that respects p
and o (in the sense of Lemma 3.5). Note that by virtue of Lemma 8.3, our conditions on
v(L)/v(K) and LIK are always satisfied if K <3 L and v(K) <3 v(L).

Proof: We may assume from the start that L is henselian. Indeed, if we are able to
show the existence of an embedding ¢ for L" which has the required properties then the
restriction of ¢ to L is the desired embedding of L. Here, we note once and for all that
for the existence of the desired embedding, it always suffices to show its existence for a
suitably enlarged field. Furthermore, we may assume that K is henselian. This is seen as
follows:

Since we assume L to be henselian, L includes the henselization K" of K. By the universal
property of the henselization (cf. property H3 of the definition given in [RIB1] on page 175),
K" admits an embedding over K into the field K* which is henselian by assumption. Since
K"K is immediate, this embedding trivially respects p and o. Through this embedding we
identify K" with its image in K*. Hence we may from now on assume that K is henselian.
Consequently, K is algebraically maximal and by Lemma 6.2, it is a tame field.

In view of what we have said above and by Lemma 6.5 we may now assume that L is a
tame field too. By an application of Lemma 6.8, we obtain an intermediate field Lg of L|K
which is a tame field such that L|Lg is an immediate extension and Lg|K is an extension
without transcendence defect. In this situation, Embedding Lemma I (Lemma 8.2) yields
an embedding of Ly over K into K* which respects p and o. Through this embedding, we
identify Ly with its image in K* and consequently, we may replace K by Ly and assume
from now on that L|K is immediate.
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Note that in this situation, we may forget about p and o; since L|K is immediate,
every valuation preserving embedding of any intermediate field over K into K™* will respect
p and o. Let L; be a maximal tame intermediate field admitting a valuation preserving
embedding over K into K*; it exists by Zorn’s Lemma. Assume that there exists an
element y € L\ Ly. Let Ly be the relative algebraic closure of L;(y) in the tame field L; by
Lemma 6.6, Ly is a tame field too; note for the application of Lemma 6.6 that L = L,(y)
since L| K and thus also L| L, (y) are immediate extensions. By showing that the embedding
of Ly can be extended to an embedding of Ly, we want to deduce a contradiction to the
maximality property of L; which will show L = L;, thereby completing the proof of our
lemma.

Through the valuation preserving embedding of L; over K into K*, we identify L,
with its image in K* and we may w.l.o.g. assume L; = K. Since K* is |L|"-saturated
by assumption, it suffices to show the existence of a valuation preserving embedding for
every finitely generated subextension F|K of Ly|K. Again, by an enlargement of F we
may assume that F' is henselian. Then F' is an immediate henselian function field of
transcendence degree 1 over the tame field K. Hence by Theorem 7.1, it is a henselian
rational function field, i.e. there exists an element x € F such that FF = K(z)". Since by
Lemma 6.2, the tame field K is in particular algebraically maximal, Embedding Lemma III
shows the existence of a valuation preserving embedding of F' over K into K*. By this, we
have proved the existence of the desired embedding of L, and deduced the contradiction
which completes the proof of our lemma. O

Before applying Embedding Lemma IV, we want to introduce some model theoretic
notions. Given a valued field extension L| K, we will say that L|K satisfies the Ax—Kochen—
Ershov—principle if

v(K) <3v(L)ANK <3 L = (K,v) <3 (L,v). (138)

Let us use the abbreviation AKE for “Ax—Kochen—Ershov”. A valued field K will be called
AKEfield if every valued field extension L|K satisfies the AKE—principle. An elementary
class of valued fields will be called AKFE-class if every field contained in this class is an
AKEfield.

The following is our main model theoretic result on tame fields:
Theorem 8.9 FEvery tame field is an AKFE—field.

Proof: Any trivially valued field is an AKE-field. Now let (K, v) be a nontrivially valued
tame field and (L, v)|(K, v) an extension with v(K) <3 v(L) and K <5 L. If we take (K,v)*
to be an elementary |L|T—saturated extension of (K, v), then (K, v)* is henselian like (K, v).
v*(K*) is | L|T—saturated and thus also |v(L)|T—saturated, and K*/v* is | L|T—saturated and
thus also |L|T—saturated. Hence the “side conditions” v(K) <3 v(L) and K <3 L together
with Lemma 8.1 imply the existence of embeddings p:v(L) — v*(K*) over v(K) and
o:L — K*/v* over K. By Embedding Lemma IV we can now embed (L, v) over (K,v)
into (K, v)*. By virtue of Lemma 8.1, we get (K,v) <3 (L, v). a

In view of algebraic applications, the foregoing theorem is somewhat the kernel of our
model theoretic results. Nevertheless, we want to give a precise description of the main
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results that can be derived from Embedding Lemma IV. To do this in a rather general way,
we need the following notations. Given two models M, M, of a theory with language L, a
substructure S of M; and an embedding ¢ of S in M,. Then we write

M, = M,y over 1: S — 1S

if (My,a)qes = (M, 1a)4es which means that M; and M, are elementarily equivalent in
the language which is obtained from £ by adding constants for every element in S, these
constants being interpreted in M; by the corresponding element a € S and in M, by the
element ta. If the above situation holds for a substructure S which is a substructure of
both M; and M, ¢ being the identity, then we will simply write

M1 =g MQ .

Theorem 8.10 Let (K,v) be a tame field and let (Kq,v1) and (Ks,vs) be two tame ex-
tension fields of (K,v). Assume that vi(K;)/v(K) is torsion free and (Ki/v1)|(K/v) is
separable. Then the conditions

’Ul(Kl) Ev(K) U2(K2) and Kl/Ul EK/v KQ/UQ (139)

imply
(K1,v1) =) (Ka,02) .

Proof: Let us first assume that (K7, v) is trivially valued. Then in particular, (K, v) is
trivially valued and by v1 (K1) =, k) v2(K>) it follows that also (K3, vs) is trivially valued.
In this case, the assertion follows readily from the assumption Ki/v1 =g/, Ka/vs. A
symmetric argument works if (K5, vs) is trivially valued.

We assume from now on that (K3, v;) and (K, vy) are not trivially valued; in particular,
they will not be finite models. Let x > max{¥y, |K|} be a cardinal and let (K;,v;)* =
(K}, v}) be kT —saturated elementary extensions of (K;,v;) for i = 1,2. Since (K;, v;)" =k

(K, v;), it suffices to show (K1,v1)* =k (K2, v2)*. Note that also v (K) =,x) vi(£;)
and K /v; =k K;/v; (i = 1,2), which shows that the hypothesis vy (/) =, k) v2(/>) and
Ky /v1 =k v Ky /vy implies v] (K7) =y(x) v3(K3) and K7 /vi =g/ K5 /v5. Consequently, we
may assume from the start that both (K1, v;) and (K3, vy) are k™—saturated. If we are able
to show that there exist submodels (L;,v;) < (K;,v;) (i = 1,2), both containing (K, v),
such that (Li,v1) = (La,vs) over (K, v), then we are done since by (K;,v;) =k (Li, vi)
this would imply (K7, v1) =k (K2, v2).

We construct the fields L; and the isomorphism by induction using a “back and forth”
procedure. Let to be the identity ¢o: (K,v) — (K,v) and put LY := K (i = 1,2). Assume
that we have constructed subfields (L, v;) C (K;,v;) (i = 1,2) of cardinality £ and an
isomorphism ¢,,: (L}, v1) — (L, v3) over (K, v) for n € IN, such that

V(K1) =ve(Ksy)  over  puivg(LY) — va(L)

Ki/vy = Ks/vg  over  o,: L} /vy — Ly /ve

where p, and o, are the isomorphisms of the value groups and the residue fields which are
induced by ¢,,. Assume further that the already constructed fields (LY, v1), 1 < p € 2IN+1,
resp. (L5, v3), 2 < v € 2IN, form elementary chains of elementary submodels of (K7, ;)
resp. (K3, vy). Then we proceed as follows:
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Assume that n € 2IN. We choose an arbitrary element a,, € K;\ L}. Using a strong version
of the downward Léwenheim—Skolem Theorem (cf. Theorem 3.1.6, page 109 in [CHK]), we
find that there exists an elementary submodel (L{*! v;) < (K, v1) of cardinality x and
containing L(a,). If n > 2, then (L7 ', v;) < (Ki,v1), and we may view (Kj,v1) as a
model of

Th(K1,v;) U elementary Diagram (L}, v;)

with respect to the language £,, which is obtained from £ by adding a constant symbol for
every element of L7~'. In this way, the model (L™ v;) that we obtain by application of
the downward Lowenheim—Skolem Theorem, will satisfy in addition:

(L7t v) < (L9 vy)

Note that the condition on the cardinality of the language as required in the downward
Lowenheim—Skolem Theorem, is fulfilled since the language of valued fields is countable
which yields that

1Lall = L7 = k.

Now we have to prolongate ¢, to an embedding of (L}, v;) into (Ks,v,); the isomorphic
image of L7™" will be defined to be Lj™. We have

v (L) =, L+ vi(K1) and Lyt =pn+1sy, K1/vr,
and in view of our induction hypothesis, this yields that

vi (LY = wp(Ky)  over  puior(L}) — vy(LY) (140)
Ly vy = Kyfvg  over o, LY vy — Ly v, . (141)

We note that since (K, v9) is kT—saturated with x = |L}], it remains k" —saturated when
we add the elements of L} as constants to the language £ of valued fields; the same holds
analogously for ve(K5) and Ks/vs : we may add the elements of vy(LY) resp. LY /vy to
the language of ordered groups resp. fields without loosing the x™-saturatedness. Conse-
quently, all the three models are k*—universal (cf. [CHK], Theorem 5.1.14, page 221). In
view of (140) and (141) this shows the existence of embeddings p,1: v1(L{T) — vy(K3)
prolongating p,, and o,41: LT /v; — K, /v, prolongating o,. Note that the embeddings
Pn+1 and 0,41 can be chosen such that

v (K1) = va(Ka)  over Pn+1ivl(L?+1) - UQ(KSH) J

Kl/vl = KQ/UQ over O'n+13L711+1/111 — K§+1/U2 ;

this is actually a consequence of Lemma 5.1.10 of [CHK], page 219.

At this point, let us identify L} with L} through the isomorphism ¢,. In view of
Lemma 8.3, we may now apply Embedding Lemma IV which yields the existence of an
embedding ¢, q: (L7, v1) — (K5, vy) prolongating 1, = idz» and inducing ppy1 and
0nt1- This completes our induction step in the case n € 2IN. For n € 2IN + 1 we just
reverse the direction of the embeddings, i.e. we interchange the indices 1 and 2.

Having constructed the subfields L} of K; (i = 1,2) for all natural numbers n, where
each (L™ ' v1) is an elementary submodel of (K}, v;) and (L™*!, v1), and every (L2™, vs)
is an elementary submodel of (K, vy) and (L3™2 vy), for all m € IN, m > 1, we set

Ly=|J L™ and Ly= |J L3".

m>1 m>1
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Since the union of an elementary chain of elementary submodels is again an elementary
submodel, we have
(Li,Ui) =< (Ki,Ui> (’l = 1, 2) .

Furthermore, the union of the partial isomorphisms ¢, yields an isomorphism
v (L1, v1) — (La, v2)

over (K, v). This completes the proof of our theorem. a

From this theorem we derive the following two corollaries:

Corollary 8.11 If (L,v)|(K,v) is an extension of tame fields with v(K) < v(L) and K <
L, then (K,v) < (L,v).

Proof: This is an immediate consequence of Theorem 8.10 where we set (K1,v,) = (L, v)
and (K3, v9) = (K,v). Note that in view of Lemma 8.3, the condition “v;(K;)/v(K) torsion
free” and the condition “(K;/vq)|(K/v) separable” of Theorem 8.10 are fulfilled by our
hypothesis. O

From now on, we will only consider fields of positive characteristic.

Corollary 8.12 If (Ky,v1) and (Ks,vy) are tame fields of positive characteristic with
v1(Ky) = va(Ks) and Ky /vy = Ks/ve, then

(K1,v1) = (Ka,v9) .

Proof: By hypothesis, char(K;) = char(K;/v;), i = 1,2. Furthermore, K;/v; = Ks/vo
yields char(K7/vy) = char(Ks/vs). Hence char(K;) = char(K3). To apply Theorem 8.10,
we set K equal to [F, which is a subfield of both K; and K,. Note that IF), together
with the trivial valuation is a tame field. The restrictions of v; and of v, to IF, are both
trivial. This shows that they coincide on IF),, i.e. vi(IF,) = {0} and IF,/v; = IF,. Con-
sequently, vy (K4)/v1(IF,) is torsion free and (K;/vq)|(IF,/v1) is separable and moreover,
our hypothesis v (K;) = vo(K3) and K /v, = Ky /vy implies vy (K;) Evl(le) v9(Ks) and

Ki/v, = F, /v, K3 /vy. Now the assertion of our corollary follows from Theorem 8.10. O

In view of Lemma 6.3, as an immediate consequence of the preceding corollary we get
the following criterion for decidability:

Corollary 8.13 Let (K, v) be a tame field of positive characteristic and let T be its theory.
If the theories v(T) of its value group v(K) and T of its residue field K both admit recursive
first order aziomatizations then so does T and is thus decidable.

The following corollary is a consequence of Corollary 8.11 and Corollary 8.12:

Corollary 8.14 Let T be an elementary theory of perfect fields of positive characteristic,
given by the axiom

1) “K is a perfect valued field of characteristic p > 0"

and optional arioms

2) on the value group of K,
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3) on the residue field of K.
Let K be the elementary class defined by T and assume that v(K) and K are model complete
elementary classes. Then the theory T* of algebraically maximal valued fields satisfying T
is the model companion of T.

Proof: It follows from Corollary 8.11 that T* is model complete. For every model K
of T, any maximal immediate algebraic extension is a model of T* (by Lemma 6.2); note
that it is an extension of K having the same value group and residue field. ]

If we work in a three—sorted language and use the notion of “K*—model completion” in
the sense of Ziegler [ZIE] (cf. his introduction) then we can state what we have proved as
follows: the theory T* of all algebraically maximal perfect fields of positive characteristic is
the model companion of the theory T of all perfect valued fields of positive characteristic.
Note that it is not a model completion since there exist perfect valued fields of positive
characteristic which admit two nonisomorphic maximal immediate algebraic extension,
both being models of the model companion.

Elementary classes of tame fields of positive characteristic admit prime models relative
to prime models of the elementary classes of their value groups and their residue fields:

Theorem 8.15 FElementary classes K of tame fields of positive characteristic admait prime
models in the following sense:

If there exists a cardinal k, a model T € v(K) and a model k € K, both of cardinality at
most k, such that T is elementarily embeddable into every k™t —saturated model in v(K) and
k is elementarily embeddable into every k* -saturated model in K, then there exists a model
(K,v) of K of cardinality at most k, having value group I' and residue field k, such that
(K,v) is elementarily embeddable into every k*—saturated model of K. Moreover, we may
assume that (K,v) admits a valuation transcendence basis over its prime field.

Proof: By Lemma 6.4, there exists a tame field (K, v) of cardinality at most x having
value group I' and residue field £ and admitting a valuation transcendence basis over
its prime field. If (K* v*) is a k*-saturated model of K then v*(K*) and K*/v* are
kT—saturated models of v(K) and K respectively. Hence by hypothesis, there exists an
elementary embedding of T" into v*(K*) (over the group {0}), and an elementary embedding
of k into K*/v* (over the prime field k). The valuation v is trivial on the prime field IF),
of K, so v(IF,) = {0} and IF, = IF, which shows that v(K)/v(IF,) is torsion free and
K|IF, is separable. Now Embedding Lemma IV shows the existence of an embedding of
(K,v) into (K*,v*) (over the trivially valued field IF,). By virtue of Theorem 8.11, this
embedding is elementary. This shows that (K,v) is elementarily embeddable into every
rT—saturated model of K and this in turn shows that (K, v) is a model of K. a

The prime models that we have constructed in the foregoing proof have the special
property that they admit a valuation transcendence basis over their prime field. The
following Corollary confirms the representative role that is played by models which have
this property.

Corollary 8.16 For every tame field (L,v) of arbitrary characteristic, there exists a sub-
field (K,v) < (L,v) such that (K,v) admits a valuation transcendence basis over its prime
field and (L, v)|(K,v) is immediate.
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Proof: According to Lemma 6.8, for every tame field (L, v) there exists a subfield
(K,v) of (L,v) admitting a valuation transcendence basis over its prime field, such that
(L,v)|(K,v) is immediate. In view of Corollary 8.11, the latter fact shows (K, v) < (L, v).

O

As a final example, we want to treat here the theory of tame fields of positive charac-
teristic with divisible value groups and fixed finite residue field:

Corollary 8.17 The theory T, of tame fields of positive characteristic with divisible value
group and fized residue field IF;, (q = p") is model complete, complete and decidable. More-
over, it possesses a model having transcendence degree 1 over IFy, which admits an elemen-
tary embedding into every Ny—saturated model.

Proof: Since the theory of divisible ordered abelian groups is model complete, complete
and decidable, and since the same holds trivially for the theory of the finite field IF
which has only IF}, as a model, model completeness and completeness follow readily from
Corollary 8.11, Corollary 8.12 and Corollary 8.13. The prime model is constructed as
follows:

Let IF,(t) be valued such that v(t) = 1. |/IF,(t) admits a unique prolongation v of this
valuation, and its residue field must be a purely inseparable algebraic extension of IFj,
hence it is equal to IF,. Now we take (Kj,v) to be a maximal algebraic extension of

(y/1IF,(t),v) still having residue field IF,. In particular, (Ko, v) will have divisible value
group (which consequently is equal to @) and will be algebraically maximal. Then by
Lemma 6.2, (Ky,v) is a tame field; moreover it admits {t} as a valuation transcendence
basis. Note that |Ky| = Ry. Now it can be proved as in the proof of Theorem 8.15 that
(Ko, v) admits an elementary embedding into every R;—saturated model of T,. O

8.3 Model theoretic results for separable—algebraically complete
and separably tame fields.

We will first deal with the completion of a valued field.

Theorem 8.18 Let (K,v) be a henselian field. Assume that (L,v)|(K,v) is a separable
subextension of (K¢ v)|(K,v). Then (K,v) is existentially closed in (L,v). In particular,
every algebraically complete field and more generally, every inseparably defectless field is
existentially closed in its completion.

Proof: It suffices to show that (K, v) is existentially closed in every subfield (F,v) of
(L,v) which is finitely generated over K. Equivalently, it suffices to show that (K, v) is
existentially closed in (F,v)" (note that F'"* C K¢ since the completion of a henselian field
is again henselian; cf. Lemma 5.12). By Theorem 7.5,

Fh:K(Il,...,LL’n)h,

where x1,...,z, is any separating transcendence basis of F|K. Let Fy = K and F; =
K(z1,...,7;), 1 < i < n, where the henselization is taken within F*. Now it suffices to
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show (F;_1,v)" <3 (F;,v)" for 1 < i < n (observe that F! = K). As x; is an element
of the completion K of (F;_;,v)" and is transcendental over F" |, its approximation type
over I | must be transcendental too (being an element of the completion, ; is uniquely
determined by its approximation type and consequently, there cannot exist an algebra-
ic element with the same approximation type). Hence by Corollary 8.6, (F;_1,v)" <3
(FM (x;),v)" for 1 < i < n, which in view of (F",(z;),v)" = (Fi_1(z;),v)" = (F;,v)"
proves our assertion.

The second assertion of our theorem follows from the first and the fact that if (K, v) is al-
gebraically complete or at least inseparably defectless, then K¢|K is a separable extension.
The latter is a consequence of Lemma 2.14. O

Now we turn to extensions without transcendence defect and prove an analogue of
Theorem 8.4. We do not know whether the cofinality condition may be dropped.

Theorem 8.19 Let (K,v) be a separable-algebraically complete field and (L,v)|(K,v) a
separable extension without transcendence defect. Let v(K) be cofinal in v(L). If v(K) <3
v(L) and K <3 L, then (K,v) is existentially closed in (L,v).

Proof: The compositum L.K€, taken in the completion L€, is an immediate extension
of L (note that K¢ is contained in L° since v(K) is supposed to be cofinal in v(L)). Thus
v(K¢) =v(K) <3 v(L) =v(L.K¢) and K¢ = K <3 L = L.K¢. By Corollary 4.20 K¢ is an
algebraically complete field. By Theorem 8.4, it follows from our side conditions that

(K¢ wv) <3 (L.K¢v).
Let us now take a |L.K¢|"—saturated elementary extension
(K 0)"|(K0)”

of the valued field extension (K¢ v)|(K,v) (where the subfield K is given by a predicate
added to the language of valued fields and where K™ is the range of this predicate within
(K°)*). We note that (K¢ v)* is a subfield of the completion of (K, v)* since the property
of K¢ to be contained in the completion of K is elementary in the language of valued fields
with the added predicate for the subfield:

VaVydz . z e KA (y#0 — v(z—2z) > v(y))

expresses this property.

Since (K¢ v) <3 (L.K¢ v), Lemma 8.1 shows that (L.K¢ v) may be embedded over
(K¢ wv) into (K¢ v)* and may thus be considered to be a subfield of the completion of
(K, v)*; by this embedding, the latter also holds for the smaller field (L.K*, v), which is a
separable extension of K*. Theorem 8.18 now shows

(K,v)* <5 (L.K*v).

Since (K,v) < (K,v)", we obtain (K,v) <3 (L.K*,v) and consequently also (K,v) <3
(L,v), as asserted. O

Theorem 8.20 Let (K,v) be a separably tame field and (L,v)|(K,v) a separable extension.
If v(K) <3v(L) and K <3 L, then (K,v) <3 (L,v).
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Proof: The perfect hull VK of K admits a unique prolongation v of the valuation
of K, and with this valuation it is a subextension of the completion of K, according to
Lemma 6.13. By Lemma 6.14, (v/K,v) is a tame field. Both v/K and L.v/K are valued
subfields of the perfect hull (v/L,v) of (L,v) whose value group is the p-divisible hull of
v(L) and whose residue field is the perfect hull of L. Now v(vEK) = v(K) is p-divisible

and VK = K is perfect, hence by our side conditions, we obtain v(vK) <3 v(L.VK)

and VK <5 L.VK (cf. the proof of Lemma 6.5). According to the Ax-KochenErshov-
principle for tame fields (Theorem 8.9), this yields

(VK,v) <3 (LVE,v) .
Let us now take a |L.v/K |t saturated elementary extension
(VE,0)'|(K,v)’

of the valued field extension (v/K,v)|(K,v). From now on, the proof is an analogue of the
proof of Theorem 8.19. O

8.4 A criterion for Ax—Kochen—Ershov—classes.

Recall the definition of AKE—classes given on page 151. Let K be an elementary class of
valued fields. We will call it a weak AKE-class if the implication (138) does hold whenever
(K,v) and (L,v) are members of K.

Theorem 8.21 K is a weak AKFE-class if

a) every field in IC is algebraically complete,

b) given (L,v) € K and K' relatively algebraically closed in L such that L|K’ is algebraic
and v(L)/v(K') is a torsion group, then (K',v) € K with L = K’ and v(L) = v(K'),

c) if (K,v) € K, then every immediate henselian function field of transcendence degree 1
over (K, v) is henselian rational.

A weak AKE—class K is an AKE—-class, if the following condition is satisfied:
d) given (K,v) € K and some extension (L,v) of (K,v) with v(K) <3 v(L) and K <5 L,
then there exists an extension (L',v) € K of (L,v) with v(K) <3 v(L') and K <3 L'.

Proof: Let K satisfy a), b), ¢). Given (K,v), (L,v) € K with (K,v) C (L,v) and
v(K) <3 v(L) A K <5 L, we want to show that (K,v) <3 (L,v).

Take 7 to be a maximal set of algebraically valuation—independent elements over K in
L. With this choice, v(L)/v(K(T)) is a torsion group and L|K(7T) is algebraic. Let K’ be
the relative algebraic closure of K (7") within L. Then by condition b), we have (K',v) € K
with L = K’ and v(L) = v(K’) which shows that the extension L|K’ is immediate. On
the other hand, 7 is a valuation transcendence basis of K’| K by construction which shows
that according to Lemma 2.21, this extension has no transcendence defect. Since (K, v) is
algebraically complete by condition a), Theorem 8.4 now shows (K,v) <3 (K’,v), hence
it remains to prove (K’,v) <3 (L,v); in view of (K’,v) € K we may change notation
and assume that we have to prove (K,v) <3 (L,v) under the additional assumption that
(L,v)|(K,v) be immediate.
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By virtue of Lemma 8.1, we only have to show that (K,v) <3 (Lo, v) for every subex-
tension Lo of L|K which is finitely generated over K; but (K,v) <3 (Lg,v) is true if
(K,v) <3 (K’,v) where K’ is the relative algebraic closure of Ly in L. Again by b),
(K',v) € K. Since Ly was finitely generated over K, the extension K’|K has a finite
transcendence basis {t1,...,t,}. Let us put Ky = K and K; to be the relative algebraic
closure of K(ty,...,t;) in L for 1 < i < n; then K, = K’ and by condition b), every
(K;,v) is a member of . Moreover, trdeg(K;+1|K;) = 1 for 0 < i < n. Hence it now
remains to show that a field (K, v) € K is existentially closed in every immediate extension
of transcendence degree 1. So we may again change notation and assume that we have
to prove (K, v) <3 (L,v) under the additional assumption that (L,v)|(K,v) be immediate
and of transcendence degree 1.

Again by virtue of Lemma 8.1, we only have to show that (K,v) <3 (Lg,v) for every
subextension Ly of L|K which is finitely generated over K; but (K,v) <3 (Lo, v) is true
if (K,v) <3 (Lo, v)". The latter is an immediate henselian function field of transcendence
degree 1 over (K, v), so by condition c), it is henselian rational. Since (K, v) is algebraically
complete by condition a), Corollary 8.6 now yields (K,v) <3 (Lg,v)". This completes the
proof of the first part of our theorem.

Now suppose that K is a weak AKE-class satisfying condition d). Let be given an
extension (L, v)|(K,v) with (K,v) € K such that v(K) <3 v(L) and K <3 L. By condi-
tion d), there is an extension (L',v) € K of (L,v) with v(K) <3 v(L') and K <5 L’. By
what we have already shown, (K, v) <3 (L/,v) and consequently also (K,v) <3 (L,v). O

Note that condition a) is necessary for an AKFE—class; this is seen as follows: every member
(K,v) of an AKE—class must be existentially closed in every maximal immediate exten-
sion since the side conditions are trivially fulfilled; on the other hand, a field which is
existentially closed in some maximal immediate extension must be algebraically complete
(cf. Lemma 10.2 below). We do not know whether condition a) is necessary for weak AKE-
classes (but it does not seem likely): a model complete class of nonhenselian fields would
be a counterexample, but we do not know how to construct such classes.

Condition b) may be reasonably weakened:

Lemma 8.22 The above criterion remains true if condition b) is restricted to immediate
extensions, i.e. to the case where K = L and v(K') = v(L) (we will denote this version by
b;) ), and one of the following conditions is added:

b’) given an extension (L,v)|(K,v) with (K,v), (L,v) € K such that v(K) <3 v(L) and
K <3 L then there exists an elementary extension (L',v) of (L,v) and an intermediate
field (K',v) € K such that (L',v)|(K',v) is an immediate extension and (K',v)|(K,v) is
an extension without transcendence defect, or

b”) given an extension (L,v)|(K,v) with (K,v), (L,v) € K such that v(K) <3 v(L) and
K <35 L then there exists an elementary extension

(Kﬂ))* - <L7U)* = ((K,U) - (L,U) )*
of the pair of models (K,v) C (L,v) which admits an intermediate field (K',v) € K such

that (L,v)*|(K',v) is an immediate extension and (K',v)|(K,v)* is an extension without
transcendence defect.
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Proof:  The restricted version of b) still serves to split up immediate extensions. In the
proof of the foregoing lemma, the original version was also used to find the intermediate field
(K',v) splitting up the extension into an immediate part and a part without transcendence
defect. To find such an intermediate field, we may enlarge (L,v) as long as the side
conditions are preserved; but since elementary properties of value groups and residue fields
can be encoded in the valued fields themselves, (L,v) < (L', v) implies v(L) < v(L') and
L < L’ so that the original side conditions will imply that also v(K) <3 v(L') and K <3 L.
Hence b) may be replaced by its restricted version together with b’).

We will show the same for b”) in the place of b’). Note that (K,v)* and (L,v)* are
elementary extensions of (K, v) and (L,v); hence they are also members of the elementary
class K. Consequently, conditions a), b”) and ¢) will yield that the extension (L, v)*|(K, v)*
satisfies the AKE—principle (138). Now in the language of pairs of models, the property
M <3 N is elementary; moreover, v(k) <3 v(L) and K <3 L are also elementary properties
of the pair (K,v) C (L,v). This shows: if the extension (L,v)|(K,v) satisfies the side
conditions, then so does the extension (L, v)*|(K,v)* which yields (K, v)* <3 (L,v)*; this
in turn gives (K,v) <3 (L, v). O

Now we will apply the foregoing criteria to well known elementary classes of valued
fields.

Corollary 8.23 The following elementary classes are AKE-classes:
1) henselian fields of residue characteristic 0

2) henselian formally p—adic fields

3) henselian finitely ramified fields

4) algebraically closed valued fields

5) algebraically mazimal Kaplansky fields

6) algebraically mazximal perfect fields

7) tame fields.

Note that the class of tame fields contains all fields mentioned under 1), 4), 5) and 6) (cf.
the Introduction). The tame fields constitute one branch of valued fields which admit a
good model theory; they are too big to cause (too hard) problems. On the other hand, the
class of henselian finitely ramified fields which includes all henselian formally p-adic fields,
constitutes another such branch; here, the fields are too small to cause problems. We will
now prove the above corollary by considering the conditions of our criteria for both classes.

For tame fields, condition a) follows from Lemma 6.2, and condition b) is a consequence
of the more general Lemma 6.6. Condition c) is a special case of our main theorem on
henselian function fields over tame fields (Theorem 7.1), and condition d) follows from
Lemma 6.5.

Now let us consider finitely ramified fields (K, v). If P is the place associated to v, then
it admits a decomposition P = QQ (where Q may be trivial) such that char(KQ) = 0 and
@ is a place on K(Q with value group Z and residue characteristic p > 0. By the Lemma
of Ostrowski, (K, Q) is a defectless field. Let us show that also (KQ,Q) is a defectless
field; then it follows by Lemma 2.17 that every finitely ramified field is a defectless field
and hence every henselian finitely ramified field satisfies condition a). First we note that by
Lemma 7.4, a henselian field of characteristic 0 with value group isomorphic to ZZ must be
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algebraically maximal. Let (L, Q) be a finite extension of (KQ, Q)". By Lemma 3.15, there
is a finite tame extension N|KQ" such that the extension L.N|N is a tower of extensions
of prime characteristic; but all the intermediate fields of this tower, as well as N itself, are
henselian fields of characteristic 0 with value group isomorphic to ZZ, hence no extension in
the tower can be immediate and since they are of prime characteristic, they are all defect-
less. Consequently, in view of the multiplicativity of the defect, the extension L.N|N is
defectless. But by Lemma 2.11, it has the same defect as the extension (L, Q)|(KQ, Q)"
which proves this extension to be defectless and thereby (KQ, Q) to be a defectless field.

Postponing condition b) and skipping condition ¢) which was already shown in the
introduction to be true, we want to show now that condition d) is satisfied. Let (L, v)|(K,v)
be an extension of a finitely ramified field (K, v) with v(K) <3 v(L). The latter shows
that the smallest positive element in v(K) remains the smallest positive element in v(L),
and this shows that also (L, v) is finitely ramified. The fact that (L, v)" is then a henselian
finitely ramified field with v(L") = v(L) and L" = L now proves condition d) to be true.
In view of the fact that a relatively algebraically closed subfield of a henselian field is again
henselian, these considerations also show that the restricted version b;) holds for henselian
finitely ramified fields. Note that b) is true for henselian formally p—adic fields (the proof
is left to the reader). However, b) does not hold for the class of henselian finitely ramified
fields; since the construction of an example is quite tedious, we will not give it here.

As a conclusion of this section, we will now prove that b’) holds for the class of henselian
finitely ramified fields, thereby completing the proof of our corollary. Nevertheless, the
result is much more general:

Lemma 8.24 Condition b’) holds for the class of all henselian fields and also for the class
of henselian finitely ramified fields.

Proof:  We put Ky = K and Ly = L and define valued fields (K;,v) and (L;,v) by
induction on i as follows. Let (K;.1,v) be a henselian extension without transcendence
defect of (Kj;,v) such that v(K;,1) = v(L;) and K;;; = L;; the construction of such exten-
sion fields is straightforward. Furthermore, let (L;;1,v) be a |L;|T—saturated elementary
extension of (L;,v). Excluding a trivial case, we may assume that L is infinite; again, it
is straightforward to show that with this assumption, |K; 1| < |L;| for every ¢ > 0. Being
elementary extensions of (L,v), all (L;,v) are henselian fields. We may now deduce from
Lemma 8.2 that there is an embedding of (K;,v) into (L, v) over (K,v) which respects
the trivial embeddings v(L) C v(L;) and L C Ly, and by induction on i we get in the same
way embeddings (K11, v) into (L;41,v) prolongating the embedding of (K;,v) into (L;,v)
and respecting the trivial embeddings v(L;) C v(L;11) and L; C Liy;. The conditions on
the value groups and residue fields of Lemma 8.2 are fulfilled by virtue of Lemma 8.3 and
the fact that
v(K;) <3 v(L;) = v(Kiy1) and K; <3 L; = Ki4q ;

for + = 1, this follows from our hypothesis that v(K) <3 v(L) and K <3 L, and for i > 0,
it follows from (L;_1,v) < (L;,v).

Now we define (L',v) and (K’,v) to be the union over all (L;,v) resp. (K;,v); since
the union of an elementary chain is an elementary extension of every member of the chain,
we have (L,v) < (L',v). Moreover, the union over all embeddings gives an embedding
of (K',v) into (L',v). We identify (K’ ,v) with its image under that embedding. Then
we have that by our construction, v(K’) = v(L') and K’ = I/, hence (L', v)|(K’,v) is an
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immediate extension, and again by our construction, (K’ v)|(K,v) is an extension without

transcendence defect. Finally, as a union over henselian fields, (K’, v) is also henselian.
For the class of henselian finitely ramified fields, we do the same construction. Then

(K',v) is a finitely ramified field because of v(K) <3 v(K"). O
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9 An application: Places of algebraic function fields
over perfect fields.

In this section we want to give an application of Theorem 8.9. The fact that tame fields
are AKE-fields will serve to deduce a generalization of two results that are proved in [KP]
by means of the AKE-principle for henselian fields of residue characteristic 0.

The following theorem generalizes the Main Theorem of [KP]:

Theorem 9.1 Let F|k be a function field in n variables with perfect ground field k. Let
Q be a place of F|k and

Ty eeey Ty Loty oovy Tnas € F .

Then there exists a place P of F|k with a finitely generated residue field over k such that

,Q = x;P for 1<i<m,
vo(z;)) = wp(x;) for m+1<i<m+s.

Moreover, if ri and dy are natural numbers satisfying
dim(Q) <dy <n-1, r(Q) <r; <n-—d,

then P may be chosen to satisfy in addition:

(1) dim(P) = dy and FP is a subfield of a purely transcendental extension of the
perfect hull of F'Q, finitely generated over k,

(2) rr(P) =ry and vp(F) is a finitely generated subgroup of a discrete lexicographic
extension of the p—divisible hull of vo(F'), where p = char(k) > 0 or p =1 if char(k) = 0.

Proof:  The case char(k) = 0 is proved in [KP]. Hence we will assume char(k) =p > 0
throughout this proof. We use the notation of [KP].
Let d = dim(Q). We choose uy, ...,uq € F such that uy, ..., ug form a transcendence basis
of FQlk. Let r = rr(Q). We choose z1, ..., % € F such that the values vg(z1), ..., vo(%)
form a maximal set of rationally independent elements in vg(F). According Lemma 2.19,
the elements

Uty ooy Udy Z1y ooey Ry

are algebraically independent over k.

Now let (vVF,Q) be the perfect hull of (F,Q) and let (L,Q) be a maximal immediate
algebraic extension of (F, Q). By virtue of Lemma 6.2, (L, Q) is a tame field. vy (L) is the
p-divisible hull of vg(F'), and L@ is the perfect hull of F'Q.

Let K’ be the relative algebraic closure of k(ui, ..., uq, 21, ..., z;) in L, and let Q" be the
restriction of @ to K’. According to Lemma 6.2, (K’, Q') is a tame field with

K/Q/ = LQ and UQ/(K,) = UQ(L) .

Hence (K',(Q)’) is existentially closed in (L, Q) by Theorem 8.9.

We write K'.F = K'(ty,...,ty,y), where n’ = n — (d + r) and ty, ..., t,, are algebraically
independent over K’ (since K is perfect, K'.F is separably generated over K’, hence it suf-
fices to take one element y which is algebraic over K'(ty,...,t,/)). Let f € K'[Ty,...,T,», Y]

163



be irreducible and normed in Y such that f(¢,y) = 0. We choose 7, ...,z .. € K’ such

ey T
that
rQ = z;Q for 1<i<m,
vo(x)) = wvg(x;)) for m+1<i<m+s.

We write the elements x; as follows:

for 1<i1<m+s,

where g; and h; are polynomials over K’. Since (K’,(Q)’) is existentially closed in (L, @),
there exist elements
thy .ty € K

such that ;
(1) f(ﬂ?g//):() and %(ﬂ’y/) 7&0’
(2) hi(')#0 for 1<i<m+s,

(3) glfst(%>Q:x;Q for 1<i<m,

/ /
(4) v (91}52;@))) =vg(z}) for m+1<i<m+s,
since these assertions are true in L for ¢,y in the place of ¢, /.

Now let K7 be the subfield of K’ which is generated over k by the following elements:

T ULy ey Ugy By veey 2
I AN I A T

— the coefficients of f, g; and h; for 1 <i < m + s.
K, is a finite extension of k(uy, ..., ug, 21, ..., 2,). Hence according to Lemma 2.20, vg(K7)
is a finitely generated subgroup of vg(L) of rational rank r, and K;Q is a subfield of LQ
and finitely generated of transcendence degree d over k. Let P; be the restriction of @) to
Kl.
As in [KP] one constructs now a suitable extension (K, P) of (K, P;): the extensions
(Ko, Py), (K3, Ps) and (K4, Py) are constructed like in [KP]; furthermore, it suffices also
here to take (K, P) equal to the henselization of (K4, Py) since in the sequel only the
Implicit Function Theorem is required which holds in every henselian field according to
[PZ]. The remainder of the proof is like in [KP]. O

We have seen that the proof for the case of positive characteristic differs from the proof
for characteristic 0 only in so far as we have to extend (F, Q) by passing to a maximal
immediate algebraic extension of the perfect hull of F'; we are doing nothing else in the
case of characteristic 0, but in the case of positive characteristic this procedure may enlarge
value group and residue field. This leads to the revised formulation of the Main Theorem
which nevertheless comprises the Main Lemma of [KP] as a special case and seems to be
the “natural” generalization of the theorem in view of the fact that nonperfect algebrai-
cally complete fields are not in general AKE-fields, as we will show in the next section.
Moreover it cannot be expected that Lemma 6.6 which we have used at a crucial point in
our proof, remains true for suitable classes of nonperfect AKE-fields. Furthermore it is
also a nontrivial problem whether for such fields algebraically complete algebraic extension
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exist which are not “too large”, i.e. which do not extend value group and residue field too
much. Probably it is not possible to dispense with the enlargement of value group and
residue field that we took into the bargain here.

Our following supplement to Theorem 3 of [KP] shows again the consequences of this
enlargement. Instead of giving the obvious reformulation of this Theorem here which would
assume (I,q) = 1 and (I,p) = 1 and which would thus comprise the original Theorem as
the special case where p = 1, it is more convenient to formulate the following supplement
since in the case of positive characteristic p > 0 it suffices to choose always ¢ = p.

Theorem 9.2 Let ) be a place of F|k and let x € F be nonzero. Then there exists a
place P of F|k with vp(F) = Z and FP being a subfield of the perfect hull of F'Q, finitely
generated over k, such that for every integer | the following holds: if | is prime to p and
does not divide vg(x) in vo(F'), then | does also not divide vp(x) in vp(F).

Proof: Let m = dim(Q). We choose uy, ..., u,, like in the foregoing proof and put
Ty =Uyy « - -y Ty = Upmy Tpr1 = T .

We proceed now like in the modification on p. 188 in [KP]. If vg(x) # 0 we put z; = =,
otherwise we choose an arbitrary z; € F' with vg(z1) # 0. As in the foregoing proof we
choose the tame field (L, Q) to be a maximal immediate algebraic extension of the perfect
hull (VF, Q) of (F,Q). Let K’ be the relative algebraic closure of k(us, ..., ug, z) in L; by
virtue of Lemma 6.6, K’ is a tame field with K'Q) = LQ and vy (K’) pure in vg(L). Note
that vg(K’) is a subgroup of Quv(z;) and thus archimedean. On the other hand, vg(K")
is dense since it is p-divisible. It follows that vg(K’) is dense regular. By Corollary 3 of
[WEIS5|, this and the fact that vg(K’) is pure in vg(L) implies that vg(K”) is existentially
closed in vg(L). From Theorem 8.9 we infer that (K, Q) is existentially closed in (L, Q).

We proceed like in the foregoing proof. Firstly it follows that vg(/K;) is a finitely
generated subgroup of vg(K’), hence isomorphic to ZZ. In the sequel we put r; = 1, so we
do not enlarge the value group. K;Q is a subfield of LQ = vFQ = /FQ, finitely generated
of transcendence degree d = trdeg(FQ|k) over k. We also do not enlarge the residue field,
i.e. we put d; = dim(Q). Hence we obtain a place P of F' such that FP C K;@ and
vp(F) C vg(K;) have the same properties as K1(Q) and vg(K7). Now if | divides vp(x)
in vp(F), it also divides it in vg(K;) and henceforth in vg(L). Thus if (p,l) = 1, it also
divides vg(x) in vg(F). O
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10 Beyond perfect fields.

In this section we will show the existence of algebraically complete fields of positive charac-
teristic which are not AKE-fields and even admit an immediate function field of transcen-
dence degree 1 in which they are not existentially closed. This shows that Corollary 8.7
does not hold any more if the condition “tame” is replaced by “algebraically complete”.
In view of Corollary 8.6, this yields that Theorem 7.1 does not remain true if we omit the
condition that the ground field K is perfect, not even in the case of a function field of
rank 1. However, this does not prove that a good structure theory for immediate henselian
function fields like the one given in Theorem 7.1, is really necessary for a field to satisfy
the AKE-principle.

Before proving negative results, we want to state at least one positive result which covers
also the case of nonperfect defectless fields of positive characteristic. It is a consequence of
what we have shown in section 7.

Lemma 10.1 Let K be a defectless field of positive characteristic and F an immediate
function field of transcendence degree 1 over K. Assume that its rank is finite. Then F™
15 a finite immediate separable extension of a suitable henselian rational function field over
K and a finite immediate simple purely inseparable extension of another suitable henselian
rational function field over K.

Proof: By Corollary 2.14, F' admits a separating transcendence basis {z} over the defect-
less field K. Thus F|K(z) and also F*|K(z)" are finite immediate separable extensions.
This proves the first part of our assertion.

From Lemma 7.15 we infer that (F.K/?")" is a henselian rational function field K /7" ()"
for a suitable v € IN. This implies that (F?".K)" is equal to the henselian rational function
field K (2P")". Now for the separating transcendent element z of F|K we know that

F=FrK(z).

This implies
F" = (F" .K(2)" = K(a")"(2)

showing that F'is a simple purely inseparable extension of the henselian rational function
field K (2P )" of degree p”. Since F"|K is immediate, this extension must be immediate
too. O

At this point, we want to use the occasion to put our considerations in a more general
setting. We define the following six basic properties of a valued field (K, v), three of them
being of algebraic nature and elementarily definable (cf. [DEL1]), the other three being of
model theoretic nature:

e (Alg 1): (K,v) is henselian
e (Alg 2): (K,v) is algebraically maximal
e (Alg 3): (K,v) is algebraically complete

e (Mod 1): there exists at least one maximal immediate extension (M,v) of (K, v)
such that (K,v) <3 (M, v)
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e (Mod 2): (K,v) is existentially closed in every immediate extension
e (Mod 3): (K,v) is an AKEfield
There is the following general connection between these properties:

Lemma 10.2 For any valued field K, the following holds:

(Mod 3) = (Mod 2) = (Mod 1) =
— (Alg 3) = (Alg 2) = (Alg 1) .

Proof: First we consider the well known and trivial implications:

(Mod 3) = (Mod 2): If L|K is an immediate extension then v(L) = v(K) and L = K,
so the conditions of the AKE—principle are trivially fulfilled.

(Mod 2) = (Mod 1): Take any maximal immediate extension of K.

(Alg 3) = (Alg 2): A finite immediate extension is defectless only if it is trivial.

(Alg 2) = (Alg 1): The henselization of a field is an immediate algebraic extension.

The only new and nontrivial part of the lemma is the implication (Mod 1) = (Alg 3).
But note that (Mod 2) = (Alg 3) was already shown by Delon in [DEL1]. Let us now
assume that (M,v) is a maximal immediate extension of (K, v) and (K, v) is existentially
closed in (M,v). A maximal field is algebraically complete, and “algebraically complete”
is an elementary property which may be expressed by a scheme of V3-formulas; these are
inherited by (K, v) which shows that it is also algebraically complete.

Another proof which does not rely on the axiomatization of “algebraically complete” is
the following. Let (L,v)|(K,v) be an arbitrary finite extension. We take

(L7 07)[(K7, )

to be a k—saturated elementary extension of (L,v)|(K,v), i.e. we equip (L,v) with an
additional predicate for the subfield K, take (L* v*) to be a k—saturated elementary ex-
tension of it w.r.t. the enlarged language, and we denote by (K*, v*) the subfield of (L*, v*)
indicated by the new predicate. Then (L*,v*) and (K*,v*) are k—saturated elementary ex-
tensions of (L,v) resp. (K,v). We choose xk such that k > |M|*. Since by assumption
(K,v) is existentially closed in (M, v), according to Lemma 8.1 we may embed (M, v) over
(K,v) into (K*,v*), and we identify it with its image in (K*,v*). Since (L*, v*)|[(K*,v*) is
an elementary extension of (L, v)|(K,v) and n = [L : K| < co we have [L* : K*] = n and
thus also [L.M : M] =n.

The extension (M, v)|(K,v) is immediate, and we will prove the same for (L.M, v*)|(L,v).
Since L.M|M is algebraic and v(M) = v(K) we know that v*(L.M)/v(K) is a torsion
group, and hence also v*(L.M)/v(L). For the same reason M = K yields that L.M|K
is algebraic, and hence also L.M|L. On the other hand, since (L*,v*) is an elementary
extension of (L,v) we know by Lemma 8.3 that v(L) is pure in v*(L*) and that L is
relatively algebraically closed in L*. Combining these facts we get

v*(L.M)=v(L) and L.M =L

showing that (L.M,v*)|(L,v) is immediate, as contended.

167



Now (M, v) is maximally valued and thus a defectless field. Consequently,

[L:K] = n=[LM:M]=[L.M: M| (v"(L.M):v(M))
= [L:K]-(v(L):v(K)
which shows that (L,v)|(K,v) is defectless and that the prolongation of the valuation v
from K to L is unique. Since (L, v) was an arbitrary finite extension of (K, v), this shows

that (K, v) is a henselian defectless field or in other words, (K, v) is an algebraically com-
plete field. O

On the other hand, the theorems of Ax — Kochen, Ershov and Ziegler show that

a) For every valued field K with residue characteristic 0 and for every finitely ramified field
K the implication
(Alg 1) = (Mod 3)

holds, hence all stated properties are equivalent for such fields.
b) For every Kaplansky—field K, the implication
(Alg 2) = (Mod 3)

holds, hence all stated properties with the exception of (Alg 1) are equivalent for Kap-
lansky—fields.

Moreover, our investigations have shown

c¢) For every perfect field K of positive characteristic and more generally, for every valued
field whose value group is divisible by its residue characteristic and whose residue field is

perfect, the implication
(Alg 2) = (Mod 3)

holds, hence all stated properties with the exception of (Alg 1) are equivalent for such
fields.

But we will show in this section that the implication
(Alg 3) = (Mod1)

does not hold in general. To this end we will consider fields K such that K|K? has the
valuation basis 1,¢,...,#*7!, and we will deal with the following property:

Va3dy3dxg, ..., xp—1 0 (xo =0V u(zg) =0) A
ANx =y’ —y—+zg+tal + .. +" "ab (142)

(which is elementary and contains but one element ¢ € K). In other words, a valued field
K satisfies (142) if and only if

K = p(K)+ (05 U{0}) +tK? + ... + "' K? . (143)

In the sequel, we will always work with henselian fields (K, v). For such fields, Mg C p(K)
by Lemma 3.22; and (143) is equivalent to

K=p(K)+Og +tKP + ...+ tr 'K? . (144)
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If the residue field K is closed under Artin-Schreier—extensions, then Lemma 3.22 yields
that (144) in turn is equivalent to

K=p(K)+tKP+ ..+t 'KP (145)

by virtue of Hensel’s Lemma. Note that if K = KP? is perfect then t € K, thus K = tK?
and (142), (143), (144) and (145) are trivially fulfilled.

There are important fields having property (142):

Lemma 10.3 a) Fvery maximally valued field M of characteristic p > 0 has property
(142) if {1,t,...,t?"1} is a valuation basis of M|MP. Hence in particular, the power series
field IF,((t)) has the property (142).

b) If IF,(t) is valued such that v(t) = 1 then (IF,(t),v)" has the property (142). More
generally, every henselian field K of characteristic p > 0 with value group ZZ has property
(142) if {1,t,...,t?7'} is a valuation basis of K|KP.

Proof: a) Let z € M. We have to show that there exist y, z1,...,2,_1 € M such that

r—(yP —y)—tal — . —t"h_ € Oy
or equivalently that
§ = disty (2, (M) +tMP 4 ... + "1 MP) > 0 . (146)

The lemma that will follow this proof will tell us that this distance is assumed, i.e. there
are elements y, x1, ..., xp—1 € M such that

v(z') =0

for

p

t=x— (P —y) —tah — . =t ab

For any such 2/, we carry through the following procedure if v(z’) < 0. We write
o’ = ()’ + (@) + A+ ()P

and we note that .
v(2') = minv(t'a}) < pv(wp) (147)

(2

since {1,¢,...,t*7'} is a valuation basis. From v(z’) < 0, it follows

o(z') < v(xh) (148)
and thus
v (@' = (@) — ) = 4@ — o = 7 (2, ) = v(g) > v()
which yields
v(w— ((xh +y) — (xh + ) — t@h +a)P — ... = 7Nl +ap)P) > ()
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But in our present case where v(z’) = 0, the result of this procedure would be a contradic-
tion to the definition of §. Thus § = v(2’) > 0 which proves part a) of our lemma.

b) Since the value group of K is ZZ, a finite repetition of the procedure described in
the proof of a) will provide for any element « € K suitable elements y, 1, ...z,—1 € K such
that

r—(yP —y)—tal — . =t € Ok .

|

Lemma 10.4 Let M be any mazimally valued field of characteristic p > 0. We consider
an additive function

F(X1, ., Xp) = 1 F1(X0) + o+ 6 Fn(X0)

where tq,...,t, are different elements chosen from a fixed valuation basis of an arbitrary
finite subextension of M|MP, and the functions F;(X;) are either equal to X? or to X¥ —X;.
Then for every x € M, the value

d:= sup v(x — F(x))

xeM™
is assumed by a suitable x = (x1,...,x,) € M".

Proof: First we prove:
Assume that for given elements t,y € M and z € Oy,

v(y — (2" — 2)) > v(y) (149)
Then there exists z € M such that
y—t(zZ?P —2)=0.
Indeed, inequality (149) implies that

v(y/t — (2" —2)) > v(y/t) (150)

and thus
v(y/t) =v(zX —2) >0. (151)

As a maximally valued field, M is henselian; hence by Lemma 3.22, (150) and (151) yield
the existence of an element Z € M satisfying 2? — Z — y/t = 0, which proves our assertion.

Now let the situation be as described in the hypothesis of our lemma, and let us assume
that there is no x € M™ such that x = F(z) since otherwise § = oo is assumed by z and
our lemma is proved. Then for every z € M™, every i such that F;(X;) = X! — X; and
every z € Oy we have

v(r—F(z) =v(r— (Flz)+tF(2))) - (152)

This is seen as follows:

If “<” would hold in (152) we could put y =  — F(z) and t = ¢; and would get by what
we have shown in the beginning, that there is an element Z such that y — ¢;F;(Z) = 0 and
hence z = F(z) for £ = (1, ...,x;i—1,%; + 2,41, ..., T,) contrary to our assumption.
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If “>” would hold in (152) we could put y = = — (F(z) + t;Fi(z)) and t = —t;, and could
derive a contradiction in the same way.

Now let A be an ordinal number and {z(”) = (2}

that
{5p =v(z — f@(p)))}pO\

is a monotonically increasing sequence of values §, with supremum d. (If A is not a limit

ordinal, then there is nothing more to show.) For every i such that F;(X;) = X? — X, we

may assume that xEP ) = ZL’EU), whenever p < o < A and v(:cl(p ) —xz(g)) > 0. Indeed, otherwise
xz(g) may be replaced by xz(p ) because from (152) where we put z = —xgg) + xl(»p ), we deduce

that

s 2P)) € MM}y a sequence such

v(m—(}"(i ) = i Fi(@”) + . Fi(2”)) = v (z = F@)) .
(

Consequently, if :L’Z(P ) # :17 ) then we may assume v(z;” )2l )) < 0 and thus

v (]:i(a:z(p)) — ]-}(1:50))) =0 ((xl(-p) — xl@)p> < (SL’EP) — a:z(g)) <0. (153)
Now we compute for p < o < A:
, = min(en5,) = v (0 - F@) - (0 - F@) = v (Fa?) - Fa)
= min (v(t(Fi(x”) = Fila”))) = min (v(ti(z” — 7)) .

using that the ¢; are different elements from a fixed valuation basis of M|MP?; the last
equation holds by virtue of (153). Hence for every 4,

0p < v(ti(al” — 2 )P) .
This shows that for every 7 and p < o < A:

v(@” — 2Py > (8, — v(t)) [p =t Yy - (154)

For the model theoretic notions that we will use in the sequel, see subsection 11.1. For
every i, let S; be the set of all sentences

WX =) =9, (p< ). (155)

in the language £(M, X). This set is finitely satisfiable in M: given a finite subset S, C S;,
let

po=max{p | “v(X —z{") >, € S}} .

Now the element 2" realizes S} in M since v(z\" —2%) = v(0) = 0o and by (154), v(z*) —

2P

;) > 7, for all p < p. From Lemma 11.20 we now infer the existence of immediate
approximation types A; such that S; C S>(A;) for every i. Since M is maximally valued,
there exist elements z; such that x; realizes A;, for every i, according to Corollary 11.54.
Putting

= (21, ..., xp)

we get v(x; — l‘l(p)) > 7, for all p < A and thus in view of (154):

W(F(z?) — F(z)) = min(o(t;(z{” — 2,))) > 6,

i
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for all p < A and thereby

vz —Fz) = v(z—F@¥)+F@") - Fa)
> min(v(z — F(z?)),o(F("¥) - F(2)) =4,

for all p < A, hence
o(z — F(z)) > sup(3,) = §
P

and thus
vz —F(x)) =9

by the definition of §. This completes the proof of our lemma. O

Now we will construct a rather simple algebraically complete field which does not have
the property (142).

Lemma 10.5 There exists an algebraically complete extension (K,v) of (IF,(t),v)" of
transcendence degree 1 without transcendence defect such that ZZ = v, (IF,(t)) <3 v(K) =

Q x Z and IF,(t) = K and:
K|KP? has valuation basis {1,t,....,t*~'} but (K,v) does not satisfy property (142).

Proof: We put k = IF,(t)". Let z be transcendental over k and let v be the extension of
v to k(x) given by v(z™1) > v, (k); hence v(k(x)) = Zv(x™') x Zwv(t), lexicographically
ordered. Note that v(r) < v,(k). Let (K,v) be any maximal tame extension of (k(x),v)"
still admitting a coarsening of v with residue field (k,v;)". Then v(K,)/v,(k) is divisible
by every prime but p. Thus we may choose elements ¢; € K; such that for all ¢ > 1:

v(z)/p' < v(td) < v(k) and v(ei1) < v(c;) . (156)

We will now construct a purely inseparable algebraic extension (K5, v) of (K7, v) having
p-basis {t}. We define recursively

& =27 and & = (& —td)'” (157)
and note that by virtue of (156),
Vie IN :v(&) =v(z)/pt < v(td) < v(k) . (158)
We put
(K3,v) = (Ki(& | i € IN),v)

where the prolongation of v from K; to K5 is unique since the extension is purely insepa-
rable. To prove that the p-basis of K5 is {t}, let a € Ky. Then a € K;(&1,...,&;) = K1(&;)
for a suitable j € IN. Now one deduces by induction that {t,¢;} is a p-basis for K(&;) and
that

& = (&)’ +te] € (Ki(&1))” + (K1 (&)

which shows
ac€ Ky +tKY+ .. +t" 1KY .
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Hence {t} is a p-basis of K5 and K, has p—degree 1. On the other hand, every extension
K1 (&)|K is purely ramified of degree p’, the value group of K;(&;) being

v(E1(&) = v(E) + Z(v(z) /p')

which shows that the valuation v on K, still admits a coarsening with residue field (k,v;)
and that v(Ky)/v(k) is p—divisible and hence divisible (since v(K;) was already divisible
by every prime but p). Consequently, v(K>) is a Z-group and v:(k) <3 v(K3). On the
other hand, the residue field of (K3, v) is equal to k/v, = IF},. The equality

Kz Kf]=p=1-p=[Kz: K] (v(K2) : pu(K2)) (159)

implies by Proposition 1.43 of [DEL1], p. 25, that (K5, v) is inseparably defectless.

Now we choose (K, v) to be a maximal immediate algebraic extension of (K, v). Then
by what we have just shown, K|K, is separable. Consequently, residue field and value
group being unchanged, equation (159) holds also for K in the place of Ky showing that
K is inseparably defectless. Since K is a maximal immediate algebraic extension, it is also
algebraically maximal and Theorem 4.17 now shows that K is an algebraically complete

field. Moreover, v, (IF,(t)) <3 v(K3) = v(K) and IF,(t) = Ky = K.
It remains to show that K does not satisfy property (142) for a suitable choice of the
elements ¢;. Let us choose ¢; € K7 such that the partial sums

I

Sp=>_¢ (160)

=1

determine an immediate transcendental approximation type A over K; (in the sense of
Lemma 11.20). For instance, we may choose ¢; to be an element having value v(z)/g;
where ¢; denotes the first prime integer such that (156) holds. Assume now that

T =y’ —y+mz+tal + . +tP b

with y, zo, 21, ...,2p,-1 € K. We will deduce from this a contradiction already under the
assumption
de ek :v(c) < v(xg) (161)

or equivalently
w(zg) >0 (162)

for the coarsening w of v which has rank 1 on K. This condition on z( is weaker than the
condition used in (142).
Since xy € K is algebraic over K, we know that there exists a py € IN such that for
all p > po:
v(xl - Su) < U(Cuo) ) (163)
because otherwise the approximation type of x over K; would be equal to A which is

impossible since A is transcendental. On the other hand, we may choose p as large as to
guarantee not only (163), but also

o(en) < _p@) — o(E) (164)



Putting
1

g:y—z& and Ty =1 — Sy,
i=1
we have, according to (163) and (164):

0(#1) < (cy) < V(Guir) (165)

and we compute

ptl ptl
P—7 = P—y+ (=D &I+D.&
=1 =1
M

= y—-y- gf - Z(@pﬂ - 51) + §u+1

=1
I
= Y-y—z+) b +&uin
=1
= &1 —xo— (LA + b+ .+ P b ). (166)

We note that by (158) and (161),

v(§u1) < o(t) and v(§u41) < v(@o)

and thus

0 > v(&ur1 — @0) = v(&ur1) > v(t) + pv(€usr) > v(t) + pu(T1) = v(t77) ;

here the last inequality follows from (165). Since the elements, ..., *~! are value-independent
over K it follows that the value of (166) is < v(t2}) and thus negative; this yields v(g) < 0.
Consequently,

(i) = v —g) =vti] + b+ ..+ tpflxg_l)
— win(o(t) + po(r), 2000) + pulea), ., (0 — Do(t) + puley 1)) & po(K)

We have deduced a contradiction since by construction, y is an element of K. This proves
that K cannot satisfy property (142) if the elements ¢; are chosen as above. O

The foregoing example instantly produces a second interesting example. Taking w to be
the coarsening of v which is of rank 1, we have actually deduced in the foregoing proof that
the assumption that (K, w) satisfies the property (142) leads to a contradiction. Indeed,
we have only used the assumption (162) on the element z( instead of an assumption which
uses the valuation v. Since moreover the field (K, w) is algebraically complete like (K, v)
by virtue of Lemma 2.15 and Lemma 2.17, we have proved:

Lemma 10.6 There ezists an algebraically complete field (K, w) of transcendence degree 1
over its embedded residue field, having value group v(K) = @, and an element t € K such
that the residue field K/w has p-basis {t/w} and K|KP has valuation basis {1,t, ...t~}
but (K, w) does not satisfy property (142).
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Note that these examples also show that a field which is relatively algebraically closed in
an algebraically complete field that satisfies (142) does itself not necessarily satisfy (142),
even if the extension is immediate. Indeed, every maximal immediate extension of our
examples (K, v) or (K, w) is a maximally valued field and thus satisfies (142) according to
Lemma 10.3, and K is relatively algebraically closed in every such extension since (K, v)
and (K,w) are algebraically complete. This contrasts the behaviour of tame fields as
described in section 6.

The model theoretic consequences of these examples are:

Corollary 10.7 The algebraically complete fields (K,v) and (K,w) as constructed above
do not satisfy (Mod 1). Hence

(Alg 3) #* (Mod 1).

In particular, there exist algebraically complete fields that are not AKE—-fields. Moreover,
there are algebraically complete fields (K, v) such that the theory

{(K,v) is algebraically complete} U {char(K) = p} U Th(v(K)) U Th(K) (167)
(with respect to the language L of valued fields) is not complete. In particular, the theory
{(K,v) is algebraically complete} U {char(K) = p} U{v(K) = Z}U{K = IF,}

which is satisfied by the valued power series field IF,((t)), is not complete.

Furthermore, the example (K, v) together with (k,v) = (IF,(t),v;)" shows that if (K, v)|(k,v)
is an extension of algebraically complete fields then the fact that v(k) C v(K) and K|k are
elementary extensions does in general not imply that (K, v)|(k,v) is an elementary ex-
tension, even if it has no transcendence defect. This contrasts our result for “<3”7 (cf.

Theorem 8.4).

Proof: Let (K, v) be one of the examples given above. If M, is an arbitrary maximal im-
mediate extension of (K, v), then by Lemma 10.3 it satisfies the elementary property (142),
whereas (K, v) does not. This shows that for this field (K, v), the theory (167) with respect
to the language £({t}) is not complete since K and M, have the same characteristic, value
group and residue field and M, is algebraically complete. In order to eliminate the constant
t, we note that by Lemma 10.3, assertion (142) holds in M, for every valuation basis
{1,t,...,tP~! of M,|MP. But for any valued field (L, v), the condition that {1,¢,... P! is
a valuation basis of L|LP, can be expressed over (L, v) by the conjunction of the following
two first order sentences:

V2320, ..., 2pm1: 2 =20 4.+ 2 P!
V20, ey 2po1 i U (zg +.+ zg,ltp_1> =v(h) V...
Vo (zg +...+ zg_ltp’l) =v(zh ") .
Consequently,
vt {1,t,..., 7'} valuation basis for (L,v) = (L,v) satisfies (142)
is a first order sentence in £ (without constants) which is satisfied by (L, v) = (M, v), but
not by (L,v) = (K, v).
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Furthermore, (K, v) cannot be existentially closed in M,. This is seen as follows: For
x as above there are no elements y, zo, 21, ..., 7,1 in K satisfying the assertion of (142).
But according to Lemma 10.3 there must exist such elements in M,. Hence the existential
formula (with constants z, t)

FyIzo, ..., tpo1: (o =0Vu(zg) =0) Az =y" —y+xo+tal + ... +" "2, (168)
holds in M, but not in (K, v). Since M, was chosen to be an arbitrary maximal immediate
extension of (K, v) we have shown that (K, v) does not satisfy (Mod 1) which implies by
virtue of Lemma 10.2 that it is not an AKE-field.

For the last assertion of our corollary, we only have to note that (k,v) = (IF,(t),v;)"
satisfies property (142) by Lemma 10.3, part b), whereas (K, v) does not. O

With the examples that we have constructed, we can even show a sharper result:

Lemma 10.8 If (K,v) is one of the examples as constructed above, then there exists an
immediate function field (F,v) of transcendence degree 1 generated by two elements over
K such that (K,v) is not existentially closed in (F,v) and thus also not existentially closed
in the henselian function field (F,v)". This shows that Corollary 8.7 is not true in general
if the condition “K is tame” is replaced by “K is algebraically complete”.

Proof:  Let us return to the old notation (K,v) and (K, w) for our examples and let
M, and M, be maximal immediate extensions of (K,v) and (K, w) respectively. We use
the notation of the proof of Lemma 10.5 and choose the elements ¢; such that the partial
sums (160) define an immediate transcendental approximation type A, over (K, v) as well
as an immediate transcendental approximation type A, over (K, w) (the choice suggested
in the proof of 10.5 satisfies both conditions). Now let z be an element of M, or M,, having
approximation type A, or A, resp. (Indeed, it can be shown that for a suitable choice of
M, and M,, we may view z as a common element of both.)

We will show that the existential formula (168) for x holds already in an immediate
function field

(K(y, =), 0)|(K,v) resp. (K(y, 2),w)|(K,w)

where K (y, z)|K(z) is an immediate Artin—Schreier—extension. This implies the assertion
of our lemma.
Let A, and A, be the immediate approximation types determined by the partial sums

2& (169)

over (K(z),v) resp. (K(z),w) (again in the sense of Lemma 11.20). Now we compute for
all k € IN, using (157) and (158):

v ((Z&)“Z&— <x—tzp>) — (sf+i<55+1 - <x—tzp>)

=1 i=1

— v (x—t(A ci)p—ék—(fv—tzp))
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. (az_‘fci)p_gk)

= min (v(t(z — ; Ci)p)av(fk)>

= min (v(t&), v(&)) = v(&) = v(z)/p"

which holds for w in the place of v as well. It shows that A, and A, are approximation
types which do not fix the value of the polynomial

YP—Y — (x—t2P) . (170)

We will now show that (170) is an associated minimal polynomial for both approximation
types. In view of the fact that the degree of an immediate approximation type A over a
henselian field K is always a power of p (cf. Corollary 11.82) and that the degree is 1 if and
only if A is realized by an element in K (cf. Lemma 11.39), we just have to show that there
exists no element in (K(z),v) having approximation type A, over (K,v) and no element
in (K(z),w) having approximation type A, over (K, w). To show this, it suffices to prove
that S>(A.,,) is not realized in (K, w), since this set of sentences is a logical consequence
of the set Ss(A,); indeed, v(X — ¢) > v(d) implies w(X — ¢) > w(d) because w is a
coarsening of v. To deduce a contradiction, let us assume that there exists an element
y € K(z) realizing the approximation type Ss(A,) in (K,w). Consequently, we would
have
Vi€ IN :w(y? —y — (z —tzP)) > w(x)/p",

whence
w(y? —y —(x —t2F)) > 0.

Choosing zy € K(z) such that

w(y? —y — (x —t2P) + x9) > 0

with w(z¢) = 0 or 7y = 0, we find by Hensel’s Lemma that there exists y* in (K (z),w)"
such that

W) =y =y —y—(x—t") + 20,
whence

r=y—y )P —(y—y")+zo+1t°
showing that the existential formula (168) would hold in (K (z), w)". But from Corollary 8.6
we know that (K, w) is existentially closed in the immediate henselian rational function field
(K(2),w)". Thus (168) would also hold in (K, w) contrary to what we have already proved
about (K, w). This contradiction shows that (170) is an associated minimal polynomial
for both approximation types A, and A,,, as asserted. Hence by virtue of Theorem 11.52,
there are immediate extensions of the valuations v and w from (K (z),v) resp. (K (z),w)
to the Artin—Schreier—extension K (y, z) where y is taken to be any root of the polynomial
(170). Now (168) is satisfied in both function fields (K (y, z),v) and (K(y, z),w). This
completes the proof of our lemma. O
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After this preparation we are able to show that also the Structure Theorem 7.1 for im-
mediate function fields of transcendence degree 1 over perfect algebraically complete fields
fails if the condition “perfect” is omitted. Note that this result is not immediate from
Lemma 10.7 and we really need the more precise result given in the foregoing lemma.

Corollary 10.9 If (K,v) is one of the examples as constructed above, then there exists
an immediate function field (F,v) of transcendence degree 1 generated by two elements
over (K,v) such that (F,v)" is not a henselian rational function field. This shows that
Theorem 7.1 is not true in general if the condition “K is perfect” is omitted.

Proof: Let F' = K(y, z) be as in the foregoing lemma. Then (F,v)" cannot be a henselian
rational function field since otherwise (K,v) <3 (F,v) according to Corollary 8.6. O

The function field F' that we have constructed shows the following symmetry between
a generating Artin—Schreier—extension and a generating purely inseparable extension of
degree p: on the one hand, we have the immediate Artin—Schreier—extension

K(y, 2)|K(2)

given by
Yy —y=x—1t2", (171)

which shows that F|K is regular. On the other hand we have the immediate purely
inseparable extension

K(y,2)|K(y)
given by
1
==y tyta).

From equation (171) it is immediately clear that the function field K (y, z) becomes rational
after constant field extension with ¢'/7, namely

F(tYP) = K(tY/P)(y + t'/72) .

This shows that the ground field K, not being existentially closed in the function field
F', may become existentially closed in the function field after a finite purely inseparable
constant extension though this extension is linearly disjoint from the function field over
K. The fact that a henselian function field may become rational after a constant field
extension, corresponds in the above example to the fact that the degree of irrationality of
a function field may be reduced by a constant field extension, but it is not immediately
clear from such a correspondence that there exists a valuation under which the function
field is an immediate extension of the (algebraically complete) ground field.

In our above example there exists also a separable constant extension K'|K of degree
p such that (F.K’)" is henselian rational. To show this, we take a constant d € K and an

element s € K(t) satisfying
t=s"—ds,

and we put K’ = K(s). If we choose d with a sufficiently high value, then we will have
v(s?) = v(t) and v(dsz?) > 0. The former guarantees that K’'|K is defectless and hence
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linearly disjoint from F|K. From the latter we deduce by Hensel’s Lemma that there is an
element y* € K'(2)" such that (y*)P — y* = —dszP. If we put j =y + sz +y* € K(y,2)",
we get

P —g=a—tP+P2P —sz—dsP =0 —s24+ (P —ds —t)2P =2 — sz
which shows
ze K'(yg) .
This in turn yields y* € K'(§)" and consequently

y=9—s2—y € K@".
Altogether we have proved that
K'(y,2)" = K'(9)"

is henselian rational.

It can be shown that extension (171) could not be immediate if (K, v) resp. (K, w) would
satisfy property (142). This generates some hope that the structure theorem 7.1 could be
reestablished for henselian function fields over nonperfect fields which as a compensation
satisfy axioms of the type that is indicated by (142) and which are fulfilled in every perfect
field. Certainly it is to be expected that in general an infinite scheme of axioms is necessary
since an equation like (171) is only a special case and additive polynomials in y of higher
degree than p may play an important role. But the consideration of this role has to be
postponed to a subsequent investigation.

®
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11 Appendix: Approximation types and distances.

To begin with, we want to state some basic properties of approximation types.

Lemma 11.1 Let A be an approzimation type over the valued field (K,v) and T C A(A).
Let Ay denote the minimal initial segment of A(A) which contains Y. Assume cy € K
is an element of A, for all « € T. Then cx € A, for all a € Ay, and cy € A, for all
a <sup Y. Furthermore, for every ¢ € K and every 5 € v(K) we have:

5EAT - (CEA[}@U(CT—C)ZB)7
p<supT = (c€Aj<+=v(cyx —c¢)>f),
B<supT = (c€Ag\Aj <= vicx —c)=0).
If cy € AY for all « € Y, then the second and third implication will hold for all 5 € Axy.

Proof: The assertion that cy € A, for all a € Ay follows from (at 4), and the assertion
that cy € Ay for all @ < sup Y follows from (at 1) and the definition of the supremum
(if & < sup Y, then there exists § € T such that § > « and thus ¢y € Ag C A by
(at 1)). Let ¢ € K and 8 € Ay. Then ¢y € Ag; hence v(cy —¢) > = ¢ € Ag by (at
3) and ¢ € Ag = v(ey — ¢) > 3 by (at 2). Now assume in addition that the condition
“ey € A, for all @ € T7 holds or that 8 < sup Y. Then in either case, cy € Aj; hence
v(cy —c¢) > 3= c€ A} by (at 3°), and ¢ € A = v(cy — ¢) > 3 by (at 2°); similarly,
v(cy —c) = = c€ Ag\ Aj by (at 3) and (at 2°), and c € Ag\ A = v(cy —¢) =
by (at 2) and (at 3°). O

A trivial but helpful observation is the following:

Lemma 11.2 Let A be an approzimation type over the valued field (K,v) and o € v(K).
If A, # 0, then A, \ A2 # 0. In particular,

A(appr(z, K)) = {v(x—c) €ev(K)|ce K} (172)
dist(z, K) = sup{v(r —c¢) €v(K)|ce K} . (173)

Proof:  Assume A, # (. If A, = (), then the assertion is clearly true. If A° = (), let
c € A: and choose any element ¢ € K with v(¢) = a. By (at 0), ¢ € A,, and by (at 3),
c+cd € A, since v(c — (¢ + ) = a. The latter shows by (at 2°) that ¢+ ¢ ¢ A_, hence

c+cd eA,\ AL .
This yields the first assertion. The second assertion is seen as follows. By definition,
A(appr(z, K)) ={acv(K)|Jce K: v(zr—c) > a}.
But by what we have shown,
dJee K:vx—c)>acv(K)=3JceK: v(r—c)=a.

a

The following lemma is just the transposition of (at 5,) and (at 5,) to the case A =
appr(z, K).
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Lemma 11.3 Let A = appr(z, K). A is value—immediate iff
Vee K: v(x—c¢) € v(K)U{oo} .
A s residue—immediate iff
Vee K: [v(z—c¢)ev(K)= 3 e K: vix—-)>v(x—2c).

Consequently, if v(K(x)) = v(K) and if {v(x —¢) | ¢ € K} has no maximal element, then
appr(z, K) is immediate.

Lemma 11.4 Let A be an approzimation type over the valued field (K,v) with A = 0.
Then:

a) There is at most one element co € K which is contained in every A,, a € v(K).
If such element cy exists, then A is residue—immediate, but not value—immediate, and
A(A) = v(K).

b) If A(A) has no greatest element (i.e. if dist(A) is not assumed), then A is residue—im-
mediate.

c) Suppose that A(A) admits a greatest element 7. Then there exists co € K such that
co € A, forall o € A(A); more precisely, every element of A, (and thus also every element
of A2, if this set is nonempty) has this property. A is residue—immediate if and only if
A2 #0, and A is value—immediate if and only if A5 = ().

d) If A(A) does not admit a greatest element, and if there exists an element ¢y € K such
that co € A, for all o € A(A), then A is residue—immediate, but not value—immediate.

e) A is immediate if and only if there exists no ¢ € K such that ¢y € A, for all o € A(A).

Proof:

a): Assume that there exists an element ¢y € K which is contained in every A,, o € v(K).
Then by definition, A(A) = v(K). An application of Lemma 11.1 shows that for every
c € K with ¢ # ¢y, we have ¢ ¢ A%, where 8 = v(cp —c¢) € v(K) = A(A). In view of (at 1)
this shows that ¢ cannot be included in A, for a > 3, hence ¢g is the only element which
is included in all A,, a € v(K). Furthermore, for every a € v(K), the set A_ is nonempty
since by Lemma 11.1, it contains c¢y; this shows that A is residue-immediate. But since
co ¢ A by hypothesis, there is no o € v(K) U {00} such that ¢ € A, \ Ag; this shows
that A is not value-immediate.

b): Let a € A(A). By our hypothesis that A(A) has no greatest element, there exists
B € A(A), B > «, such that Ag # (). Now Ag C A_ by (at 1), hence A # (). Since
a € A(A) was arbitrary, assertion b) is proved.

c¢): Suppose that A(A) admits a greatest element . By definition of A(A), there exists
an element ¢y € A,. Hence by Lemma 11.1, ¢ € A, for all @ € A(A), and ¢y € A,
for all & < ~; hence if A2 # ), then A7, # @ for all @ € A(A) which implies that A is
residue-immediate. On the other hand, A7 = () implies that A is not residue-immediate
since A, # () by our choice of . Now if A2 # () and ¢y € A7, then ¢ € Ag for all
a € A(A) by (at 4°); in this case, there is no o € A(A) such that ¢y € A, \ Ag, and A is
thus not value-immediate. Finally, assume that A% = (). From Lemma 11.1 we know that
c € Ag\ Aj whenever c € K with 3 = v(cy — ¢) <. If on the other hand, v(co —¢) > 7,
then c € A, by (at 3), but ¢ ¢ ) = AZ. This shows A to be value-immediate.

181



d): Under the assumptions as stated in d), A is residue-immediate according to part b)
of our lemma. By hypothesis, for every a € A(A) there exists a value 3 > a such that the
element ¢ is included in Az and thus also in A, by virtue of (at 1). This shows that there
exists no a € v(K) such that ¢g € A, \ Ay, i.e. that A is not value-immediate.

e): If A admits an element ¢y € K such that ¢y € A, for all @ € A(A), then part ¢) and
d) of our lemma show that A cannot be immediate. Conversely, assume that A does not
admit such element. Then by part ¢), A(A) does not contain a greatest element, and by
part b), A is thus residue-immediate. It remains to show that A is also value-immediate;
to this end, let ¢ be an arbitrary element of K. By hypothesis, there exists a € A(A) such
that ¢ ¢ A,. Let ¢, € A, (such element exists by definition of A(A)). Now v(c, — ¢) < «
by (at 3) since ¢ ¢ A,. Hence by Lemma 11.1, ¢ € Ag\ Aj for 8 = v(cq —¢). Since c € K
was arbitrary, we have proved that A is value-immediate. O

Lemma 11.5 Let A be an approzimation type over the valued field (K,v) with A # 0.
Then A, consists of exactly one element cy € K, and for all o € v(K), we have ¢y € A,
and ¢y € A;,. For every c € K, ¢ # ¢y, we have

ceAg\ Ay for B=v(co—c).

Consequently, A is trivial:
A= appr(COJ K) ’

and A is immediate with A(A) = v(K).

Proof: Let ¢y € A, hence ¢y € A, and ¢y € A, for all o € v(K) in view of (at 4) and
(at 1). The former implies A(A) = v(K), the latter shows that A is residue-immediate.
From Lemma 11.1 we infer that ¢ € Ag\ Aj whenever ¢y # ¢ € K with 8 = v(cy — ¢),
and by (at 1) it follows that ¢ ¢ A, hence A, consists only of the element ¢y, and
co ¢ 0 = AZ,. Hence for every ¢ € K, there exists a value § € v(K) U {oo} with
c € Ag\ A}, proving that A is value-immediate and thus immediate. On the other hand,
Lemma 11.1 shows ¢ € A, <= ¢ € appr(cy, K), for all ¢ € K and all « € v(K)U{oo}, and
c € Ay < c € appr(cy, K)?, for all ¢ € K and all o € v(K); this gives A = appr(cg, K).
O

Corollary 11.6 Let A be an arbitrary approximation type over the valued field (K, v).
Then

a) If A is immediate, then A(A) has no greatest element and consequently, dist(A) is not
finitely assumed. If in addition A is nontrivial, then dist(A) is not finitely assumed.

b) A is value—immediate or residue—immediate.
c) If dist(A) is not finitely assumed by an element of K, then A is residue—immediate.
d) If A is not immediate, then there exists an element cy € K such that co € A, whenever

A, # 0 and ¢y € A, whenever A # 0.

Proof: a): This is a consequence of part ¢) of Lemma 11.4 together with Lemma 11.5.
b): This is a consequence of part b) and c¢) of Lemma 11.4 together with Lemma 11.5.
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c¢): This is a consequence of part b) of Lemma 11.4 together with Lemma 11.5.

d): If A is not immediate, then in view of Lemma 11.5, we know that A, = (). Assume
that A(A) admits a greatest element v. Then choose ¢y € AZ if this set is nonempty,
otherwise in A.,. (at 0), (at 1) and (at 4) show that ¢y has the required properties. Now
assume that A(A) has no greatest element . Then choose ¢q by virtue of part e) of
Lemma 11.4; (at 1) and (at 4) show that ¢y has the required properties. O

Furthermore, we state some facts about the restriction of an approximation type; the
proof is straightforward.

Lemma 11.7 Let Ay be an approximation type over the valued field L which contains
the field K. Then the restriction Ag of Ar to K is an approrimation type over K with
AAk) =A(AL) N v(K) and consequently,

diSt(AL) > dlSt(AK) .
The following lemma treats approximation types of elements in defectless extensions:

Lemma 11.8 Let L|K be a nontrivial finite extension admitting a valuation basis, and let
x € L\ K. Then appr(z, K) is not immediate, and there exists an element ¢ € K such
that

v(x —¢) > dist(z, K) .

Here, equality holds if appr(z, K) is value—immediate.

Proof: By Lemma 2.7 we may assume that L|K admits a valuation basis which contains
1. We write
T=co+cyr+ ...+ Culn

with ¢, ...,c, € K and y1, ..., y, elements of the valuation basis, different from 1. For all
¢ € K, we have

U(.QT - C) = U(CO —c+ C11 + ...+ Cnyn) = min{v(co - C)a U<Clwl)a s 7U(Cnxn)}

< min{v(e1z1), ..., v(cpxn)},
where the latter value is assumed for ¢ = ¢y. Hence

v(x—c) = max{v(x—c)|ce K}
> sup{v(z —c) €v(K) |ce K} =dist(z, K) .
If appr(z, K) is value-immediate, then v(z — ¢y) € v(K) and dist(z, K) is assumed by

co € K. Since = ¢ K by hypothesis, the distance must be finitely assumed, and part a) of
Corollary 11.6 now shows that appr(z, K) is not immediate. O
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11.1 Comparison of our notion of “approximation types” with
other possible concepts, and the realization of approximation

types.

We want to compare our notion of approximation types with the classical concept of pseudo
Cauchy sequences as defined by Ostrowski in [OS] and used by Kaplansky in his important
paper “Maximal fields with valuations” [KAP1], by Schilling in [SCH| and by Ribenboim
in [RIB1]. Though this comparison is mainly of historical interest, the concept of pseudo
Cauchy sequences may still be adequate for the construction of valuation theoretical ex-
amples.

A second basic notion seems to be of higher theoretical interest in connection to approxi-
mation types. As indicated already in the name “approximation type”, model theoretic
types are closely related to approximation types. In the following, we will first discuss this
relation.

As we have already explained in section 8, we are working in a fixed language £ of
valued fields. Given a valued field (K, v), we extend L to a language L£(K) by adding to
L a constant symbol for every element in K. The elementary diagram of (K,v) is the
collection of all sentences in £(K) that hold in (K,v). Furthermore, we add to L(K) a
symbol X for one variable and obtain L(K,X). Let T be a collection of sentences in
L(K,X). If this collection is consistent with the elementary diagram of (K,v) and if it
is maximal with respect to this property, then T is called a type (or 1-type) over (K, v).
An arbitrary collection S of sentences in L(K, X) is realized (over (K,v)) in a valued field
(L,v), if (L,v) contains (K, v) and there exists an element = € L such that all sentences of
S hold in (L, v) when X is replaced by x. In this case, we say that x realizes S. S is called
finitely satisfiable in (K, v), if every finite subset Sy C S is realized in (K, v). We will use
the following basic properties of types:

Lemma 11.9 A collection S of sentences in L(K,X) is consistent with the elementary
diagram of (K,v) if and only if it is finitely satisfiable in (K,v).

Proof: Let S" be the union of S and the elementary diagram of (K,v). Then S is
consistent with the elementary diagram of (K,v) if and only if S’ is consistent. By the
Completeness Theorem 1.3.21 of [CHK], p. 66, S’ is consistent if and only if it has a model.
It remains to show that S’ has a model if and only if it is finitely satisfiable over (K, v).

Let us first assume that S’ has a model M. By [CHK], Proposition 3.1.3, p. 108, any
model of the elementary diagram of (K, v) is an elementary extension of (K, v) with respect
to the language L(K), i.e. (K,v) < M. If S; C S’ is a finite subset, we may form the
conjunction ¢(X) over all sentences in S. Now the £(K)-sentence

dr: ¢(x)
holds in M, so it must hold in (K, v) too. This shows that S is realized by an element in
(K,v), and we have proved that S’ is finitely satisfiable over (K, v).
For the converse, let us assume now that S’ is finitely satisfiable over (K, v), i.e. (K,v)

is a model for every finite subset of S’. Then by the Compactness Theorem (cf. [CHK],
Theorem 1.3.22, p. 33), S’ has a model. O

Lemma 11.10 If T is a type over (K,v) and (K*,v*) is a |K|"-saturated elementary
extension of (K,v), then T is realized in (K*,v*). Note that such extension (K*,v*)
always exists.
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Proof:  Since (K*,v*) is an elementary extension of (K, v), its theory with respect to
the language £(K) is equal to the elementary diagram of (K, v) (which is nothing else but
the theory of (K,v) with respect to the language £(K)); this is true in view of [CHK],
Theorem 1.3.22, p. 33, since the theory of a model is complete (since a sentence either holds
or does not hold in the model). Hence the given type T is consistent with the £(K)-theory
of (K*,v*). Now the assertion follows immediately from the definition of “a-saturated”
models as given in [CHK], chapter 5, p. 214.

The existence of a |K|"-saturated elementary extension of (K,v) follows from
Lemma 5.1.4 of [CHK], p. 216, together with the fact that every a—saturated model is
also f—saturated for every 3 < « (which follows immediately from the definition). a

Now we will detect the connection between approximation types and types by discussing
through which sets S of sentences in £(K, X)) an approximation type A can be (uniquely)
determined, in a sense that we have to make precise now. We say that S determines A,
if the following holds: if (K (x),v)|(K,v) is an extension of valued fields such that every
sentence of S holds for z in the place of X, then A = appr(z, K). Let us begin with the
trivial observation that every approximation type A over K is uniquely determined by the

set
S(A) =S-(A)US_(A)US(A)

of sentences in L(K, X), where

S.(A) = {"v(X —c)>v(d)" |c,de KNce Ay}
S_(A) = {"v(X —c)=v(d)" |c,de KNc€Aya \ Ajy}
Sc(A) = {“v(X —¢)<v(d)” |c,de KNc¢ Ay} -

This holds even in the following strong sense: if A and A’ are approximation types, then
S(A)C S(A)=A=A".
We will also consider the following set

S>(A) ={“v(X —c)>v(d)" |c,de K Nc€ Aya}

of sentences in L£(K, X). The significance of this set will be shown in Lemma 11.12 below.
Also S_(A) plays a central role:

Lemma 11.11 FEvery value—immediate approximation type A s determined already by the
set S_(A).

Proof: We assume that A is value-immediate, hence for all elements ¢ € K, there exists
d € K such that ¢ € A, \ A7y and consequently, “v(X —c) = v(d)” € S=(A). We have
to show that the sentences of the sets S<(A) and S_(A) are logical consequences of the
sentences in S_(A) and the elementary diagram D of (K, v). But this is immediately seen
to be true since in view of “v(X —c) = v(d)” € S_(A) we have: “v(X—c¢) > v(d')” € S~ (A)
whenever “v(d’) < v(d)” € D, and “v(X —c¢) < v(d')” € Sc(A) whenever “v(d') > v(d)” €
D. O
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Lemma 11.12 FEvery immediate approximation type A is determined by the set S_(A)
and also by the set S>(A). Both sets are consistent with the elementary diagram D of
(K,v); in fact, this is already true for residue—immediate approzimation types.

Proof: It was already shown in the previous lemma that A is determined by the set
S_(A). We have to show that it is also determined by S>(A). For this, it suffices to show
that the sentences of S_(A) are logical consequences of the sentences of S>(A) and the
elementary diagram D of (K, v). To this end, we assume that “v(X —c¢) = v(d)” € S_(A),
iLe c€ Ay \ Ay and thus “o(X —c) > v(d)” € S (A).

Let us first assume that d = 0. Then the sentence “d = 0”7 is contained in D, and
together with “v(X — ¢) > v(d)” it implies “v(X — ¢) = v(d)”.

Let us now assume that d # 0. By hypothesis, A is residue-immediate and hence there
exists an element ¢’ € K such that ¢ € Aj,. Since A is value-immediate, there exists
d" € K such that ¢ € Ay \ Ajy). Consequently, “o(X — ) > v(d')” € S>(A), and
v(d') > v(d) by virtue of (at 4°). ¢ € Ay, vields v(c’ — ¢) < v(d) by (at 3°) because of
¢ & Ajp- On the other hand, ¢,c’ € Ay and (at 2) yield v(¢’ — ¢) > v(d). So we have
shown that v(¢’ — ¢) = v(d). Both sentences, “v(d') > v(d)” and “v(¢’ — ¢) = v(d)” are
sentences of D. Together with “v(X — ¢’) > v(d')”, they imply the sentence “v(X — ¢) =
v(d)”. This poves that the sentences of S_(A) are logical consequences of the sentences of
S>(A), as desired.

It remains to show that both sets S_(A) and S>(A) are consistent with D (under
the only condition that A is a residue-immediate approximation type). According to
Lemma 11.9, it suffices to show that they are finitely satisfiable in (K,v). Let Sy be a
finite subset of S_(A) or of S>(A), and let

ap = max{v(d) | d € K and “v(X —¢) = v(d)” € Sg or “v(X —¢) > v(d)” € Sg} .

Since A is residue-immediate by hypothesis, there exists an element ¢y € K with ¢g € A7, .
By (at 0) and (at 4), ¢ € A, for all a < agy. For given ¢,d € K with “v(X — ¢) = v(d)”
or “v(X —¢) > wv(d)” in Sy, we will now compute the value of ¢y — c.

If “o(X —c¢) > wv(d)”€ Sy, then ¢ € Ayq and v(d) < ap; the latter implies ¢y € Ay ).
Hence by (at 2), v(cy — ¢) > v(d). Consequently, for the case where Sp C S (A) we have
proved that Sg is realized by ¢q in (K, v).

If “o(X —¢) = v(d)”€ Sy, then ¢ € Ay \ Ay and v(d) < ag. As before, it is
shown that v(co —¢) > v(d). On the other hand, from ¢ ¢ A, and (at 3°) we obtain
v(co—c) < v(d). This shows v(co—c) = v(d). Consequently, for the case where Sy C S_(A)
we have proved that Sy is realized by ¢q in (K, v). This completes the proof of the lemma.

O

This lemma shows that for an immediate approximation type A, we may actually forget
about the second part of the map A which sends o € v(K) U {co} to A. As soon as we
know that the approximation type is immediate, all the remaining information is carried
already by the first part of the map. We will use this principle when we are working with
immediate approximation types.

Since by the preceding lemma, for every immediate approximation type A the set S>(A)
is consistent with the elementary diagram D of (K, v), there exists by Zorn’s Lemma a
maximal set T of sentences in L£(K, X) which contains S>(A) and is consistent with D
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(since T is maximal, it thus contains D). By definition, T is a type over (K, v). If we take
(K*,v*) to be a |K|*-saturated extension of (K,v), then by Lemma 11.10 there exists
an x € K* that realizes T over (K,v). (K(x),v) — where v denotes the restriction of
v* — is a valued subfield of (K*,v*) containing (K,v). Every existential sentence with
constants from K which holds in (K (z),v) will trivially hold in (K*,v*) too; so if we take
the latter to be an elementary extension of (K, v), the sentence will also hold in (K, v). We
conclude that (K, v) is existentially closed in (K (x),v). Then in particular, z € K or z is
transcendental over K; this is shown in Lemma 8.3. We summarize what we have proved:

Lemma 11.13 For every immediate approzimation type A over K, there exists a simple
valued field extension (K(z),v)|(K,v) such that A = appr(z, K) and (K,v) <3 (K(z),v).
Note that the latter property implies that x is transcendental over K if x ¢ K. x can be
found in every |K|" -saturated extension of (K, v).

Under additional assumptions, it is possible to show the same for approximation types
which are not immediate. This will be discussed in the sequel.

Lemma 11.14 Let A be an approximation type over a valued field (K,v) whose residue
field K is infinite. Then the set S_(A) is consistent with the elementary diagram of (K, v).
Consequently, if A is value—immediate, then it is realized in every |K|T—saturated elemen-
tary extension of (K, v) and thus, there exists a simple valued field extension (K (x),v)|(K,v)
such that A = appr(z, K) and (K,v) <3 (K(x),v). Again, v € K or x is transcendental
over K.

Proof: Let Sy be a finite subset of S_(A) and let
ap = max{v(d) | d e KN “v(X —c)=v(d)” € S_(A)} .
Furthermore, let
C={ce K|“vX —-c)=v(d)” € Sy Av(d) =ap},

and let ¢ € C. By (at 2), we know that v(c — ¢y) > «g for every ¢ € C. Since C is
finite and by hypothesis, K is infinite, there exists an element ¢ € K with value o such
that v(¢ — (¢ — ¢g)) = v() = o for all ¢ € C. We claim that the element ¢y + ¢ € K
realizes Sp. Indeed, if ¢ € C, then v((co + ) —¢) = v(d — (¢ — @)) = p = v(d). If
“W(X —c) =v(d)” €Sy with ¢ ¢ C, then v(d) < ap and as in the proof of Lemma 11.12 it
can be shown that v(cy — ¢) = v(d); consequently, v((co+ ') —¢) = v(¢ + (co — ¢)) = v(d).
This proves that ¢y + ¢ realizes Sy in K, proving that S_(A) is finitely satisfiable in (K, v)
and hence consistent with the elementary diagram of (K, v), according to Lemma 11.9. We
conclude that S_(A) is realized in every |K|T-saturated elementary extension of (K, v).
The same is true for A if A is value-immediate, since then according to Lemma 11.11, it
is determined by S_(A). O

In view of the fact that every approximation type is residue-immediate if it is not
value-immediate (cf. part b) of Corollary 11.6), it only remains to deal with the case of a
residue-immediate approximation type.
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Lemma 11.15 FEvery residue—immediate approximation type A is determined by
S.(A) US_(A).

Proof: Assume that A is a residue-immediate approximation type over K. We will
show that the sentences of the set S_(A) are logical consequences of the sentences in S+ (A)
and the elementary diagram D of (K, v), which yields the assertion of our lemma. To this
end, assume that “v(X —c) = v(d)” € S_(A), i.e. ¢ € Ay \ Ay A being residue—
immediate by assumption, there exists an element ¢’ € A7, and we have “v(X —¢') >
v(d)” € S.(A). By (at 3°) we know that v(¢’ — ¢) < v(d), and by (at 2) we conclude
that v(¢ — ¢) = v(d); hence “v(c —¢) = v(d)” € D. Now “v(X —¢) = v(d)” is a logical
consequence of “v(X — ) > wv(d)” and “v(d — ¢) = v(d)”". O

Lemma 11.16 Let A be a residue—immediate approximation type over a valued field (K, v)
whose value group v(K) is dense. Then the set S(A) is consistent with the elementary
diagram of (K,v). Hence A is realized in every |K|"—saturated elementary extension of
(K,v) and thus, there exists a simple valued field extension (K (x),v)|(K,v) such that
A = appr(z, K) and (K,v) <3 (K(z),v). Again, x € K or x is transcendental over K.

Proof: In view of the foregoing lemma, we only have to show that S (A) U S_(A) is
consistent with the elementary diagram of (K, v). By virtue of Lemma 11.9 it suffices to
show that every finite set Sp C S~ (A)US_(A) is realized in (K,v). Let

ap ;= min{v(d) | “v(X —¢) > v(d)” € S (A)

(g = —oo0 if the set is empty), and choose an element ¢’ € A7 which exists in view of our
definition of ag. Furthermore, let

Bo :=min{v(c — ), v(d) | “v(X —¢) <v(d)” € Sc(A) Av(c—") > ag Av(d) > ap}

(Bo = oo if the set is empty). We have 5y > «g, and since v(K) is dense by assumption,
there exists an element ¢ € K such that Gy > v(¢) > ag. We put ¢y := ¢ + ¢ and we
will prove that ¢y realizes Sg. From Lemma 11.1 it follows that cq realizes all sentences
“WX —¢) > v(d)” € Syp. Now let “v(X —¢) < v(d)” € Sp. Let us assume first that
v(c — ') > ap; for such ¢ we have ¢ € A,, by (at 3) and thus v(d) > ag, by the definition
of ¢, and we compute

v(co — ¢) = min(v(é),v(c — ) =v(¢) < fo < v(d) .

Now let us assume that v(c—c’) < ag < v(¢); for such ¢ we have ¢ € A, (—y by Lemma 11.1,
which shows that necessarily v(c — ¢’) < v(d), hence v(c — ') < v(¢), and we compute

v(cog — ¢) = min(v(¢),v(c — ) =v(c— ) <v(d) .

We have shown that ¢ realizes all sentences in Sy, as contended. The further assertions of
the lemma follow as in the corresponding lemma on value-immediate approximation types
that we have proved above. O

To show that in any case a given approximation type is realized in some simple valued
field extension, we have to consider whether an approximation type over K can always be
prolongated to a given overfield L of K which has an infinite residue field and a dense value
group (e.g. L = K). Indeed:
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Lemma 11.17 Let A be an approximation type over the valued field K and let L be a field
extension of K. Then there exists an approrimation type Ay over L whose restriction to
K coincides with A. Ay may be chosen to be immediate if A is immediate.

Proof: = We distinguish the following two cases:

case 1: There exists ¢y € L such that A = appr(cy, K). Then we take A, to be appr(cy, L)
which by Lemma 11.5 is an immediate approximation type and whose restriction to K is
just appr(cy, K) = A.

case 2: There exists no ¢y € L such that A = appr(cy, K); in particular, A, = 0 by
Lemma 11.5. Then we define Ay, as follows: for every o € v(L), we put

(AL)e = {ceLl|3bev(K),f>a, 3 €eAs:v(d —¢)>a}
(AL)g = {ceL|3FPev(K), f>a 3 cAj:v(d —c)>a}

The proof that Ay is an approximation type over L is straightforward and thus left to the
reader. Note that A(Ap) is just the minimal initial segment of v(L) containing A(A).

Now assume in addition that A is immediate; we want to show that A is immediate
too. By our definition of Ay, we also have (Ap)s = 0. In view of Lemma 11.4 it thus
suffices to prove that there is no element ¢y € L such that ¢y € (Ap), for all @ € A(AL).
In order to derive a contradiction, let us assume the existence of such element ¢q. Now we
will apply Lemma 11.1 where we put T = A(A.) and ¢y = ¢y. Using the fact that A is
immediate by hypothesis and consequently, A(A) and thus also A(Ap) have no greatest
element, we now deduce from Lemma 11.1 that for all ¢ € L and all g8 € v(L),

ceAy <= v(cg—c)>p
ceAy = v(p—c)>0

which in particular shows that A = appr(co, K) in contradiction to our assumption of case
2. This is the desired contradiction, and our lemma is proved. O

Corollary 11.18 For every approrimation type A over a valued field K there exists a
simple valued field extension (K (x),v)|(K,v) such that A = appr(z, K).

Proof: By the foregoing lemma, there exists a prolongation A’ of A which is an
approximation type over the algebraically complete valued field K. This field has the
infinite residue field K and the divisible and thus dense value group v(K). Hence one of
the above lemmata guarantees that A’ = appr(z, K ) for some simple valued field extension
(K (x),v)|(K,v). Since the restriction of appr(z, K) to K is just appr(z, K), it follows that
(K (x),v)|(K,v) is a simple valued field extension with A = appr(z, K). O

At this point, let us introduce an observation which is a corollary to part e) of Lemma 11.4
and will be useful for the next lemma:

Corollary 11.19 For every approximation type A over a valued field K there exists an
immediate approzimation type A’ over K such that Ss(A) C S>(A').
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Proof: If A is already immediate, there is nothing to show. If this is not the case, then we
know by part e) of Lemma 11.4 and Lemma 11.5 that there is an element ¢y € K such that
co € A, for all @ € A(A). We put A’ = appr(cg, K). Assume that “v(X —¢) > v(d)” €
S>(A), ie. c € Ay and v(d) € A(A). Hence ¢y € A,y and by (at 2), v(c—co) > v(d) or
equivalently, ¢ € (A')y(q). This shows S>(A) C Sx(A’), and our corollary is proved. O

For the construction of immediate approximation types, we need the following

Lemma 11.20 Let K be a valued field and S a set of sentences in L(K, X) of the form
“v(X —c¢) >wv(d)” (e,d € K). Assume that S is consistent with the elementary diagram
of K or equivalently, that S is finitely satisfiable in K. Then there exists an immediate
approzimation type A over K such that S C S>(A).

Consequently, a given sequence of partial sums

k
S = Z C;
i=1

where ¢;, 1 € IN, are elements of K satisfying Vi : v(cip1) > v(c), induces an immediate
approximation type through

S={“(X —s) >v(cs1)" | k€ IN}.

Proof:  Since S is consistent with the elementary diagram of (K, v), it is realized in
every |K|"—saturated valued extension field of (K,v). Let x be an element realizing S.
Then S C Ss (appr(z, K)). If appr(z, K) is not already immediate, then according to the
preceding corollary we may replace it by an immediate approximation type A’ such that

S (appr(z, K)) € S>(A')

and hence also S C S5 (A).

In the case of the partial sums s, we only have to show that S is finitely satisfiable in
K. But this is trivial since every finite subset of S is realized by some s, for large enough
k. O

Furthermore, we want to clear up the connection of pseudo Cauchy sequences and
approximation types.

Lemma 11.21 For every pseudo Cauchy sequence in (K,v), there exists an immediate
approzimation type A such that in every valued field (K(x),v) where x realizes A, this
element x is a limit of the given pseudo Cauchy sequence.

Conversely, let A = appr(x, K) be an immediate approximation type over K and (a,),<x
an arbitrary sequence of elements a, € A, \Azp, where A is a limit ordinal and o, p < A,
is a monotonically increasing sequence of values in A(A) (such sequences of elements a,
always exist). Then (a,),<x s a pseudo Cauchy sequence with limit x (in (K (z),v)).

Proof: Let (a,),<\ be a pseudo Cauchy sequence. We define v, = v(a,+1 —a,) and take
S={"(X—a,) 27, | p<A}.
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Every finite subset Sy of S is realized by some a, for high enough ¢ < A (¢ should just be
greater than all indeces occuring in Sy, cf. [KAP1], Lemma 2, p. 304). Hence S is finitely
satisfiable in (K, v), and we obtain by Lemma 11.20 an immediate approximation type A
over K such that S C Ss(A). If the element z in some valued field extension of K realizes
this approximation type A, then it also realizes S and is thus a limit of the pseudo Cauchy
sequence (a,),<x (cf. [KAP1], Definition, p. 304).

For the converse, let A = appr(z, K) be an immediate approximation type over K.
Sequences (a,),<x With a, € Ay, \ Ay and (a,),<x monotonically increasing, can be found
as follows: Suppose that the elements a,, p < o, are already constructed. If the values «,
are cofinal in A(A), then o must be a limit ordinal since A(A) has no greatest element
according to Corollary 11.6; in this case, we put A = o, and the sequence (a,),<) has the
required properties. If the values «, are not cofinal in A(A), then we may choose a value
a; € A(A) which is greater than all a,, p < o (the latter condition is void for the starting
value o = 0). Furthermore, we choose an element a, € A,:. Since A is immediate, there
exists a value a, € A(A) such that a, € A,, \ A;_, and in view of (at 1) we conclude
that o, > « which shows that a, is greater than all «,, p < o, which is just the required
property of the new element a,.

Now we assume that (a,),<\ is a sequence with the described properties. We have to
show that it is a pseudo Cauchy sequence, i.e. that v(a, — a,) > v(a, — a,) whenever
p <o <7 <A Indeed, by (at 1) we find that a, € A and a, € A, , and by (at 30)
we find that v(a, — a,) = o, and v(a, — a,) = ,. In view of o, > «,, we conclude that
v(a; — a,) > v(a, — a,), as desired. O

Note that by the procedure described in the above proof, it is possible to construct pseudo
Cauchy sequences (a,),< which have the property that the values v(a,+1 —a,), p < A, are
cofinal in A(A). It can be shown that such sequences determine the approximation type A
uniquely, i.e. there is no other approximation type over K from which the sequence can be
derived in the described way, and there is no other approximation type which is connected
to the sequence in the way as described in the first assertion of the lemma. Similarly, it can
be shown that a pseudo Cauchy sequence which admits no limit in K, will yield a unique
approximation type A in the sense of the lemma.

We should note that immediate approximation types can be easily distinguished by se-
quences of elements which need not be pseudo Cauchy sequences (but contain subsequences
which are pseudo Cauchy sequences):

Lemma 11.22 Let A be an immediate approximation type and (c,),<x some cofinal se-
quence in A(A). Then A is uniquely determined by every sequence (c,),<x of elements
¢y € Ay,

Proof:  According to Lemma 11.12, A is uniquely determined already by the sets A,,
a € v(K). A being immediate, for every ¢ € K there is a value @ € A(A) such that
ce A, \ A;. Choosing p such that a, > «a, we get ¢, € A, by (at 4), and v(c, — ¢) = «
by (at 2) and (at 3°). Hence every approximation type A’ with ¢, € A~ will satisfy
c € A, \ A) by (at 3) and (at 2°). Since ¢ € K was arbitrary, this shows that A is
uniquely determined by the sequence (c,) <. O

Finally, we want to describe another concept which is closely connected to approxi-
mation types and which will also play a certain role in the next subsection. Any valued
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field extension (L,v) over (K, v) may also be viewed as a valued vector space over (K, v).
Similarly, every type over (K,v) may be restricted to a type in the language of valued
(K—)vector spaces by omitting all sentences of the type which are not sentences in the
new language. We do not want to formalize this language here, but in any case one finds
that given an L(K, X)-sentence which uses multiplication and inversion only by elements
from K, this sentence will contain the variable X only linearly: every rational function in
X appearing in the sentence will just be a linear polynomial. Consequently, an element
x which realizes the restricted type, will realize it already in the valued K-vector space
K + Kz (which is equal to K if z € K and equal to K @ Kz if x ¢ K). Now the elementary
diagram of this vector space in the language of K—vector spaces (without valuation) is just
a logical consequence of the elementary diagram of K (in the language of fields) together
with a sentence expressing that K + Kz is one-dimensional (if x € K) resp. that K + Kx
is two-dimensional (if x ¢ K). But if we view K + Kx as a valued vector space, the
nontrivial question arises: which sentences determine the valuation on K + Kx? To
answer this question, we first observe that for any approximation type A, the restriction
of S(A) to the K—vector space language coincides with S(A): every assertion of S(A) is
just an assertion about the valued K—vector space K + Kx. And in spite of the fact that
it does not contain every assertion about the valuation on K + Kx which we may think
of, it indeed determines the valuation on K + Kx. To prove this fact, we first need the
following lemma:

Lemma 11.23 Let A = appr(x, K) be an approximation type over K. If it is a value—
immediate approximation type, then for every ¢ € K there is an element d € K such
that v(x — ¢) = v(d), and “v(X —¢) = v(d)”e S_(A) C S(A). If appr(z, K) is
not value—immediate, and if co € K is chosen as in part d) of Corollary 11.6, then
v(x — cy) ¢ v(K), and the following holds: for every ¢ € K with v(c — ¢y) € A(A),
we have v(x —¢) = v(c—cp), and “v(X —c) =v(c—cp) "€ S_(A) C S(A); if on the other
hand, v(c — ¢co) ¢ A(A), we have v(x — ¢) = v(x — ¢g), and “V(X —c¢) =v(X —¢g)” is a
logical consequence of S(A).

Proof: If appr(z, K) is value-immediate, then the assertion follows by definition.
Now assume that A = appr(z, K) is not value-immediate; hence it is residue-immediate
by virtue of part b) of Corollary 11.6; in particular, this shows

Vaoev(K): co€ Ay =y €A, ,

and consequently, v(z — ¢g) ¢ v(K). Let ¢g € K be as in part d) of Corollary 11.6.
Applying Lemma 11.1 with T = A(A) and ¢y = ¢y, we find that v(z — ¢) = v(c — )
whenever v(c—cp) € A(A). In this case, ¢ € Ayecy) \ Ag which implies “v(X —c¢) =
v(c—c¢p)”€ S=(A), as contended.

It remains to deal with the case of v(c—c¢p) € A(A). Then v(x —c¢) = v(c—¢p) € v(K)
is impossible since it would yield v(c — ¢y) € A(A) contrary to our assumption. On the
other hand, v(z — ¢y) = v(c — ¢p) is impossible since v(z — ¢y) ¢ v(K). This shows
v(x —c) =v(r — ¢g) as well as

c—cp)?

v(x —c) <v(c—cy) and v(z — ) < v(c— o),

so that “v(X —¢) < v(c—¢p)”€ Sc(A) and “v(X — ¢p) < v(c — c9)"€ S<(A). These
sentences imply the sentence “v(X —¢) = v(X — ¢)”. O
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Lemma 11.24 Let K(x) be a valued field extension of K. Then the valuation on the K-
vector space K + Kx is uniquely determined by appr(x, K). In other words, the elementary
diagram of the valued K -vector space K + Kx is a logical consequence of the elementary
diagram D of (K, v) together with S(appr(z, K)) and a sentence fizing the K—dimension
of K+ K.

Proof:  The only terms with constants in KU {X} which can be built up in the vector
space language, are just the linear polynomials in X with coefficients in K. Hence it
suffices to show that “v(a; X +b1) > v(ag X +by)” with ay, as, by, b € K is a consequence of
S(appr(z, K)) together with the elementary diagram D of (K, v), if v(ayz+by) > v(asz+bs)
holds in K + Kz, and that the same is true for “v(a; X 4+b1) > v(aa X +b9)”. After division
by a; and ay we have to deal with the sentence “v(X + ¢1) + v(a1) > v(X + ¢2) + v(ag)”
resp. “v(X 4 ¢1) +v(a1) > v(X + ¢2) + v(az)” where ¢; = by/a; and co = by/as. Let
us first assume that appr(z, K) is value-immediate. Then by the foregoing lemma, there
are elements di,dy € K such that the sentences “v(X — ¢;) = v(d;)”, i = 1,2, belong to
S_(A). If v(a;x + by) > v(agx + by) holds in K + Kz, then v(d;) 4+ v(a;) > v(dy) + v(as)
holds in K, and the corresponding sentence is contained in D (and similarly for ¢>”
in the place of “>"). Now these sentences imply “v(a1 X + b1) > v(asX + by)” resp.
“v(alX + bl) > U(CLQX + bg)”.

Now assume that appr(z, K) is not value-immediate. Let ¢y € K be as in the foregoing
lemma. If both v(c; — ¢p) and v(ca — ¢p) are elements of A(A), then the proof works
like above. If both v(c; — ¢p) and v(ca — ¢p) are not elements of A(A), then v(x —¢;) =
v(x—c¢p) and v(x —cg) = v(z —¢p), and the corresponding sentences in L£(K, X) are logical
consequences of S(A), as shown in the foregoing lemma. It follows that v(x—c;) = v(z—c3),
and if v(a;z + by) > v(agx + by) holds in K + Kz, then v(a;) > v(az) holds in K, and
the corresponding sentence is contained in D (and similarly for “>" in the place of “>").
Consequently, the sentences “v(ay3 X +b1) > v(aa X +bs)” resp. “v(a; X +b1) > v(as X +by)”
are shown to be consequences of S(A) U D in the present case.

Finally, we have to discuss the remaining case where only one of the values v(c; — ¢o),
v(cy — ¢o) belong to A(A). We distinguish the following two cases:
case 1: Only v(c; — ¢o) belongs to A(A). According to the foregoing lemma, v(x — ¢;) =
v(ep — ¢p) and v(z — ¢2) = v(x — ¢p), and the corresponding L(K, X )-sentences are con-
sequences of S(A). Since v(ay),v(az) € v(K) and v(x — ¢1) = v(er — ) € v(K), it
follows that v(x — ¢;1) +v(ay) # v(z — ¢2) + v(az) because the foregoing lemma shows that
v(x—cy) ¢ v(K). So we only have to deal with the case v(z—c1)+v(ar) > v(z—c2)+v(as),
ie.

v(z —cy) =v(r — ) < vy — o) +v(ag) — v(ag) .
We choose d € K such that v(d) = v(c; — ¢o) + v(a1) — v(az) so that the corresponding
sentence is contained in D. Then “v(X — ¢y) < v(d)”€ Sc(A) C S(A). Both sentences
together with those that we have noted above, imply “v(a; X — b1) > v(asX — by)” and
thus also “v(a X — b1) > v(as X — by)”.
case 2: Only v(cy — ¢) belongs to A(A). This is the same as the first case, except that
the role of ¢; and ¢, is exchanged and thus “ <” is replaced by “>". O

If appr(z, K) is immediate, the valuation may be determined even on much larger sub-
vectorspaces of K (x) which actually depend on the degree of appr(z, K). For this, see
Corollary 11.38 below.
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11.2 The approximation type version of the theory of pseudo
Cauchy sequences.

We will now develop the theory of immediate approximation types over a valued field
(K,v). In view of Lemma 11.13, we may always assume that A = appr(z, K), i.e. that A
is realized by x in an extension (K (x),v) of (K, v).

The proof of the following lemma for arbitrary approximation types is straightforward:

Lemma 11.25 For every c € K,

appr(z + ¢, K),
appr(z + ¢, K);,
dist(x + ¢, K)
appr(cx, K)a+v(c)
appr(cz, K)J 4y
v(c) + dist(x, K)

¢+ appr(z, K), ,
¢+ appr(z, K);, ,
dist(z, K) ,
c-appr(z, K), ,
c¢-appr(z, K); ,
dist(cz, K) .

Furthermore, we note:

Lemma 11.26  (cf. Lemma 3 of [KAP1])
Let x,y be elements of a valued field extension of the valued field (K,v). If v(z —y) >
dist(z, K), then

dist(x, K) < dist(y, K) .

If in addition appr(z, K) is immediate, or if v(z — y) > dist(x, K), then
dist(x, K) = dist(y, K) and appr(z, K) = appr(y, K) .
On the other hand,
appr(z, K) = appr(y, K) = v(z — y) > dist(z, K) .
If dist(x, K) is finitely assumed and appr(z, K) or appr(y, K) is residue—immediate, then
appr(z, K) = appr(y, K) <= v(z — y) > dist(z, K) .
Furthermore, if (K,v) C (L,v) C (L(x),v), then
dist(x, L) > dist(z, K) ,
and if “>7 holds, then there exists an element y € L with
appr(z, K) = appr(y, K) and dist(z, K) = dist(y, K) .

Proof: Assume that v(x—y) > dist(z, K). Then ¢ € appr(z, K), implies v(z—c) > « and
thus v(y —¢) > «, because v(z —y) > dist(z, K) > a. This shows appr(z, K) C appr(y, K)
which in particular yields

A(appr(z, K)) € A(appr(y, K))

and thus dist(z, K) < dist(y, K).
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Assume that v(x —y) > dist(x, K). Then v(y —¢) > dist(z, K') would imply v(z —c¢) >
a > dist(x, K) for some o € v(K), a contradiction; this proves dist(z, K) > dist(y, K) and
thus the equality.

Assume that v(z —y) = dist(x, K) and that appr(z, K) is immediate. Then v(y —¢) >
dist(z, K) would imply dist(z, K) = v(z — ¢) € v(K) U {00}, which in view of part a) of
Lemma 11.6 yields that v(y — ¢) > dist(z, K) = oo, a contradiction; again, this shows the
desired equality.

Now assume that v(z — y) > dist(x, K) = dist(y, K). Then ¢ € appr(z, K), implies
v(x—c) > a and thus v(y —¢) > a, because v(x —y) > dist(z, K) > «a. Since the situation
is symmetric, this proves

appr(z, K)o = appr(y, K)a

for all & € v(K) U {oo}. From Lemma 11.1 we know that appr(z, K), determines all sets
appr(z, K)g and appr(z, K)j for a > 8 € v(K). The same holds for y in the place of z,
hence the equalities that we just proved yield appr(z, K') = appr(y, K) if dist(z, K) is not
finitely assumed. If the latter is not the case, our hypothesis says v(x —y) > dist(z, K).
Then ¢ € appr(z, K); implies v(z — ¢) > 7 and thus v(y — ¢) > 7, because v(x —y) >
dist(x, K) = . Since the situation is symmetric, this proves appr(x, K)S = appr(y, K)3
and completes the proof of appr(z, K') = appr(y, K).

Conversely, assume appr(xz,K) = appr(y,K). Then ¢ € appr(z,K), implies
v(x —¢) > a and v(y — ¢) > « and thus v(z — y) > a; since this is true for every
a € A(appr(z, K)), this shows v(z — y) > dist(z, K). If dist(x, K) is finitely assumed,
hence 7 := dist(z, K) € v(K), and if appr(z, K) is residue-immediate, then

appr(z, K)2 # 0,

and ¢ € appr(z, K)3 implies v(z — ¢) > v and v(y — ¢) > 7 and thus v(z —y) > 7.

The inequality of the distances in the last part of the lemma follows from Lemma 11.7.
If “>” holds, then there exists a value v € v(L) with v > dist(z, K) and an element
y € appr(z, L), i.e. v(z—y) > v > dist(z, K). Now the assertion appr(z, K) = appr(y, K)
follows from the first part of our lemma. O

Theorem 11.27  (cf. Theorem 1 of [KAP1])
Let L be an immediate extension of K. Then for every element x € L it follows that
A = appr(z, K) is immediate and in particular, v(x) < dist(z, K).

Proof: Let us first show that A is residue-immediate. Assume ¢ € A, for a €
v(K); we have to show that A, # (0. If ¢ € A}, we are done. Otherwise, we know
that v(x — ¢) = a € v(K), hence there exists d € K such that v(d(z — ¢)) = 0; now
d(x —c¢) € L = K, hence there exists d € K such that d(xz — ¢) — d" = 0 which means
v(z —c—dd") > —v(d) = v(z —¢). Since ¢+ d'd™' € K, this shows that A2 # (). If we
set ¢ = 0, we also obtain that v(z) < dist(z, K).

Now we want to show that A is value-immediate. Let ¢ € K. Then v(z — ¢) €

v(L) U {oo} = v(K) U {oo}, and by definition, ¢ € Ayz—c) \ Ag,_p)- O
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Given an immediate approximation type A = appr(x, K) of an element x over K and
a polynomial f € K[X], the computation of

appr(f(z), K)

plays a key role in the theory of approximation types. The same is to be seen in the theory
of pseudo Cauchy sequences, but it is more clandestine there. We want to concede some
independent interest to this problem and thus we will attack it before using it as a tool in
later proofs.

In the sequel, we will consider the following situation:

A = appr(z, K) is an immediate approximation type
of degree d over K and

p = char(K) > 0 or p =1 if char(K) = 0,
f € K[X] is a polynomial of degree n = deg(f) <d.

(174)

From this assumption it follows that A fixes the value of every formal derivative f; of f
(¢ > 0), since every such derivative has a degree < d. So we may define

Bi :=v(fi(c)) for ¢ /x. (175)

For the convenience of the reader, we will state and prove some lemmata though we will
take them over from Ostrowski and Kaplansky almost without change.

Lemma 11.28 Let 34, ..., B be any elements of an ordered abelian group I', and let T C T’
an infinite subset without greatest element. Let tq,...,t,, be distinct positive integers. Then
there exists an element A € Y and an integer k (1 < k < m) such that

Bitti-y > Bk +ti-
foralli#k and ally €Y, v > A

For the proof, see [OS], p. 371, IV. In view of Corollary 11.2 and of part a) of Corollary
11.6, we may derive the following corollary:

Corollary 11.29 Let A = appr(z, K) be immediate. If By, ..., Bm and tq, ..., t, are as in
the preceding lemma, then for ¢ / x,

Bittivla =) # 6+t v(z — 0
whenever i # j. Hence there exists an integer k (1 < k < m) such that

Gi+ti-v(x—c)>Pr+tr-v(r—rc)
foralli#k and ¢ /" x.

Lemma 11.30 If p is prime and r is a positive integer prime to p, r > 1, then
p'r
pt
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Proof:

pir\ _pr@r =1 - (p'r=p'+1)
) ptpt—1)-...-1

In the numerator of this fraction, the first factor p'r is divisible by precisely p!, while the
remaining factors p'r — m, 1 < m < p' — 1, are not divisible by p’. Hence, for every
such factor occuring in the numerator, the corresponding factor p'r —m — p'(r — 1) which
occurs in the denominator will be divisible by p to precisely the same power. This gives
the desired result. O

From now on we will assume (174) together with definition (175) of the
values [;.
Lemma 11.31 Ifi=7p', j =p'r withr > 1, (r,p) =1, then
Bi+i-v(r—c)<pf;+j-v(r—c
forc /.

Proof:  We form a Taylor expansion for f;(x) (cf. [KAP1], equation (10), p. 310):

fi(x) (i + Dz =) fia(e) +

( ):ccﬂf] )—I—...—l—(z.)(x—c)”_ifn(c).

For ¢ / x, the values v(fi11(c)),...,v(fn(c)) will be be equal to F;11,..., [, as defined in
(175). By Lemma 11.29, among the terms on the right hand side there will be precisely
one which has least value for all ¢ /' x. The value of this term must then equal the value
of the left hand side, which in turn is not less than f; if ¢ /" x (since then, both values
v(fi(x)) and v(fi(c)) are fixed, but the value v(f;(z) — fi(c)) is not). It follows that the

term
(1)e-arne

occuring on the right hand side, must also have value not less than 3; for ¢ / x. But by

Lemma 11.30, ( ) has value zero. Therefore,

Bi < (j—1) v(x—rc)+ B

for ¢ /* x. Since A(A) contains no greatest element according to Corollary 11.6, “<” will
hold for ¢ " x in the above inequality, as contended. O

Corollary 11.32 There is an integer h = h(f) which is a power of p (including the case
h=1=7p%), such that for all c /" z,

Gi+i-v(x—c)>pPn+h-v(r—rc)

fori#h, 1 <i<deg(f). Furthermore: for ¢ /" x, all values B; +i-v(x —¢c), 0 < i <
deg(f), are different.
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Proof: This is an immediate consequence of Corollary 11.29 and Lemma 11.31. O

We will call h(f) the relative approximation degree of f(x) in x (over K); it will also be
denoted by

h(z: f(x)) .
The relative approximation degree is only defined if deg(f) < deg(A) (which in particular
is true if A is transcendental). Note that by Corollary 11.53 below, this is always the
case for algebraically maximal ground field K and nontrivial A. If defined, hy(x : f(x)) is

always 1 or a power of p = char(K).
The following lemmata will give more detailed information on h(f).

Lemma 11.33 Let v(z —c¢) > 0 for ¢ / x. If k is an integer such that among all 3;,
i > 0, the value of B is minimal, then h(f) < k.

Proof: By assumption, we have 3; — 3 > 0 for all j > 0. h = h(f) is the unique index
with
On+h-vrz—c)<fi+i-vx—rc)
for every i > 0, ¢ # h, and every ¢ / x. Thus
0<fBn—0B<(k—h) -v(z—0c)
for ¢/ x which in view of v(z—c) > 0 for ¢ / = yields k—h > 0 which is the assertion. O

Lemma 11.34 Let p > 2 and

f(x) = Zci.’Bi € K|z
i=1
with v(z) = 0. Assume that there exists ig > 0 such that v(c;,) < v(c;) for all i > 0, © # o,
and write i = jp™ with (p,j) = 1. Then h(f) < p™, and for every ¢ with v(c) = 0 we
have v(fu(c)) > v(cy,).

Proof: For every £ > 0 we have

hence for v(c) =0 and k > 1,

v(fi(c)) > min v (( ; )cicik> > w(es) -

k<i<n

By Lemma 11.30, the binomial coefficient

Jp"
pm
is not divisible by p which shows that
U(fp'rrL(C)) - U(Cio) .

Observe that for all ¢ / x we have v(c) = 0 since v(z) = 0; this yields
ﬁpm - U(Cio) S 62

for all 7 > 0. The foregoing lemma now gives our assertion. O
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Corollary 11.35 Let p > 2, v(z) =0 and e > 1. Assume that all nonzero coefficients c;
of f, i >0, have different values and that for all i with p|i, the coefficient c¢; is equal to
zero. Then h(f) < p°.

In the following lemmata, we will give a more precise version of Kaplanskys Lemmata
8 and 9.

Lemma 11.36 For the relative approzimation degree h = h(f) as defined above, the fol-
lowing holds:

Vee K, ¢ /w: v(f(z)— f(c)) =Bn+h-v(e—c)<Bi+i v(z—0c) (176)
whenever i # h, 1 < i < deg(f); hence
Vee K, ¢/ x: c€appr(z, K), <= f(c) € appr(f(z), K) g +h (177)
In particular,
dist(f(z), K) > distx (f(x), f(K)) = fn + h - dist(z, K) ,
and dist (f(z), f(K)) is not finitely assumed by an element of K .

Proof:  We consider the Taylor expansion

flx)=fle)=(z—c)filc)+ ...+ (z — ¢)" fu(c) (178)

with ¢ € K. According to Corollary 11.32, the value v(f(z) — f(c)) of the left hand side
will be equal to the value h - v(z — ¢) + v(fu(c)) of the right hand side, for ¢ / x. This
yields equations (176) and (177) as well as

distg (f(2), f(K)) > h-dist(z, K) + G,

while dist(f(z), K) > distg(f(x), f(K)) follows from the definition of the distance. Tt
remains to prove

distg (f(x), f(K)) =h-dist(z, K) 4+ O -

If dist(z, K) = oo, this equality follows immediately from the inequality that we have
already proved. So let us assume from now on that dist(z, K') < oo. In order to deduce a
contradiction, assume that there exists an element ¢y € K such that

v(f(z) = f(co)) = h-dist(z, K) + B ,

or equivalently,
v(f(@) = flco)) > v(f(z) = f(0))

for all ¢ /" x, hence

v(f(co) = f(e)) = min{v(f(z) = f(c)),v(f(z) — f(c))}
= o(f(z) = f(c))
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for all ¢ /" z. Replacing x by ¢y in the Taylor expansion (178) and using the above
computation for the value of v(f(z) — f(c)), we find

v((c—co)filco) + ...+ (c—co)"fulco)) = v(f(co) — f(c)) = v(f(x) — f(e))
= h-v(z—c)+v(ful0))

for all ¢ /* z. By our assumption dist(z, K) < oo, we know from part a) of Corollary 11.6
that v(z — ¢g) < dist(x, K), hence v(c — ¢p) will be equal to v(z — ¢p) and thus fixed for all
¢ /" x. On the other hand, the value h - v(z — ¢) + v(fu(c)) is not fixed for ¢ /" x, so we
may conclude that the value

v(fi(co)) + (¢ — co) fa(co) + .. + (¢ — co)" ' fulco))

is not fixed for ¢ /' x which proves the existence of a polynomial of degree n — 1 whose
value is not fixed by A = appr(x, K). But n — 1 = deg(f) — 1 which by hypothesis is
smaller than the degree of A, a contradiction. This proves the desired equality, and it
shows that distg(f(x), f(K)) is not finitely assumed. O

Lemma 11.37 Let A, f and h be as above. If A fizes the value of f, then v(f(z)) =
v(f(c)) for ¢ /" x, and if deg(f) < d, then appr(f(z), K) is an immediate approzimation
type over K with

dist(f(x), K) = distg (f(z), f(K)) = On + h - dist(z, K) ;
appr(f(x), K) is thus determined by (177), in the sense of Lemma 11.22.

Proof:  Let A fix the value of f. In this case, the value of the right hand side of (178)
can only eventually increase if v(f(x)) = v(f(c)) for ¢ /" x. Now assume deg(f) < d.
To show dist(f(x), K) = distx(f(x), f(K)), we have to show that for every ¢ € K there
exists an element ¢ € K such that v(f(x) — f(c)) > v(f(x) — ). Since deg(f(X) — ) =
deg(f(X)) < d, A fixes the value of f — . From what we have just shown, putting f — ¢
in the place of f, we infer that v(f(z) — ) = v(f(¢c) — ¢) for ¢ / x. Consequently, for
such element ¢ € K we get

v(f(z) = f(e)) 2 minfo(f(z) — ), v(f(c) = )} = v(f(z) =€),

as desired. It follows that dist(f(z), K) = fn +h - dist(z, K) is not finitely assumed by an
element of K, since dist(x, K) is not finitely assumed by an element of K, as is shown in part
a) of Corollary 11.6. According to part c) of Corollary 11.6, this shows that appr(f(x), K)
is residue-immediate. To show that it is value-immediate, assume ¢ € K. By what we
have shown above, there is ¢ € K such that o := v(f(z) — ) = v(f(c) — ) € v(K), hence
d € appr(f(x), K)a \ appr(f(z), K)2. This proves that appr(f(z), K) is value-immediate.
Altogether, we have shown that appr(f(z), K) is immediate. O

Corollary 11.38 Let A = appr(x, K) be an immediate approzimation type of degree d
over K. Then the valued vector space over K generated by the set {z' | 0 < i < d}
has v(K) as its value set and K as its residue set; in this sense, it is immediate over
K ; moreover, its valuation is uniquely determined by A. In particular, if d = oo or if
d = [K(z) : K] < oo, then Kz]|K is immediate and the same is consequently true for
K(x)|K.
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Proof: Firstly, we have to show that v(f(x)) € v(K) for every f € K[X] with
deg(f) < d. But this is an immediate consequence of the preceding lemma which states
that v(f(x)) = v(f(c)) € v(K) for ¢ / .

Secondly, we have to show f(z) € K for every f € K[X] with deg(f) < d and v(f(z)) = 0.
We choose ¢ ' x such that

0=wv(f(z)) =v(f(c)) .

From the preceding lemma we know that appr(f(z), K) is an immediate approximation
type over K; in particular, we may infer from part a) of Corollary 11.6 that dist(f(z), K)
is not assumed by an element of K. Hence 0 < v(f(z) — f(c)) < dist(f(z), K) and

consequently there exists an element ¢; € K such that v(f(z) — ¢;) > 0 which yields
f(x)=¢re K. O

Lemma 11.39 Let A, f and h be as above. Assume that A does not fix the value of f,
hence deg(f) =d. Then

o(f(@)) = v(f()) = Bu+h-v(z—c) for cveryc /
and consequently,
v(f(x)) > distg(f(z), f(K)) = fn + h - dist(x, K) .

In particular, this yields v(f(z)) > v(f(c)) for all c € K, ¢ # x.

Ifd =1 (ie. A is trivial) and f(X) = X — ¢y with ¢g € K, then ¢g = x and A is
realized by co in K. Conversely, if A is realized by the element ¢y € K, then v = ¢y and A
does not fix the value of X — ¢y and thus, d = 1.

Proof:  Assume that A does not fix the value of f, i.e. deg(f) = d since deg(f) < d by
hypothesis (174). We rewrite (178) as follows:

—fle) = (=) filc) + .. + (2 = )" fulc) = [(=) .

In view of the fact that the value of the right hand side of (178) tends to f, +h-dist(z, K),
this equation shows that appr(z, K) fixes the value of f whenever v(f(z)) < On + h -
dist(z, K). In our present case, this proves v(f(z)) > [(n + h - dist(z, K). Since by
hypothesis, A is immediate and according to part a) of Corollary 11.6, dist(x, K) is thus
not finitely assumed by an element of K, we have v(f(x)) > v(f(c)) = fn+h-v(x —c¢) for
every ¢ /" x, ¢ # x. Together with Lemma 11.36, this proves the first part of our lemma.
Now assume that d = 1 and f(X) = X — ¢g with ¢g € K. Then h =1 and 5, = 0
and by what we have just proved, we conclude that v(z — ¢p) = v(f(z)) > dist(z, K), and
by definition of the distance, “=" must hold. This shows that the distance is assumed
by ¢y € K. But the distance is not finitely assumed since appr(z, K) is immediate. We
conclude that v(z — ¢g) = o0, i.e. © = ¢ and appr(z, K) is thus realized by ¢y in K.
Conversely, assume that the approximation type A is realized by the element ¢y € K,
hence A = appr(cg, K) and by Lemma 11.5, x = ¢g. For every element ¢ € A, \ Ay, we
have v(f(c)) = v(c — ¢9) = a which shows that A does not fix the value of X — ¢y. This
also shows that d = 1. O
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In the case deg(f) = d we can only say that appr(f(x), f(K)) is determined by (177);
it may happen that

dist(f(x), K) > distg (f(z), f(K)) .

As an example, take z to be an Artin-Schreier-root of t~! over K = |/IF,(t), valued such
that t/v = 0. For f(X) = X? — X —t~!, we have distg(f(z), f(K)) = dist(z, K) = 0, but
dist(f(z), K) = oo since f(z) = 0.

If on the other hand, (K, v) is existentially closed in (K (x),v) (which is the situation
of Lemma 11.13), then these difficulties do not appear:

Lemma 11.40 Let A, f and h be as above. Assume that A does not fix the value of f
and that (K,v) <3 (K(x),v). Then dist(f(z), K) is not finitely assumed by an element of
K

)

dist(f(z), K) = distg (f(2), f(K)) = On + h - dist(z, K)

and consequently, appr(f(x), K) is determined by (177), in the sense of Lemma 11.22.
However, appr(f(z),K) is not value—immediate, and v(f(x)) realizes the cut

dist(f(x), K) in v(K(x)).

Proof:  Assume that there are elements ¢,d € K such that
oo > v(d) > distg(f(x), f(K)) and v(f(z)—c) > v(d).
Then the existential sentence

Jzr: v(f(x) —c) > v(d)

with constants from K holds in (K (x),v), and by hypothesis, it must also hold in (K,v),
hence there is ¢ € K with v(f(¢) — ¢) > v(d) which yields v(f(z) — f(¢')) > v(d) >
distg (f(x), f(K)), and by definition of the distance, equality must hold here. But this is a
contradiction since this distance is not finitely assumed, according to Lemma 11.36. This
contradiction shows that dist(f(z), K) is not finitely assumed by an element of K and that
dist(f(z), K) = distx (f(z), f(K)). On the other hand, we know from Lemma 11.39 that

o(f(x)) = distx (f(z), f(K)) = dist(f(x), K) .

Putting ¢ = 0 in our above proof, we find that v(f(z)) ¢ v(K) (since the existence of d
would yield a contradiction), so A cannot be value-immediate. Moreover, we find that
there exists no element of v(K) which lies between v(x) and A(A) (in U(K(I)) ), i.e. v(x)
realizes the cut dist(f(z), K) in v(K(x)). O

It can even be shown that f(x) is algebraically valuation-independent over K. For this,
cf. Corollary 11.50 below.

Up to this point, we only considered polynomials of degree < d. To give a description
of the behaviour of polynomials of higher degree, we assume that A = appr(z, K) is an
approximation type of degree d < oo and that f € K[X] is of degree d such that A does
not fix the value of f. Any polynomial g € K[X] of arbitrary degree may be written in a
unique way as

9(X) = F(X) er(X) + o+ F(X)er(X) + co(X) (179)
with polynomials ¢; € K[X] of degree < d and k a nonnegative integer.
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Lemma 11.41 Let g(z) be given as in (179). Then there exists an integer m, 0 < m < k,
such that for every i # m and all ¢ / x,

m - v(f(c) +v(em(c) = v(f(e)"em(c)) <v(f(e)'ei(c)) =i~ v(f(c)) +v(ei(c))
with constant values v(cy,(c)) = v(em(x)), v(c(c)) = v(ci(x)). If A fizes the value of g,

then m = 0 and
v(g(x)) = v(g(c)) = v(co(c)) = v(co(x))
forc /7 x. If A does not fix the value of g, then m > 1 and

v(g(x)) > v(g(c)) = m-v(f(c)) +v(em(c))

forc /S x, c# .

Proof:  From Lemma 11.39 we know that v(f(c)) = h-v(x — ¢) + By for every ¢ / z,
where the value (B, = v(fn(c)) is fixed for ¢ / z. Since the ¢; are polynomials of degree
< d, their values will also be fixed for ¢ / x. Hence we may write

v(f(e)eilc)) =i-h-v(w—c) + .

From Corollary 11.29 we infer that for ¢ " x, there is exactly one integer m, 1 < m < k,
such that v(f(c)™c,,(c)) is the least value among all values v(f(c)ic;(c)), 1 < i < k. This
value is not fixed for ¢ /" x. Consequently, if A fixes the value of g, it must be greater
than the (fixed) value of ¢y(c) for ¢ / x, which yields v(g(c)) = v(co(c)) = v(co(z)). From
Lemma 11.39 we know that v(f(z)) > v(f(c)) for all ¢ /" x, ¢ # x, hence v(f(x)'c;(z)) >
v(f(c)ici(c)) forall 1 <i <k and ¢ / @, ¢ # x. This proves v(g(z)) = v(g(c)).

If A does not fix the value of g, then v(f(c)™cin(c)) < v(co(c)) and

v(g(c) = v(f(e)"co(c)) = m - v(f(c)) +v(cm(c)) =m -h-v(x—c)+ 5,

for all ¢ / x. The inequality v(g(x)) > v(g(c)) for ¢ / x is seen as follows. We have
stated already that v(f(z)'c;(x)) > v(f(c)'ci(c)) for all 1 <i < k and ¢ / x, ¢ # x, which
implies
vig)) > min{v(f(2)"cr(z)), .., v(f(2)er(x)), v(co(x))}
> min{v(f(c)*er(c)), ... v(f(c)er(e)), v(eo(e))} = v(g(c))
in view of v(f(c)"em(c)) < v(eo(c)). This completes the proof of our lemma. O

This lemma also gives some information about appr(g(x), K):

Corollary 11.42 Let the assumptions be as in the foregoing lemma. If A fizes the value
of g — c* for every ¢* € K, then

appr(g(x), K) = appr(co(z), K) .

If on the other hand, there exists an element c* € K such that A does not fix the value of
the polynomial g — c*, then there exists an integer m, 1 < m < k, such that

Vee K, c /x:
ce appr(m, K)”y < g(C) € appr(g(x), K)m~v(f(c))+v(cm(c)) (180)
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and
Vee K, c /x: v(g(x)—c) >v(glc) —c);
and consequently,
dist(g(x), K) = distx (9(x), g(K)) = m - distx (f (), f(K)) + B(cm) ,
where [B(c,,) denotes the fized value of ¢, (c) for e / .

Proof: If A fixes the value of g — ¢* for every ¢* € K, then in view of

9(X) = ¢ = F(X) er(X) + .. + f(X)er(X) + (co(X) =€) (181)

it follows from the foregoing lemma that v(g(x) — ¢*) = v(co(x) — ¢*) for every ¢* € K
which proves the equality of the approximation types of g(x) and ¢q(x) in this case.

Now assume that A does not fix the value of g — ¢* for some ¢* € K. In this case, we
infer from the foregoing lemma that

Vee K, ¢/ x: v(g(z) —c') >v(g(c) — ),

ie. v(g(z) —g(c)) = v(g(c) — ¢*) for ¢ /" x. Moreover, the foregoing lemma shows, again
in view of (181), that there exists some integer m, 1 < m < k, such that v(g(c) — ¢*) =
m-v(f(c))+v(en(c)) for ¢ / . This shows (180). It follows that distx(g(x), g(K)) > m -

v(f(c))+v(cm(c)) for all ¢ / x. From Lemma 11.39 we infer that v(f(c)) = v(f(x)— f(c)),

hence distx(g(x),g(K)) > m - distx (f(x), f(K)) + B(cm). O

Lemma 11.41 also enables us to describe the behaviour of v(g(c)) for ¢ /' x in full
generality; this has important consequences for the question whether a given approxi-
mation type is transcendental. From Lemma 11.41 together with Lemma 11.39, we may
immediately derive:

Corollary 11.43 Let g be any polynomial. If appr (z, K) does not fix the value of g, then
there is some natural number k and a constant § € v(K) such that for ¢ /" x,

v(gle) =k -v(x—c)+ 5.
In particular, if there exists a set M C K such that
sup{v(z —¢) | c € M} = dist (x, K)
and that v(g(c)) is constant for ¢ € M, then appr (x, K) fizes the value of g.

Lemma 11.44 Assume f to be a polynomial of degree < d = deg(appr (z, K)), and let
d' > 1 be a natural number such that d' - deg(f(z)) < d. Then

deg(appr(f(z), K)) = d’.

In particular, if appr (z, K) is transcendental, then so is appr(f(z), K).

204



Proof:  Let g be a polynomial of degree < d’. Then g(f(z)) is a polynomial of degree
< d, hence appr (z, K) fixes the value of g(f(x)), i.e. there exists a set M C K such that
sup{v(z —¢) | ¢ € M} = dist (z, K') and that v(g(f(c))) is constant for ¢ € M. But from
Lemma 11.37 we know that

sup{v(f(z) — f(c)) | c € M} = dist x(f(x), f(K)) = dist (f(z), K) .

By the criterion given in the foregoing corollary it now follows that appr (f(x), K) fixes the
value of g. Since g was an arbitrary polynomial of degree < d', this proves deg(appr(f(z), K)) >
d. O

Another consequence of Lemma 11.41 is the following normal form for polynomials
whose value is fixed by a given approximation type:

Corollary 11.45 Let A = appr(z, K) be an immediate approzimation type and g € K[X],
deg(g) = n. Then g may be represented in the form

n

o) =S (X~ el

i=1
with suitable elements c*, ¢, ..., c; € K satisfying
Vi,l1<i<n:i-vz-—c)+ov(c)>v(c) =v(g(c)). (182)

If the value of g is fired by A, then the elements may be chosen such that in addition,
v(g(c*)) = v(g(x)) and “>" may be replaced by “>".

Proof: For polynomials f of degree deg(f) < d = deg(A), we consider (176) from
Lemma 11.36. From Lemma 11.37 and Lemma 11.39 we know that v(f(x)) > v(f(c)) and
hence v(f(c)) < v(f(x) — f(c)) for ¢ / x. Moreover, if the value of f is fixed by A, we
know that v(f(c)) <v(f(x) — f(c)) for ¢ /" x since the latter value is not fixed for ¢ /" z,
¢ # x. If we take ¢* to be any such ¢ /' = and ¢ = f;(c*), these facts prove the assertions
of the lemma in the case of polynomials of degree < d.

Now let f be an associated minimal polynomial for A and let g be given in the form
(179). We may apply to the polynomials f,c; what we have just proved; we find that
there exists an element ¢* such that (182) holds for every monomial f(x)'c;(z) in the
place of g(z) (with coefficients ¢ which are derived from the corresponding coefficients
for the polynomials f and ¢;). If we choose ¢* ' z, then we may assume the assertions
of Lemma 11.41 for ¢ = ¢*. In particular, the value of g(c¢*) is equal to the value of
exactly one monomial and consequently, it is less or equal to the value of every monomial
(x — ¢)'cy which appears in any of the representations that we have got already for the
monomials f(z)'c;(x). Summing up these representations, we thus get a representation
of g(x) which satisfies (182). If in addition, A fixes the value of g, then we know that
v(g(c*)) = v(co(c*)) = v(g(x)); furthermore, v(co(c*)) is smaller than the value of all other
monomials, and since A fixes the value of ¢y, inequality (182) holds with “>” for ¢q in the
place of g. This yields that (182) also holds with “>” for g, if A fixes the value of g. O

Based on the foregoing corollary, we can give a partial answer to the question: given
f(z) € K[z], which elements g(z) € K[z]| have the same approximation type as f(x) over
K?
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Corollary 11.46 Let A be an immediate approximation type of degree d and f,g € K|[X].

If
g(a) = fl2) + D (v =)' ¢
i=1
for some n € IN and elements c*,cj, ..., c;, € K with

i-v(x—c")+o(c) > dist(f(z), K)

for 0 <i<mn, then

appr(f(z), K) = appr(g(z), K) .
If A fizes the value of f — g (which in particular is always the case if deg(f —g) < d, then
g 1s necessarily of the above form and it may in addition be assumed that

i-v(r—c)+v(c) > ()
for1 <1< n.

Proof: The first part follows from Lemma 11.26, whereas the second part is a consequence
of the preceding corollary. O

As an immediate consequence of Lemma 11.37, Lemma 11.39 and Lemma 11.41, we get
the following observation:

Corollary 11.47 Let A = appr(x, K) be an immediate approximation type and g € K[X]
be any polynomial. A does not fix the value of g if and only if v(g(z)) > v(g(c)) for every

c /" x,c#uw.
From this corollary and Lemma 11.39 we may derive:

Corollary 11.48 Let L be an immediate extension of K. If x € L s algebraic over K
with minimal polynomial f € K[X|, then appr(z, K) does not fix the value of f and is thus
of degree < [K(x): K|. If this degree is 1, then x € K.

Proof:  appr(z, K) is immediate by virtue of Lemma 11.27. By hypothesis, f(z) = 0,
but f(c) # 0 for all ¢ € K, ¢ # x. Hence v(f(x)) > v(f(c)) for all ¢ € K, and the first
assertion follows by an application of Corollary 11.47. Now assume that appr(z, K) is of
degree 1 over K, and let f(X) = ;X + ¢y € K[X] be a polynomial of degree 1 whose value
is not fixed by appr(x, K). Then also the value of X — ¢, is not fixed where ¢y = —cy/c1.
By Lemma 11.39 we conclude that x = ¢y € K. O

Again, if (K, v) is existentially closed in (K (z),v) then we can prove much more about
the approximation type and distance of g(x):

Corollary 11.49 Let the hypothesis be as in Lemma 11.41 and assume in addition that
(K,v) is existentially closed in (K (x),v). Furthermore, choose the integer m according to
Lemma 11.41. Then for i # m,

m - v(f(@)) +v(en(@) = v(f(@)"em(@)) < v(f(2)'ei(2) =i v(f(2)) +v(ei(x))
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and thus
v(g(@)) =m-v(f(z)) +v(cn(z)) .

Moreover, dist(g(x), K) is not finitely assumed by an element of K,

dist(g(z), K) = distx(g(x), g(K)) = m - distx (f(2), f(K)) + F(cm)
= m-dist(f(x), K) + Blcm) ,

and consequently, appr(g(z), K) is determined by (180), in the sense of Lemma 11.22.
Note in particular that appr(g(x), K) is of the form

dist(g(x), K) =m-h-dist(z, K) + 5,
where f € v(K) and h = h(f) according to Lemma 11.40.

Proof:  Assume the contrary, i.e. v(f(z)'c;(x)) > v(f(x)™ ¢, (z)) for some i # m. From
Lemma 11.41 we know that

v(f(e)'ei(c)) < v(f(e)em(c)) (183)

for all ¢ /" z, i.e. for every ¢ € A, for some suitable a < dist(z, K). We fix some ¢, € A,
and some d, € K having value v(d,) = «a. Since (K,v) <3 (K(z),v) by hypothesis, the
existential formula

3o v(f(2)'ci(x)) = v(f(2)"cn(x)) Av(e = ca) = v(da)
which holds in K (z) (for z), must also hold in K, i.e.
v(f(e)eile)) = v(f(e)"em(c))
for some ¢ which satisfies v(c — ¢a) > v(da) = o and thus
v(z —¢) > min{v(z — o), v(c — ca)} > @

which shows ¢ € A, by (at 3). By this, we have deduced a contradiction to (183). This
contradiction proves the first part of our corollary.
In view of

distr (f (x), f(K)) = dist(f(x), K)

which we infer from Lemma 11.40, it remains now to prove

dist(g(2), i) = distx (9(x), g(K)) = m - distx (f(2), f(K)) + B(cm)

and that dist(g(z), K) is not finitely assumed by an element of K. Using Lemma 11.41,
we choose o € K, a < dist(z, K) such that v(c¢,,(c)) = v(epn(x)) and v(g(z)) > v(g(c)) =
m - v(f(c)) + v(en(c)) for all ¢ € K with ¢ € A,; furthermore, we choose some ¢, € A,
and some d, € K with v(d,) = a. To deduce a contradiction, we assume that there exist
elements ¢, d" € K such that v(g(z) — ) > v(d") > m - distg(f(z), f(K)) 4+ B(cm). Now
the existential sentence

Az cv(g(z) — ) > o(d) Aoz — co) > v(dy)
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with constants from K holds in (K (x),v), and by hypothesis, it must also hold in (K, v),
hence there is ¢ € K with v(g(c) — ¢) > v(d') and v(c — ¢,) > v(dy) = a. This yields
c € A, by (at 3), and

v(g(x) = g(c)) 2 v(d) = m - distx(f(z), f(K)) + Blem) -

On the other hand, by our choice of «, we may conclude that

v(g(z) —g(c)) = v(glc)) = m-v(f(c))+vicm(c) =m-v(f(z)— f(c)) +v(cm(c))
< m-distg(f(z), f(K)) + Blem)

a contradiction. This contradiction shows that dist(g(x), K) is not finitely assumed by an
element of K and that

dist(g(x), K) < m - distg(f(x), f(K)) + B(cm)

which in view of the inequalities shown in Corollary 11.42, proves the remaining equalities.
O

An immediate consequence of this corollary is the following

Corollary 11.50 Let A and f be as in (174) and assume in addition that (K,v) <3
(K(x),v). If A does not fix the value of f, then f(x) is algebraically valuation—independent
over K and even over the valued ring K|x].q = {g(x) € K[z] | deg(g) < d}.

Proof:  Given any g(x) as in (179), we have to show that

v(g(2)) = minv(f(z)'ci(z)) .

1

But this is just the assertion of the foregoing corollary. O

Now we are able to show:

Theorem 11.51  (cf. Theorem 2 of [KAP1])
For every transcendental immediate approzimation type A over (K, v) there exists a simple
immediate extension (K (x),v) such that

appr(z, K) = A .

For every such extension, x must be transcendental over K, and the following holds for
every g € K[X]:

¢/ A= uv(g(c)) = v(g(z)) . (184)
If (K(y),w) is another valued field extension of (K,v) such that appr(y, K) = A, then y

is also transcendental over K and the isomorphism between K (x) and K(y) over K which
sends x to y, 1s valuation preserving.
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Proof: According to Lemma 11.13, there exists a purely transcendental extension
(K(x),v) of (K,v) such that A = appr(z, K). By Corollary 11.38, K(z)|K is an im-
mediate extension. Given another element y such that A = appr(z, K) = appr(y, K), we
want to show that the isomorphism between K (z) and K (y) induced by = +— y is valuation
preserving. For this, we only have to show that v(g(z)) = v(g(y)) for every g € K[X].
By hypothesis, A fixes the value of every polynomial g € K[X]. From Lemma 11.37 we
may thus infer that v(g(z)) = v(g(c)) = v(g(y)) holds for every ¢ " x; this proves the
desired equality and thereby also (184). In particular, g(x) = 0 <= g(y) = 0 and since x
is transcendental over K, the element y must also be transcendental over K. O

Theorem 11.52  (cf. Theorem 3 of [KAP1])

For every algebraic immediate approzimation type A over (K, v) of degree d with associated
minimal polynomial f(X) € K[X] and y a root of f, there exists a prolongation v of the
valuation of K such that (K(y),v) is an immediate extension of (K,v) with appr(y, K) =
A. This prolongation will satisfy

Vg € K[X],deg(g) <d: ¢ /A= v(g(c)) =v(g(y)) - (185)

If (K(z),v) is another valued field extension of (K,v) such that appr(z, K) = A, then
any field isomorphism between K(y) and K(z) over K which sends y to z, preserves the
valuation. (Note that there exists such an isomorphism if and only if z is also a root of f.)

Proof: By Lemma 11.13 there exists a simple extension (K (z),v)|(K,v) such that
appr(z, K) = A, and by Corollary 11.38 we know that the vector space K @ Kx®...0 Kxd~?
equiped with the valuation v is immediate over K. Sending x to y, we get an isomorphism
from this vector space onto K(y) = K ® Ky @ ... ® Ky, and through this isomorphism,
a vector space valuation v on K (y) may be defined such that the isomorphism is valuation
preserving and hence appr(y, K) = appr(z, K) = A; consequently, it also satisfies property
(185). We have to show that (K (y),v) is a valued field. Since it is already a valued vector
space, we only need to show that v(ab) = v(a)+ v(b) for all elements a,b € K(y). Suppose
a=r(y) and b = s(y) with r, s € K[X] satisfying 0 < deg(r) < d and 0 < deg(s) < d. By

our construction,

v(r(@)s(z)) = v(r(z)) +v(s(@)) = vir(y)) +v(s(y)) .

Now let g(X) := r(X)s(X) and write g(X) in the form (179). Since r(y)s(y) = co(y) and
v(co(y)) = v(co(x)), it suffices now to show that

v(r(z)s(z)) = v(co()) -

But this is true by Lemma 11.41 since A fixes the values of r and s (because their degree
is < d) and thus also the value of g = rs.

The last assertion of our theorem is seen like the corresponding assertion of Theo-
rem 11.51: if g € K[X]| with deg(g) < d then v(g(y)) = v(g(c)) = v(g(2)) for every ¢ / x.
Hence an isomorphism over K sending y to z will preserve the valuation. O

As immediate consequences we get:
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Corollary 11.53 If K is algebraically maximal and A is a nontrivial approximation type
over K, then A is transcendental and hence it fizes the value of every polynomial in K[X].

Corollary 11.54  (cf. Theorem 4 of [KAP1])
A wvalued field K is maximal if and only if for every immediate approximation type A over
K there ezists an element a € K such that A = appr(a, K).

11.3 The relative approximation degree.

In this section, we will assume

(K(x),v)|(K,v) a nontrivial immediate extension
. ) (186)
appr(z, K) a transcendental approximation type
with
dist (z, K) < 00, (187)

unless stated otherwise. Note that by Corollary 11.53 and by Corollary 11.48, the condition
“appr(z, K) is transcendental” is always fulfilled if (K, v) is algebraically maximal and
(K(x),v)|(K,v) is a nontrivial immediate extension. By Corollary 11.48, condition (186)
implies that x is transcendental over K.

We will consider a given element

y € K(2)"\ K
and ask for the degree
[K ()" - K(y)"] .

To treat this question and in particular to define the relative approximation degree of x

over y, we require that
y € Klaz]*\ K*, (188)

(where “.¢” denotes the completion). In particular, this implies
dist (y, K) < o0

(and together with (186), this in turn implies (187) ).
Condition (188) holds if the rank of (K, v) is 1:

Lemma 11.55 Assume (186), (187), and let the rank of (K,v) be 1. Then every y €
K(z)"\ K satisfies (188).

Proof: From Lemma 7.8, we may infer y € KJz]°. It remains to prove y ¢ K¢ To
deduce a contradiction, let us assume y € K¢. Then K is dense in K (y) and also in K (y)"
since K (y) being of rank 1 like K, it is dense in its henselization. Let g(X) € K(y)"[X]
be the minimal polynomial of x over K(y)". We may choose polynomials §(X) € K[X]
with coefficients arbitrarily close to the corresponding coefficients of g. By the continuity
of roots (cf. Theorem 4.5 of [PZ]) and in view of hypothesis 187, we find a suitable § with
a suitable root # € K such that

v(r — ) > dist (z, K) .
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By Lemma 11.26, this implies
appr (z, K) = appr (7, K) .

Since Z is algebraic over K, it follows by Corollary 11.48 that appr(Z, K) and hence
appr (z, K) is an algebraic approximation type over K, a contradiction to hypothesis (186).
This shows y ¢ K°.

O
Condition (188) yields the existence of some f(z) € K|z] such that v(y — f(x)) >
dist (y, K); this implies
appr (y, K) = appr (f(z), K)
and dist (f(z), K) = dist (y, K) (cf. Lemma 11.26). Assuming (186), (187) and (188), we
define
hy(z:y) == hg(z: f(z))
and call hg(x : y) the relative approximation degree of y in z (over K). Note that for
y € K|x], condition (186) suffices for the definition of hy(z : y). We should remark that
the definition of the relative approximation degree can be reasonably generalized if the
results of section 11.5 are involved; however, this should be postponed to a subsequent

paper.
Lemma 11.56 hg(z : y) is welldefined, i.e. it does not depend on the choice of f(z) (as
long as v(y — f(x)) > dist (y, K) is satisfied).

Proof: If g(x) is another polynomial in K[z]| such that v(y — g(x)) > dist (y, K), then by
Lemma 11.26,

appr (g(z), K) = appr (y, K) = appr (f(z), K) ,
hence h(g) = h(f) by the following lemma. O

Lemma 11.57 Assume (186) and let f(x),g(x) € K|z].
If appr (f(x), K) = appr (¢(x), K), then h(f) = h(g).
Proof: From appr (f(z), K) = appr (¢g(z), K) it follows that
o(f(x) —g(z)) = dist (f(x), K) = dist (g(z), K) .

Since appr(z, K) is transcendental, it fixes the value of f — g, hence by Lemma 11.37,

v(f(e) = g(e)) = v(f(z) — g(x)) = dist (f(z), K) for ¢ .
This implies
g(c) € appr (f(2), K)o <= f(c) € appr (f(2), K)a
for ¢ /" x. Adopting the notation of Lemma 11.36 with h = h(f), it follows from this
lemma together with the above equivalence and the equality of the approximation types
that
c € appr (z, K), <= f(c) € appr (f(2), K)g,+h~
< g(c) € appr (f(z), K)py+ny = appr (9(z), K) gy +hy

for ¢ /" x. (Here [, denotes the constant value of fy,(c) for ¢ /" x). From this together
with the cited lemma we may conclude that h = h(g) which gives the assertion. O
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Lemma 11.58 In the situation (186),
[K ()" : K(f(2))"] < hg(a: f(z)) .

Proof: We consider the Taylor expansion of f(z) for an arbitrary ¢ € K:

From Lemma 11.32 we know that for ¢ /' 2 and 1 < i < deg(f), i # h, we have
file)+i-v(x—c)> fulc) +h-v(z—c).

We choose such ¢ € K and an element d € K with v(d) = —v(z —¢) and put z = d- (z —¢);
hence v(z) = 0 and K(z) = K(z). Furthermore, we let

deg(f)

f(2)= 3 filad"Z;

=0

hence f*(z) = f(z). Let us consider the polynomial

(f(Z) = f(2) € Ok(s@plZ] -

We find
F(Z2)=2"-=".

Using a “strong” version of Hensel’s Lemma (cf. [RIB1], Théoreme 4, version 3, on p. 186)
we deduce that there is a factorization

over K(f(z))" with

and

deg G(Z) = degG(Z) =h..

Every zero of F|(Z) that has residue Z cannot be a zero of H(Z) since H(Z) = 1, hence it
must appear as a zero of G(Z); in particular, G(z) = 0. Since G(Z) € K(f(x))"[Z] and
deg G(Z) = h, this shows that

[K ()" : K(f(2))"] = [K(2)" : K(f(2))"] <h=hg(z: f(z)),
as asserted. O

Adding assumptions (187) and (188), we can prove the above lemma also for y in the
place of f(x). For the proof, we need the following
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Lemma 11.59 Assume (186), (187), (188), and let v(y — f(z)) > dist (y, K). Then there
exists an element z € K(y) such that

[K(y,2)" : K(y)"] <h =hg(z:y)
and 1

o —2) > ¢ (wly — () ~ )
where B denotes the constant value of fu(c) for ¢ / x.

Proof: We put r :=y — f(x). We choose ¢,d € K and F(X) as in the foregoing proof.
Then

o(r) = dist (4, K) > v(y — f()) = v(f(2) - F(0))

This shows that
dh dn
)=
fulc) fulc)
has the same residue as F'(Z). We find as for F/(Z), that F°(Z) admits a factorization

F°(Z) == F(Z

(f*(Z2) —y) € OxZ]

F(2) =G (2)H°(2)

- —h - -

over K (y)" with G°(Z) = Z"—2", G° normed, deg G°(Z) = deg G°(Z) = hand H°(Z) = 1.
In particular,
v(F°(t)) =v(G°(t)) if v(t) >0.
Consequently, from
—fu(e)d™ F°(d(z —¢)) =7
it follows that
v(dr) — By = v(F°(d(x — ¢))) = v(G°(d(z — ¢))) .
Hence there must exist a root zj, of

GO<Z) = H Z—Zj s Zj € K(y)
1<j<h
with
1

w(d(z =) = %) 2 ¢

(0(d"r) = Bu)
which is equivalent to .
V(@ = (A7 25 +0)) 2 - (0(r) = ) -

Now z := d'zj, + ¢ is the element of our assertion, since it satisfies K(y,2) = K (y, zj,)
and thus [K(y,2)" : K(y)"] < h. O

Lemma 11.60 Assume (186), (187), (188). If K(x)"| K (y)" is separable, then

[K(2)": K(y)"] <hg(z:y).
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Proof: Let
a = max{v(oxr — z) | 0 € Gal(K(y)") Aoz # z} .

Then o < co. Using the foregoing lemma, we choose f(x) € K[z] and z € K(y) such that

1

v(y — f(x)) >dist (y, K) , v(z—2) > o

(v(y = f(2)) = Bu) > o,

and [K(y,2)" : K(y)"] < h = hg(z : y). In view of our separability condition, we may
deduce by Krasners Lemma that z € K(y)"(z), hence [K(z,y)" : K(y)"] < h. Since
y € K(x)" by assumption, K (z,y)" = K(z)" and thus [K(2)" : K(y)"] < h, as asserted.
O

Lemma 11.61 Assume (186), (187), (188). Then (186), (187) hold also fory in the place
of z. So if z € K(y)" with » € K[y|°\ K¢, then hg(y : 2) is defined. In this situation,
hg(z:z)=hg(z:y) hg(y:=2).

Proof: It was already mentioned that (188) implies that (187) holds for y in the place of x.
Moreover, as a subextension of the immediate extension K (z)"/ K, the extension K (y)|K
is also immediate. For the definition of hy (z : y) we have already used the fact that there
exists some polynomial f(z) such that appr (y, K) = appr (f(x), K); by Lemma 11.44, this
approximation type is transcendental since appr (z, K) is. We have proved that (186) too
holds for y in the place of x.

Let us now prove the multiplicativity. Since hg(y : 2) = hg(y : ¢g(y)) whenever
v(z—g(y)) > dist (2, K), it suffices to show our assertion under the additional assumption
z = g(y) € K[y|. Furthermore, because of y € K|[z]° we may choose f(x) € K|x] so near to
y that v(g(y) — g(f(x))) > dist (¢9(y), K), hence it suffices to show our assertion under the
assumption y = f(x) € K[|, z = g(f(z)) € K[x]. Since by assumption, K is algebraically
maximal, appr (z, K) fixes the value of every polynomial over K, and thus we know from
Lemma 11.37 that f(c) / f(z) whenever ¢ / x. Again since K is algebraically maximal,
appr (f(z), K) fixes the value of every polynomial over K, and thus for f(c) / f(x),

v(g(f(x)) —g(f(c)) = vlgn (f(c))) +hi-v(f(z)— f(c))
= v(gn, (f(c))) +hi - (v(fny(c)) + ha - v(z =)
= fB+h; -hy-v(zx—c)

where hy = hg(f(z) : g(f(2))), he = hx(z : f(x)) and 8 = v(gn, (f(c))) + hi - v(fu,(c))-
This shows

hg(z: g(f(2))) =h;-hy =hy-hy = hg(z: f(2) - he(f(z): g(f(2))),

as asserted. O
Corollary 11.62 Assume (186), (187), and let the rank of (K,v) be 1. Then
implies

hg(z:y) =
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Proof: By Lemma 11.55, also (188) holds; by virtue of Lemma 11.61, (186), (187) hold
also for y in the place of x. Again by Lemma 11.55, it follows that = € K[y|®\ K° If
K(z)" = K(y)", we have by the foregoing lemma that 1 = hg(z : 2) = hg(z : y)-hg(y : z),
which yields hg(z :y) = 1. O

Lemma 11.63 Assume (186), (187), and let the rank of (K,v) be 1. If
K ()" K (y)"

s not separable, then
hy(z:y) > p = char(K) .

Proof: If K(x)" K (y)" is not separable, then there exists a subextension L|K (y)" such
that # ¢ L and (K (z)")? C L; the latter yields K (2P)" C L. Since K(z)" = L(z) is an
extension of K (xP)" of degree p, we may conclude L = K(zP)" hence y € K(aP)". By
Lemma 7.8, y € K[z?]°. By Lemma 11.55, y € K|z]°\ K¢ and thus y € K[27]°\ K¢. Hence
by Lemma 11.61,

hi(x:y)=hg(z:2P) -hg(P:y)>p

since hy (z : zP) = p. O
Corollary 11.64 Assume (186), (187), and let the rank of (K,v) be 1. Then
K@)"=K@y)" < hg(z:y)=1.

Proof: By the foregoing lemma, hx(z : y) = 1 implies that K (x)"| K (y)" is separable.
Since the rank of (K, v) is assumed to be 1, y satifies (188) by virtue of Lemma 11.55. Now
our assertion follows from Lemma 11.60 and Corollary 11.62. O

From now on, we will always assume (186), (187), (188). As usual, let f(z) € K[z] such
that v(y — f(x)) > dist (y, K). An element d € K will be called approximation coefficient
of y in z (over K), if

Ve /@ u(f(x) = f(e) <u(f(2) = fe) —d- (z—)) (189)
with h = hg(z : y).

Lemma 11.65 If d satisfies (189) for some f(x) with v(y — f(x)) > dist (y, K), then it
satisfies (189) for every such f(x); in other words: approzimation coefficients are indepen-
dent of the choice of f(x). If d satisfies (189), then it also satisfies

Ve S a o(y = fle) <vly — fle) —d-(z =) . (190)
Proof: If g(z) is another element of K[x] with v(y — g(z)) > dist (y, K), then
v(f(z) —g(z)) = dist (y, K) = dist (f(z), K) = dist (¢(z), K) .
Since appr (z, K) is transcendental, we have for all ¢ / z:
v(f(c) —g(e)) = v(f(z) — g(x)) = dist (f(x), K)
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by Lemma 11.53. Hence for all ¢ " x:

and

which shows that d fulfills equation (189) also with g in the place of f. Replacing g(z) by
y and g(c) by f(c) in the above deduction, one obtains a proof of the second assertion. O

Lemma 11.66 d is an approzimation coefficient of y in x if and only if
v(fu(c)) <v(fulc) =d) for ¢ /x.
Consequently, there exists an approzimation coefficient of y in .
Proof: By definition of h = hy(z : y) = hg(z : f(z)) we have
v(f(@) = f(e) = fule)(@ = )") > v(f(x) = f(c))
for all ¢ / z, hence (189) holds for ¢/  if and only if
v(fu(e)(x =) —d-(z =) > o(f(z) = f(c)) = v(fulc)(x — )"

which is equivalent to
Ve /x: v(fu(e) < v(fu(c) —d) .
Since K (x)|K is assumed to be an immediate extension, there exists some d € K such
that v(fu(x) — d) > v(fu(x)). Since appr (z, K) is transcendental, for ¢ /' = we have

v(fu(c) —d) = v(fu(zr) — d) and v(fn(c)) = v(fu(r)) and thus
v(fu(c) = d) = v(fu(z) — d) > v(fu(z)) = v(fulc)) -

Hence d is an approximation coefficient for y in x by the first part of our proof. O

Lemma 11.67 Let y; € Klz|®\ K° with equal approzimation degree h = hg(z : y;),
1 <i < m. Assume that d; € K is an approximation coefficient of y; in x and let k; be
elements in K such that

1<i<m

i=1
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Proof:  We choose f)(z) € K[z] with v(y; — f@(z)) > dist (y;, K). We put

x) = f:sz(z)(l‘) € K|z

and show that hy(x : g(x)) = h. Indeed, for ¢ /" x and 1 < j # h we have

v(gn(c)(z — o)) = (zy: >+hvu—c_w<§ﬁd>+hm@—@

=1

= min (v(kid) + b vz — o) = min (o0 (0) (@ — o))

1<i<m

< min (v(kf(e)(x - ¢)))

1<i<m
<o (z kif;%)) 4ol — ) = (g, a— o)
i—1
Now it also follows that

dist (9(z), K) = dist(g(x),g(K)) =supv(g(z) — g(c))

= supo(gn(c)(z = ¢)") =sup min (v(kify(e)(x = "))

= min sup(u(kify(c)(@ = ") = min dist (kif(2), K)

= ég%@w0+maqwuyxn_3?%@w0+ma@hK»
< min (v(k:) + v(yi — fO(2))) < min v(kiyi — kif O (x))

< o (St - k) = (f: ko~ g<x>)

=1

(where the first equation is taken from Lemma 11.37, in view of our hypothesis that
appr (x, K) be transcendental). This shows

dist <§: k:iyi,K> = dist (g(z), K)

=1

and
(Z kiy; — ) > dist (Z ki, ) ;
=1
hence
Zklyz th g( )):hv
as asserted. O
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11.4 Classes of associated minimal polynomials.

Given an immediate algebraic approximation type A = appr(z, K), we want to consider
the class of all associated minimal polynomials for A, which we will denote by amp(A).
As usual, we let d = deg(A) and fix one associated minimal polynomial f(X) € K[X]. Tt
turns out that amp(A) contains precisely all normed polynomials g of degree d for which
g(x) has the same approximation type appr(f(z), K) over K as f(x), and they are of a
special form:

Lemma 11.68 Let A and f as described, and let g € K[X]. Then g € amp(A) if and
only if appr(f(x), K) = appr(g(x), K), and this is the case if and only if

d-1

9(X) = f(X) + 2 (X = )]

i=1
for suitable elements c*,cf, ..., ch_; € K which satisfy
i-v(x—c) +u(cf) > v(c) > dist(f(x), K) fori=1,...,d—1.

In particular, if g(x) is chosen as in Corollary 11.46 withn < d, then it is also an associated
manimal polynomial for A.

Proof: In view of the fact that if ¢ €amp(A), then both f and g are normed polynomials
of degree d and consequently, f — g is of degree < d, the entire lemma is just an application
of Corollary 11.46. O

Corollary 11.69 If the distance of A = appr(z, K) is oo, then A admits a unique associ-
ated minimal polynomial which is the minimal polynomial of x over K, and the K[X]-ideal
generated by this polynomial is equal to the set of all polynomials g € K[X| whose value is
not fized by A.

Proof: If A has distance oo, then Lemma 11.36 shows that
dist(f(x), K) = 00 .

In view of the foregoing lemma we conclude that f is the only associated minimal poly-
nomial for A. From Lemma 11.39 we know that v(f(z)) = oo, i.e. f(z) = 0. Since f is
irreducible over K (cf. page 31), this shows that f is the minimal polynomial of x over K.
Furthermore, any polynomial g may be represented in the form (179) (cf. page 202), and
Lemma 11.41 shows that A fixes the value of g #Z 0 if and only if ¢y(X) #Z 0 (since in this
case, the values of all terms except cy(c) tend to oo for ¢ /' x). But ¢o(X) = 0 holds if
and only if g lies in the K[X]-ideal generated by f. O

Now we want to determine easy normal forms for associated minimal polynomials. The
idea is to generalize Kaplansky’s Lemma 10 (cf. [KAP1], p. 311) to general rank, using the
fact that henselian fields are separable—algebraically closed in their completion:

Lemma 11.70 If K is a henselian field of arbitrary rank, then K°NK is purely inseparable
over K.
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Proof: Assume that K°N K contains a nontrivial finite separable extension L of K.
Take N to be the normal hull of L over K. Let v be prolongated to N.K¢ (in fact,
this prolongation is uniquely determined since by Lemma 5.12, K¢ is henselian too). Let
a € L\ K and let b # a be a conjugate of a over K. Then

00 # v(a —b) € v(N.K¢) C v(K°) = v(K)

hence there is an element o € v(K) with @ > v(a — b), and since a € K¢, there is an
element ¢ € K with v(a — ¢) > a > v(a — b). For 0 € Gal(L|K) with ca = b, this yields

v(o(a—rc)) =v(b—c) =min{v(a —b),v(a —¢)} =v(a—0b) <v(a—rc),

showing that v and v o ¢ are two distinct prolongations of the valuation v from K to NV,
a contradiction to our hypothesis that K should be henselian. This contradiction proves
that K¢N K is purely inseparable over K. O

Furthermore, we need the following details and definitions about cuts in ordered abelian
groups:

Lemma 11.71 Let § = (A, A') be a cut in the ordered abelian group I'. Then the set
I, ) :={yel|v+A=A}

is a convezr subgroup of U'. A/T is again an initial segment of the ordered abelian group
['/Z. Let §/Z denote the corresponding cut (N/Z,T/Z\ A/T) in the ordered abelian group
['/Z. Then for every a € T,

a>d <= a/I>0/T
a>0 <= af/I>0/T

and )T = (AJZ,N'/T). Moreover,
Z(6/Z,1/T) = {0} .
Furthermore, if © is a nonzero integer and v € I, then
Z(i-d+~,1T)=1Z(T).

Proof:  We abbreviate Z = Z(4,I"). The straightforward proof that Z is a group, is left
to the reader. It remains to show that Z is convex in I'. Since A is an initial segment of
I', we have A + a C A + 3 whenever o < 3. Hence if o, 6 € Z and v € I" with a <~ < 3,
then

A=A+aCA+~yvCA+[5=A

which shows that A +~ = A, i.e. v € Z. This proves that Z is convex in I'. Thus I'/Z is
again an ordered abelian group, and the natural epimorphism “ /Z” preserves the relation
“>”. From this it follows that A/Z is again an initial segment of I'/Z and that A/Z < A'/Z.
Moreover, it shows

a>0 = o/ >0/
a>0 <= o/I>/T.
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It remains to show the converses. If a/Z > §/Z, then there must exist an element v € 7
such that o+ > §, hence « > § — v = § by definition of Z. If a/Z < §/Z, then there
must exist an element v € 7 such that a4+ < ¢, hence a < § — v = §. Now it also follows
that I'/Z \ A/Z = A'/Z, hence 6/ = (A/Z,N'/T).

The fact that the invariance subgroup of 0/7 is trivial, is seen as follows: if v/Z+§/Z =
d/Z for an element v € I, this means that

Y+I+A+IT=A+T1,

and in view of A +7Z = A, this yields v+ A = A, i.e. ¥ € Z and thus v/Z = 0.

Finally, let ¢ be a nonzero integer and v € I". The already proved property of an
invariance subgroup to be a convex subgroup shows that o € Z(i - 0) <= i-«a € Z(i - 0).
Using this, we compute

a+A=AN << i-a+i1-A=i-A
— ati-A=1i-A
— a+i-A+vy=i-A+7.

For positive 7, this proves Z(i -6 +v,1") = Z(0,I"). For negative i, we thus have

and it remains to show that

1(6,T) = I(—5,T) .

Since (A, ) is a partition of I', we have o + A = A if and only if @ + A’ = A’. The latter
is true if and only if @ + —A’ = —A’. Hence «a is an element of Z(§,T") if and only if it is
an element of Z(—4,T"); this proves the desired equality. O

Z(5,T") will be called the invariance subgroup of the cut § in I'; we will also denote it
by Z(0) if there is no danger of confusion. If A/Z admits a maximal element, then the cut
0 will be called a weakly distinguished cut. If in this case, ¢ is the distance of an approxi-
mation type A, then A will be called a weakly distinguished approximation type. If A/T
admits 0/Z as maximal element (which implies that 0/Z realizes the cut §/Z(9) ), then the
cut ¢ will be called a distinguished cut, and A will be called a distinguished approximation
type. This name is chosen since distinguished approximation types are corresponding to
distinguished pseudo Cauchy sequences in the sense of Ribenboim [RIB1], p. 105.

Lemma 11.72 Let § = (A, \) be a cut in the ordered abelian group I', i a positive integer
and v € I'. Then d is weakly distinguished if and only if i -6 + v is, and both cuts have
the same invariance subgroup I; moreover, if vs5/Z is a mazimal element of A/T for some
vs € I' (which implies that 0 /T is realized by vs/Z ), then (i-vs+y)/Z is a mazimal element
of i - A+~ (which implies that i - § + ~y is realized by (i -vs +)/T).

If 6 is weakly distinguished, and vs € T such that vs/Z is the mazximal element of AJZ,
then the distinguished cut 6 — vs = (A — v5, N — 75) is represented by the convezr subgroup
I =1I(5) of I, i.e. T is cofinal in A —~5. Conversely, if there ezists an element s € I' and
a convex subgroup I of I' such that I is cofinal in A — s, then 0 is weakly distinguished
with T =7Z(6) and ~v5/Z is the mazimal element of A/T.
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Proof: From Lemma 11.71 we infer Z(i - § + ) = Z(0), whence
(i-N+7)/T(i-0+~)=1i-NZ(5)+~v/Z(0)

which for positive i shows that A/Z(§) admits v5/Z(J) as maximal element if and only if
(i-A4+)/Z(i- 0+ ) admits (i - vs +7)/Z(6) as maximal element. This proves the first
part of our assertion.

Now assume ¢ to be a weakly distinguished cut and s € T' such that 7s/Z is the
maximal element of A/Z. Consequently, (A —~s)/Z admits 0/Z as maximal element which
shows that & — 75 is distinguished. In particular, (A —v5s)/Z contains no positive elements,
i.e. there are no elements § € A — ~5 with 8 > Z. Now let 3 € Z. Note that w.l.o.g. s
may be chosen to be an element of A. Then 0 =5 —vs € A — 5, and since 6+ A = A,
being an element of the invariance subgroup Z of § in I', we find

B=0+0€ B+AN—7%)=B+A)—1w=7A—7.

Since 8 € T was arbitrary, we deduce that Z C A — ;5. Together with what we have shown
before, this proves that Z is a final segment of A — 75 and hence cofinal in A — ~;.

Now assume that there exists an element 75 € I" and a convex subgroup Z of I' such
that Z is cofinal in A — ;5. In view of the first assertion of our lemma that we have already
proved, and in view of the equality Z(J — ) = Z(0), we may assume w.l.o.g. that 5 = 0.
Thus we have to show that 7 is the invariance subgroup of the cut which is represented by
Z. But this is immediately seen to be true since the biggest convex subgroup Z’ of I" such
that Z + 7' is cofinal in Z, is just Z. O

The following lemma deals with a characteristic interval Uy that we use in section 4.

Lemma 11.73 Given a negative cut 6 = (A, \') in T (i.e. 0 € '), the set
Us={ael|A<a<—A}
1s an interval in I' containing 0 and closed under oo — —a.. We find
Us=Nn-A\.
If Us is a group, hence a convex subgroup of I, then
Us = 1(0) = Z(=9)

and —4 is a distinguished cut. If in addition, T" is divisible, then § is not weakly distin-
gquished.
Conversely, if —0 is distinguished, then ¢ is a negative cut, and

I(0)=Us={ael|d<a< —d}.

Proof: Since 0 € A’ by hypothesis, we have A < 0 and 0 = —0 < —A, hence 0 € Us. If
A <a < —A, then A = —(—A) < —a < —A which proves that Uy is closed under a — —a.
Since a > A & «a € A, the latter shows

aclUse=acANAN-aecl,
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whence Us = A’ N —A’. Consequently, if Us is nonempty, then it is cofinal in —A’. If in
addition Uy is a group, then by Lemma 11.72, Uy is the invariance subgroup of —4 in I', and
—¢ is weakly distinguished with —§/Z(—0) = 0, hence distinguished. By Lemma 11.71,
Z(6) = Z(—6). Furthermore, let I be divisible; then so is I'/Z(6). From Lemma 11.71
we know that (A/Z(9),A'/Z(0)) is a cut in I'/Z(0), and from Lemma 11.72 we infer that
0/Z(0) is the maximal element of —A’/Z(9), hence the minimal element of A’/Z(6). Since
['/Z(6) is divisible, this shows that A/Z(J) has no maximal element and thereby proves
that ¢ is not weakly distinguished.

For the converse, assume that —6 = (—A’, A) is distinguished. Then by Lemma 11.72,
Z(9) is cofinal in —A’. In particular, this shows that —A’ contains nonnegative elements,
hence —¢ is a positive and 0 is a negative cut. Furthermore, we may deduce that —A’
admits no maximal element and A’ admits no least element, which yields

U={ael|d<a< -6}

Finally, since both Us and Z(4) are cofinal in —A’ and are closed under a +— —a, we
conclude that
Us =1Z(0) .

For the investigation of associated minimal polynomials, we need a further lemma.

Lemma 11.74 Given the cut § = (A, \') in the ordered abelian group T, let 0 < n ¢ Z(9).
Then there ezists an element v € A such that v +n > A (i.e. v +n>6).

Proof:  Since n ¢ 7, we have A # A + 1. On the other hand, A C A 4 7 since A is an
initial segment and 1 > 0 by hypothesis. Consequently, there exists an element in A+n\ A
which we may write as v 4+ n for some element v € A. Since A is an initial segment, it
follows that v +n > A, as asserted. O

Lemma 11.75 Given the cut 6 = (A, A’) in the ordered abelian group T', suppose that 0 is
not weakly distinguished. Let i,j be natural numbers, j > 1 > 0, and o;,; € I'. If there
exists 3 € A such that

()éj+j'ﬁ>Oéi+i‘6,

then there exists an element By € A such that
VB>PBo: aj+j7-B>a;+i-A.
Proof: First we show that there exist « € A and n € I', n > Z, such that
aj—a;+(J—1i)-a>i-n>T.
Indeed, by assumption there exists § € A such that

Oéj—&i+(j—i)'ﬁ>0.
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Since ¢ is assumed to be not weakly distinguished, A/Z has no greatest element, hence
there exists an element o € A such that o/Z > /7, i.e. « — 3 > Z, whence

aj—o;+(—i)-a>{—1i) - (a—p)>T.

If A/Z has no smallest positive element, then there exists an element 1 > Z such that
(j—i)- (o« —p)>i-n>i-Z=71I. If on the other hand, A/Z possesses a smallest positive
element, say 1/Z, then by our hypothesis that A/Z has no greatest element, we may choose
« € A such that & — 3 > i-n, whence again, (j —¢)-(a«—3) >i-n > i-Z = Z. This proves
the existence of the required element 7.

Since n ¢ Z, by the preceding lemma there exists v € A such that v+ 7 > A. Putting
Bo = max{~y,a} we get By +1n > v+ n > A and consequently i - By +i-n > i-A. Hence
for all 3 > [y, we have 8 > a and

aj+j-0 = aj+i-B+(j—1i)-0
Z Oéi+@j—06i+i'60+(j—i)'05
> aiti-Bo+tion>a;+i- A

as asserted. O

We will apply invariance subgroups as a tool in the following general situation. Given
an immediate algebraic approximation type A = appr(z, K) of degree d < oo, let § =
dist(z, K) = (A, A’) (where A = A(A)), and Z = Z(6,v(K)). Furthermore, let ws = wz
be a coarsening of the valuation v (of K(x)) whose restriction to K is the coarsening of
v on K which corresponds to the convex subgroup Z of the value group v(K). Given any
convex subgroup Z of v(K), the coarsening wz which corresponds to Z is the unique one
which satisfies the following conditions:

Vee K : wz(c) —v(e)+Z

induces an isomorphism

and
Ve € Oy o v/wz(c/wr) — v(c)

induces an isomorphism
v/wr(K/wr) 2T .

The valuation wz is uniquely determined on K, but may have two different prolongations
to K(x) both being coarsenings of v, if the rank of v(K(z)) is greater than the rank of
v(K). Note that ws is the trivial valuation on K iff 6 = oo. Finally, by §/Z we will denote
the cut (A/Z, N /T) in ws(K), cf. Lemma 11.71. For this situation, we note the following

Lemma 11.76 The approzimation type appr(z, K) is weakly distinguished if and only if
there exists an element b € K such that appr(bz, K) is distinguished. If v € K, then
appr(z, K) is distinguished.

If A = appr(z, K) is distinguished and x ¢ K, then for every ¢ / x, the ws—residue
(x — ¢)/ws does not lie in the residue field K/ws but is an element of the completion
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(K Jws)®W/ws) of K Jws with respect to the induced valuation v/ws (in particular, this holds
for every c € K with ws(x —¢) > 0).

Conversely, if there exists an element ¢ € K and a coarsening w of v such that (x —
c)/w € (K/w)W/"\ K/w, then A is distinguished with v ¢ K and w = w; (on K ).

Proof: The first assertion follows immediately from Lemma 11.72 if we choose b € K such
that v(b) = —vs. The second assertion is trivial since x € K yields A(appr(z, K)) = v(K)
and thus Z = v(K') which shows A(appr(z, K))/Z = {0}.

Let Z be a convex subgroup of v(K) and wz a coarsening of v (on K(z)) which corre-
sponds to Z. We will show: Z is cofinal in A(appr(z, K)) if and only if for some ¢ € K,

(x — o) fwr € (K/w){"""\ K /wr .
By the second of the above mentioned isomorphisms,
7T C A(appr(z, K))
is equivalent to the fact that the set
{v/wr((z —)/wr) | x —c € O )}

is cofinal in v/wz(K/wz). In this case, there exists some ¢ € K such that v —c € O .,
and in view of (z — ¢)/wr — ¢ /wz = (z — (¢ + ¢))/wz, the cofinality of the above set is
equivalent to the property of

A(appr((z — ¢)/wz, K/wr))

to be cofinal in v/wz(K/wz), i.e. the property of (z — ¢)/wr to be an element of the
completion of K /wz with respect to the induced valuation v/wz.

Furthermore, the existence of an element € A(appr(z, K)) with 8 > 7 is equivalent
to the existence of an element ¢g € K with wz(z —cg) > 0, ie. (v —c— (cg —¢))/wr =
(¥ — c3)/wz = 0, and this is equivalent to (x — ¢)/wr € K/wz. Together with what we
have proved already, this shows that Z is cofinal in A(appr(z, K)) and = ¢ K if and only
if for some ¢ € K,

(z — o) /wr € (K/w)"""\ K /wr .

Now let § = (A, A’) be the distance of A. If ¢ is distinguished, then by virtue of
Lemma 11.72, the convex subgroup Z = Z(J) of v(K) is cofinal in A. Then by what we
have shown, there exists ¢ € K such that

(x — ¢)/ws € (K /w)§"")\ K Jws .

The same must be true for every ¢ in the place of ¢ if v(x — ) > v(x —c¢) or ws(x — ') > 0.
This is seen as follows: If v(z — ¢) > v(z — ¢) then ws(z — ¢’) > ws(x — ¢) = 0. Thus
we have ws(x — ¢) > 0 in both cases, and this implies ws(c — ¢’) > 0. Consequently,
(x — ) /ws = (x — c)/ws + (c — &) /ws € (K/ws)*“/*s). On the other hand, (z — ) /ws)
cannot be an element of K /wjs) since otherwise this would also hold for (z — ¢)/ws). We
have herewith proved that the above property holds for every ¢ /' x and every ¢ € K with
ws(z —¢) > 0.

224



For the converse, assume that there exists an element ¢ € K and a coarsening w of v
such that (z — ¢)/w € (K/w)/") \ K/w, and let w = wz for a suitable convex subgroup
7 of v(K). By what we have shown in the beginning, Z is cofinal in A. Then Lemma 11.72
shows that the cut § is distinguished with invariance subgroup Z(4) = Z, proving moreover
that ws = wz. This completes the proof of our lemma. O

Now we are able to prove normal form theorems which generalize Lemma 10 of [KAP1].
Beforehand, note that for our investigation of the associated minimal polynomials for an
immediate approximation type A, we may always assume that A = appr(z, K) with
(K,v) <3 (K(z),v) according to Lemma 11.13. By Lemma 11.40, i being as in that
lemma, this yields for every associated minimal polynomial of A:

dist(f(x), K) = h - dist(z, K) + v(fu(c)) . (192)

Theorem 11.77 Let A = appr(z, K), z ¢ K, be a weakly distinguished algebraic approxi-
mation type of degree d and distance § with associated minimal polynomial f € K[X]. Let
w = wg the coarsening of v (on K(x)) which we have defined on page 223. Choose the
integer h to be as in Lemma 11.36. Then there exists b € K such that for every ¢ /" x we
have: w. := b(x — ¢)/w is finite and an element of

(K/w)* I\ K fw

and it is a zero of the polynomial

d
FX) = acf(e)/w+ X"+ > X'(ab™ file))/w
i=h+1
where a. = b"fn(c)™t, and the residues (ab~'fi(c))/w and a.f(c)/w are finite. fis of
degree d and irreducible over K /w, and it is the unique associated minimal polynomial for
appr(we, K/w). We may put b =1 if A is distinguished.
Furthermore,

g( + Z —C fz
is an associated minimal polynomial for A whenever c/ x.

Proof: A being weakly distinguished by hypothesis, we choose v5 € I' according to
Lemma 11.72 such that Z is cofinal in A —~;. Let b € K such that v(b) = —~s (we may put
b=1if 5 =0, i.e. if A is distinguished). Then dist(bx, K) = § — 5 is distinguished, and
for every ¢ /' x we will have v(b(x—c¢)) € Z, thus w(b(x—c¢)) > 0 and w. = b(x—c¢)/w # oc.
Since appr(bz, K) is distinguished, we infer from Lemma 11.76 that w. is an element of
(K/w)*®/)\ K /w. Furthermore, putting a. = b fi(c)~! we get

v((b(z = ¢))'ach™ fi(e)) > v((b(x — c))")

foralli # h, 1 <i < d, and all ¢ / = by the definition of h (cf. Lemma 11.36). This
shows that all residues w’(a.b~"fi(c))/w and thus all residues (a.b~"f;(c))/w are finite for
¢ /" x. By Lemma 11.39, we know that v(f(z)) > v(f(c)) = v(fu(c)) + h - v(x — ¢) for all
c /" x. Hence

v(acf(c)) =h-v(b)+h-v(xr—c)=h-v(blx—c)).
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Firstly, this shows a.f(c)/w # co. Secondly: since the values v(b(z — ¢)) are cofinal in the
convex subgroup Z for ¢ / z, the same holds for the values h - v(b(z — ¢)). Consequently,
v(acf(x)) > T, i.e. a.f(x)/w = 0. Since on the other hand,

acf(x) = acf(c) + (bz — )"+ > (bz —c))'ab™ fi(c)

1< <d
i#h
by the finiteness that we have shown above we get
0=acf(c) +we+ > wilach™ file)/w. (193)
1<i< d
i#h

We want to deduce from this that f(w,) = 0, where f is defined as in the assertion of our
theorem. If h = 1, then this is already the assertion. Suppose now that h > 1. By the
definition of h we have

v(fulc)) +h-v(z —c) <v(fi(c) +i-v(x—c)
for i # h and all ¢ /" x. Consequently, if ¢ < h, then for ¢ " x,

v(ach™ fi(e)) = (h—i)-v(b) +v(fi(c)) — v(fu(c))
> (h—1i)-v(b)+ (h—1)-v(r—c)
= (h—1i)-v(b(z—c)).

The latter values are cofinal in Z. On the other hand, the values of a. = V" fi,(c) and of
fi(c) are fixed for ¢ / x (fn and f; having degree < d), hence

v(ab ' fi(c)) > fori<handc /x, (194)

i.e. (asb"fi(c))/w = 0, which proves that the sum in (193) has to range only over i > h,
as asserted in the theorem.

To show the irreducibility of the polynomial f (X), assume that there is a factorization
f — hihy over K/w and let hy,hy € K[X] be foreimages of hy, he with respect to the
residue map “/w”. Now we have

(@cf (@) = hi(b(z = )ha(b(z —¢)))/w = acf(z)/w — M (b(x = ))hs(b(z — c))/w
= 0~ hi(we)ha(we) = flwe) =0

for all ¢ /" x, hence

v(acf(x) — hi(b(z — ¢))ha(b(z — ¢)))
> I=h-IT=h-(v%+ZI)+v(fulc)) —h- v —v(fulc))

= h-dist(z, K) + v(fu(c)) +v(ac) ,
whence by (192) and by Lemma 11.25,

v(acf(x) = hi(b(x = c))ha(b(x —¢))) > dist(f (), K

) +v(ac)
= dist(a.f(x), K)
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which shows appr(hy (b(x — ¢))he(b(x —¢)), K) = appr(a.f(z)), according to Lemma 11.26.
Since appr(z, K) does not fix the value of f(X) by hypothesis, it also does not fix the value
of a.f(X), and by the equality of the approximation types it follows that it does not fix the
value of hy(b(X —¢))ha(b(X —¢)) either. But the degree of this polynomial is < d, hence it
must be equal to d since appr(z, K) is of degree d, and the polynomial must be irreducible
over K as remarked in section 2, page 31. This shows that one of the polynomials hq, ho
must be a constant. The same must hold for i, ke which proves that f is irreducible over
K/w.

Now let ¢ € K[X] be as in the assertion of the theorem. According to Lemma 11.68,
to prove that ¢ is an associated minimal polynomial for A, it suffices to prove that
appr(f(z), K) = appr(g(x), K), and according to Lemma 11.26, this is equivalent to

v(f(x) — g(x)) > dist(f(x), K) .
Using again the Taylor expansion (178) for f, we find
fX)=g(X)= > (X =0 file).
1<i<h

From (194) and the fact that v(b(x — ¢)) € Z for ¢ " z, it follows that also v((b(x —
¢))a.b~ fi(c)) > T for i < h and every ¢ /" z, whence

v(f(z) —g(x)) = v (ac—l > (b(z — C))iacb_ifi(@)

1<i<h

) ( Z (b(x — c))iacb_ifi(c)) —v(a.)

> I—;(ac) =7 —h-v(b) +v(fu(c))
= Z+4+h-v+o(fulc) =h-(vs+7I)+v(fulc)),

whence
v(f(x) = g(z)) > h-dist(z, K) + v(fu(c)) = dist(f(z), K)
for every ¢ /" x; the last equation holds by (192). This completes the proof of our theorem.
O

Corollary 11.78 Let A = appr(x, K) be a distinguished approximation type of degree d
and distance 0. For every c /" x, it induces a distinguished approximation type

A Jws = appr((x — ¢)/d, K/ws)
which s of the same degree d and has distance oco.

Proof:  Let w = ws. Theorem 11.77 shows that for ¢ ' x, the element (z — ¢)/w lies
in the completion of K/w, hence its approximation type appr((z — ¢)/w, K /w) over K/w
has distance oo. Moreover, we infer from the theorem that this approximation type has an
associated minimal polynomial of degree d and thus is itself of degree d. O

For henselian ground fields, the assertion of Theorem 11.77 may be supplemented as
follows:
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Theorem 11.79 Let the situation be as in the foregoing theorem and assume in addition
that K s henselian. Let
pw = max{1, char(K/w)} .

Then h =d = p¢, for some integer e > 0. Thus
bif(c)/w+wd =0

forallc /" x, and
9(X) = f(e) + (X —)?

1s an associated minimal polynomial for A for all ¢ /' x. In particular, if d > 1, then
K/w has positive characteristic.

Proof: We choose b as in the proof of Theorem 11.77. According to that theorem, b(x —
¢)/w is an element of (K /w)®/*) for ¢ / x, and it is algebraic over K. Since K is assumed
to be henselian, Lemma 2.15 shows that (K /w,v/w) is also henselian. By Lemma 11.70,

w. must be purely inseparable over K. The irreducibility assertion of Theorem 11.77 for f
thus shows that f(X) must be of the form a.f(c)/w+ X". But Theorem 11.77 also asserts
that its degree is d, hence h = d and d = p{, since f is the minimal polynomial of w,
which is purely inseparable over K/w. The last assertion now follows immediately from
Theorem 11.77. O

Now we turn to the remaining case of A not being weakly distinguished.

Theorem 11.80 Let A = appr(z, K) be an algebraic approzimation type of degree d and
distance § with associated minimal polynomial f € K[X]. Assume that A is not weakly
distinguished. Let h be as in Lemma 11.36 and p = max{1,char(K)}. Then h = d = p°
for some integer e > 0, and

9(X) = F(0) + (X — o Fa(e)

=0

is an associated minimal polynomial for A whenever ¢ /" x. (Note that g is additive if the
characteristic of K is positive.)

Let T =TZ(6), the coarsening w = ws of v and the cut §/Z in v(K)/Z be as explained
on page 223. Then

9(X) = F(e) + i(x o et (o)

is an associated minimal polynomial for A for all ¢ / x, where v(fyi(c)) = v(fyi(x)) and

(= { L ifw(fp(e) = (0 —p') - (6/T)

0 else.
In particular, if the cut 6 /Z is not rational, then
9(X) = fle) + (X =)

s an associated minimal polynomial for A for all ¢ / x.
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Proof:  As in the proof of Lemma 11.36, we consider the Taylor expansion (178) of f,
keeping in mind that A fixes the value of all derivatives f;, ¢ > 0, since their degree is < d.
By Lemma 11.31 we know: if i = p’, j = p'r with r > 1, (r,p) = 1, then

(7 =) - v(z =) +o(f;(¢) — v(fi(c) >0

for all ¢ / x. Now it follows from Lemma 11.75 that there exists an element 3, € A such
that

v(f5(e) + vl —c) >v(fi(e) +i-A
for all ¢ /" x (such that v(z —¢) > (). On the other hand, if ¢ # h then v(fi(c)) + i -
v(x —¢) > v(fu(c)) + h-v(x — ¢) which yields v(fi(c)) +i- A > v(fu(c)) + h- A and thus
by (192),
v(fi(c)) +7-v(x—c)>v(fulc) +h-A=dist(f(z), K) . (195)

For any 5 such that h < j < d, we have by the choice of h that
(7 —h)-v(x——c)+v(fi(c) —v(fulc) >0

for all ¢ /" x, and in the same way as above, (195) may also be deduced for such j.
Altogether, if we put h = p°® according to Lemma 11.36, it follows in view of the Taylor
expansion (178):

J#PYVi>h

v@hﬂ—ﬂd—iﬁ%wﬁm@0=v( §:<x—Wﬁ@ﬂzdmumem
hence by Lemma 11.26, appr(f(x), K) = appr(g(z), K) for
() = 1(0) + 30X = 0 (0.

which in view of Lemma 11.68 shows that ¢ is an associated minimal polynomial for A
whenever ¢ " x. In particular, A does not fix the value of this polynomial, hence its
degree cannot be less than d. This proves d = h = p°. Note that this yields fi(c) = 1 and
thus v(fu(c)) =0 for all ¢ € K.

Now let j = p? < h, i > 0. Then by the choice of h, we have
Jjrv(x—c)+o(fi(c) >h-v(x—c)+v(fulc) =h-v(x—c)
and thus also
J-w(r—c) +w(file)) 2 h-w(z - c)
for all ¢ /* x. This shows
J-(0/T) +w(fi(e)) = h-(6/T) .
If “>” holds here, then we know that
J-w(z —c) +w(f(c)) > h-(6/T)
for all ¢ /" x and thus also
jvl@ =)+ o(fy(e) > h -5 = dist(f(), K)
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for all ¢ / x. As we have shown before in this proof, for such indices j we may
omit the summand (X — ¢)? f;(c) from the polynomial g(X) without loosing the property
appr(f(z), K) = appr(g(x), K). But for j # h, the equation

7+ (0/Z) +w(fi(c)) = h- (/1)

is only possible if

h—3j

is a rational cut in I'/Z. Consequently, if this is not the case, then all summands

(X~ fy(e), j#h

may be omitted from the polynomial ¢g(X) without loosing the property that f(z) and
g(x) have the same approximation type over K. But if §/Z is rational, then the above
equation yields the criterion that we have used in the formulation of our theorem for those
summands that have to appear in g(X). O

Whenever we have obtained a polynomial g from the assertion of Theorem 11.77, The-
orem 11.79 or Theorem 11.80, g(z) having the same approximation type as f(z) over K,
then A does not fix the value of g since by hypothesis, it does not fix the value of f. Then
from Theorem 11.52 we know that there is a simple immediate extension K (y)|K of degree
d such that appr(y, K) = appr(z, K) and y is a root of the polynomial g.

Corollary 11.81 Let the situation be as in Theorem 11.80 and assume in addition that
there exists no nontrivial immediate algebraic extension of K of degree < p°. If e > 1,
then 0 must be rational, and we will necessarily have €; # 0, i.e. v(fi(c)) = (p¢—1)-9 for
c /.

Proof: If the assertion were not right, we could write

9(X) = [0+ 3 27 e i (€)

i=0

where Z = (X — a)?. Then the immediate extension K(y)|K which we have introduced
above and which is of degree p®, would admit a nontrivial immediate subextension K (z)|K
where z = (y — a)?, which is of degree p°~! contradicting our hypothesis. O

Theorem 11.79 and Theorem 11.80 together show:

Corollary 11.82 If K is a henselian field and A is an itmmediate approximation type over
K, then the degree of A is a power of p.

Corollary 11.83 Let K be a henselian field, (K (y),v)|(K,v) be an immediate extension
and (K(y'),v)|(K,v) an arbitrary extension of degree p = char(K). If

appr(y, K) = appr(y', K)

then (K (y'),v)|(K,v) is also an immediate extension.
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Proof: The approximation type appr(y’, K) = appr(y, K) is immediate by Theo-
rem 11.27, because K (y)|K is immediate by assumption. Since [K(y') : K] = p, appr(y/, K)
is of degree < p by Corollary 11.48. If it were of degree less than p, it could only be of
degree 1 by Corollary 11.82. But by Lemma 11.39 this means that 3y’ € K, contrary to our
assumption that [K(y') : K] = p. Thus appr(y/, K) is an immediate approximation type of
degree p over K. By Theorem 11.52, there exists an immediate extension of the valuation
v from K to K(y'). Since K is henselian by assumption, this extension must coincide with
the given valuation v on K(y’) which shows that (K (y'),v)|(K,v) is immediate. O

In Corollary 11.78, we have stated a correlation between a given distinguished approxi-
mation type over K and certain approximation types on the residue field K /w. This also
covers the case of a weakly distinguished approximation type because it is always connected
to a distinguished approximation type through multiplication with a constant. In the case
where the given approximation type is not weakly distinguished, there is a correlation with
certain approximation types on the valued field (K, ws), as we will see below. Beforehand,
we note the following easy observation:

Lemma 11.84 Let A, = appr,(z, K) be an approzimation type over K of degree d < co.
Then for every g € K[X]| of degree < d,

T(dist(g(x), K)) = T(dist(z, K)) .

If in addition (K,v) <3 (K(z),v), then the assertion holds even for polynomials g of
arbitrary degree.

Proof: If g € K[X] is of degree < d, then by Lemma 11.37,
dist(g(z), K) =i - dist(z, K) + 3

for some integer i > 0 and 5 € v(K). If (K,v) <3 (K(z),v), then according to Lemma 11.40,
the same holds for polynomials g of arbitrary degree. Now our lemma follows from the last
assertion of Lemma 11.71. O

Theorem 11.85 Let A, = appr,(z, K) be an approximation type with respect to the val-
uation v of K, of degree d and distance 6. Assume that A, is not weakly distinguished,
and let again w = ws denote a coarsening of v (on K(x)) corresponding to T = Z(65) (cf.
page 223). Then the approximation type A,, = appr,(x, K) of x over K with respect to the
valuation w is also an immediate approximation type of degree d. More precisely, given a
polynomial g € K[X], then A, fizes the value of g if and only if A, fizes the value of g. In
particular, g is an associated minimal polynomial for A, if and only if it is an associated
minimal polynomial for A,,. In particular, if 1 < d < oo, then char(K/w) > 0.

Proof: By hypothesis, A, is not weakly distinguished, i.e. A(A,)/Z has no greatest
element. But A(appr, (z, K)) = A(A,)/Z, so it follows that dist,,(z, K) is not assumed by
an element of K. This proves that appr,(x, K) is residue-immediate.

To prove that appr,(z, K) is value-immediate, let ¢ € K; we have to show that there
exists a € w(K) with

¢ € appr,, (7, K)q \ appr, (z, K);, -
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But this follows immediately from the same property of appr,(z, K).

Now let g € K[X] be an arbitrary polynomial. By Corollary 11.47, A, does not fix the
v—value of ¢ if and only if v(g(x)) > dist,(g(x), K), and A,, does not fix the w—value of g
if and only if w(g(z)) > dist,(g(x), K). Thus, we have to show

v(g(x)) = disty(g(2), K) <= w(g(x)) = distu(g(z), K) .
In view of the fact that
w(g(x)) = v(g(@))/T and dist,(g(z), K) = dist, (g(x), K)/T
this equivalence holds if and only if the following equivalence holds:
v(g(x)) > dist,(g(z), K) <= v(g(x))/T > disty(g9(z), K)/T .
But this equivalence follows from Lemma 11.71 and the equality
Z(dist,(g(x), K)) = Z(dist,(x, K))

that we have deduced in the foregoing lemma; we may apply this lemma here since we may
assume w.l.o.g. that (K, v) <3 (K(x),v), according to Lemma 11.13. We have proved that
for an arbitrary polynomial g € K[X], A, fixes the v—value of ¢ if and only if A, fixes the
w—value of g. From this result it follows at once that the degrees of A, and A, are equal
and that a minimal associated polynomial of A, is also such for A,,, and vice versa.

The assertion on the characteristic of K/w follows by an application of the equation
d = p° of Theorem 11.80 to the approximation type A, which is an approximation type
over the valued field (K, w) whose residue field is just K/w. O

11.5 Distinguished approximation types in henselizations.

Our goal in this subsection is to show that every element in the henselization K" has a
weakly distinguished approximation type over K. To prove this, we will consider a very
special type of immediate extensions (K (z),v)|(K,v). We will call an element x strictly
distinguished over K, if there exists a coarsening w of v such that the following three
conditions hold:

1. w(x)=0,
2. z/w is an element of the completion of K/w ,

3. Vn € IN: (1,z,...,2" linearly independent over K = 1,z /w, ..., (x/w)" linearly
independent over K/w ).

The following lemma characterizes strictly distinguished elements via their approximation
types:

Lemma 11.86 Let appr(x, K) be of degree d with distance §. Then the element x is
strictly distinguished over K if and only if ws(x) = 0 and appr(z, K) is distinguished with
d = [K(z): K|. In this case, w = ws.
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Proof:  From Lemma 11.76 it follows that w(z) = 0 Az € (K/w)*/*) is equivalent
to the property that ws(z) = 0 and appr(z, K) is distinguished; in this case, the equality
w = ws (on K) also follows from Lemma 11.76.

Now it suffices to show the equivalence of the additional conditions under the assump-
tion that all other conditions hold. From Corollary 11.78 we infer that appr(z/ws, K/ws)
is of the same degree d as appr(z, K), but of distance co. By virtue of Corollary 11.69, the
associated minimal polynomial of appr(z/ws, K/ws) is the minimal polynomial of z/ws
over K/ws if appr(z/ws, K/ws) is algebraic. If appr(z/ws, K/ws) is not algebraic, then
[(K/ws)(x/ws) : K/ws| = oo by virtue of Corollary 11.47. This shows d = [(K/ws)(z/ws) :
K /w;s]. Hence [K(z) : K| = [(K/ws)(x/ws) : K/ws] if and only if d = [K(x) : K]. O

Strictly distinguished elements generate extensions with a nice property:

Lemma 11.87 Let (K(z),v)|(K,v) be an immediate extension and x be strictly distin-
guished over K. Then for every element y € K(x), the approzimation type appr(y, K) is
weakly distinguished.

Proof: By Lemma 11.76, the case y € K is trivial. Now assume y ¢ K, and let
the coarsening w of v be as in the above definition of strictly distinguished elements. In
the first step, we will prove the lemma under the assumption that y is a polynomial in
x, say y = f(x) with f € K[X] and deg(f) < [K(z) : K] if the latter is finite. (If
is algebraic over K, then this assumption is no loss of generality.) By Lemmata 11.25
and 11.72, for every ¢ € K* we have that appr(y, K) is weakly distinguished if and only
if appr(by, K) is weakly distinguished; after multiplication with a suitable element b we
may thus assume that f € Ok u)[X], but f & Mgw[X]. Consequently, f/w # 0,
and since w(z) = 0, we have f(x)/w = f/w(x/w). By our assumption on the degree
of f, the elements 1, z, ..., 29) are linearly independent over K, and by condition 3) of
the above definition of strictly distinguished elements, the same holds for the elements
Lax/w,...,(z/w)¥ed) over K/w. Hence f/w(z/w) ¢ K/w. But since x/w is an element
of the completion of K/w, the element f(z)/w = f/w(x/w) lies also in the completion of
K /w. This shows in view of Lemma 11.76 that appr(f(x), K) is weakly distinguished.

In the second step, it remains to prove the lemma for the case where z is transcen-
dental over K and y = f(z)/g(z) with f,¢g € K[X]. By a similar argument as above,
we may assume that after multiplication of f and g with suitable elements from K*,
1,9 € Owuw)X] \ Mkwl[X] and both f(z)/w and g(x)/w lie in the completion of
(K/w,v/w) and that f(z)/w ¢ K/w if f(z) ¢ K, and g(z)/w ¢ K/w if g(x) ¢ K.
To avoid the case where (f(x)/g(z))/w = (f(z)/w)/(g9(x)/w) € K/w, we have to do the
following consideration. If m = deg(g/w), then the m—th coefficient of g is not 0; hence
there exists an element d € K such that the m—th coefficient of the polynomial f —d - g
is 0. After multiplication of f — d - g with a suitable element from K*, we will have that
(f(x)—d-g(x))/w lies in the completion of (K /w,v/w) and that the degree of (f —d-g)/w
cannot equal the degree of g(z)/w, which shows

(f(z) —d-g(x)/w
9(x)/w
But since (f —d-g)/g = (f/g) — d and

F@) oy o )
appr(g(x),K)— pp(g(x) d,K),

¢ K/w .
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it follows by Lemma 11.76 that appr(f(x)/g(x), K) is weakly distinguished. This completes
our proof. O

We need some more auxiliary results:

Lemma 11.88 Let L|K be an immediate extension of valued fields and assume that for
every element x € L, the approzimation type appr(x, K) is weakly distinguished. If L(y)|L
is also an immediate extension of valued fields, and if appr(y, L) is weakly distinguished,
then appr(y, K) is weakly distinguished too.

Proof: By Lemma 11.26, dist(y, K) < dist(y, L), the latter distance being weakly
distinguished by hypothesis. If “=" holds, then there is nothing to prove. If “<” holds,
then we infer from Lemma 11.26 that there exists an element = € L such that

appr(y, K) = appr(z, K) .

Since by hypothesis, appr(z, K) is weakly distinguished, this completes the proof. O

Lemma 11.89 Let (M,v)|(K,v) be an extension of valued fields generated by a set of
elements {x, | v < 7} C M, where T is an ordinal number, such that for every v < 7, the
element x,, is strictly distinguished over K, := K(z,|p < v) (Ko := K). Then appr(z, K)
is a weakly distinguished approximation type for every element x € M.

Proof: We prove the lemma by transfinite induction on p < 7. The assertion holds
trivially for the field K. Now assume p > 1 and that the assertion holds for every K, with
p < p. If pis a limit ordinal, then K, = U,., K, showing that the assertion holds for K,
too. Now let p = v + 1 be a successor ordinal. Then K, = K,(z,) where z, is strictly
distinguished over K,. Let y be an arbitrary element of K,(z,). By Lemma 11.87, the
approximation type appr(y, K,) is weakly distinguished. By our induction hypothesis, for
every element x € K, the approximation type appr(z, K) is weakly distinguished; in view
of Lemma 11.88 this yields that also appr(y, K) is weakly distinguished. Hence the lemma
holds for K,, and the induction step is established. O

Lemma 11.90 Let K be a valued field. The henselization K" can be generated over K in
the way as described in the hypothesis of the foregoing lemma.

Proof: The henselization K" can be generated over K by a transfinitely repeated
adjunction of roots x of polynomials which satisfy the hypothesis of Hensel’s Lemma. From
the proof of the fact that stepwise complete valued fields are henselian it can be deduced
that every such root x has a weakly distinguished approximation type over the field K’
in which the polynomial is defined, and moreover, that there exists a coarsening w of the
valuation v such that z/w is an element of the completion of K’/w with respect to v/w,
but not an element of K’/w. Hence we only have to care for condition 3) of the definition
of strictly distinguished elements. We modify our construction in the following way: we
generate a field L over K by transfinitely repeated adjunction of roots = of irreducible
polynomials f over already constructed fields K’, which satisfy the following condition:
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f/v admits z/v as a simple root, and for every proper coarsening w of v, either f/w
remains irreducible or admits a root with v/w-residue x/v. Because of this last condition,
such elements = will also satisfy condition 3). Indeed, if w is the coarsening of v such that
x/w is an element of the completion of K’/w with respect to v/w, but not an element of
K'/w, then f/w will be irreducible over K'/w; this is true since by our hypothesis on f,
it would otherwise admit a root in K'/w with v/w-residue x/v which consequently must
be equal to z/w contradicting z/w ¢ K'. Moreover, L C K". It remains to show that L is
henselian, since then we will have L = K" and the desired procedure to generate K" over
K. Assume that there exists an irreducible polynomial f € L[X] satisfying the conditions
of Hensel’s Lemma: f/v has a simple zero x/v. Among all coarsenings w of v, such that
f/w admits an irreducible factor g,, of degree > 1 whose v/w-reduction g,,/(v/w) admits
x/v as a zero, we choose a coarsening wy for which g, has least degree. Furthermore,
we choose any ¢* € L[ X] with ¢*/wy = gy, and deg(g*) =deg(gu,). Then ¢g* satisfies the
above condition: ¢*/v admits x/v as a simple zero, and for every coarsening w of v, the
polynomial ¢g*/w is either irreducible or admits a zero whose v/w-residue is equal to x/v.
By our construction of L, it must contain a root x of g* with residue z/v and consequently,
x/wp is a root of g*/wy = gy, in contradiction to our assumption that g,, is irreducible of
degree > 1. This contradiction shows that L is henselian, as asserted, and our lemma is
proved. O

As an immediate consequence, we now obtain the following corollary:
Corollary 11.91 Let K be a valued field. Then for every element a of the henselization
of K, the approximation type appr(x, K) is weakly distinguished.

With the help of this corollary, we are able to prove:
Lemma 11.92 Letz,y € K, y ¢ K. Assume

appr(y, K) = appr(z, K)

and x € K". Then
[K"(y) : K" < [K(y) : K] .

In particular, K(y)|K is not purely inseparable.

Proof: If x € K, hence dist(z, K) = oo, then appr(y, K) = appr(x, K) yields z = y by
Lemma 11.26, and the assertion follows trivially. Now let us assume z ¢ K. Since x € K",
the foregoing corollary and Lemma 11.76 show that there exist elements b,c € K and a
coarsening w of v such that w(b(z — ¢)) = 0 and

bz —c)/w € (K/w) ")\ K/w,

where “c(v/w)” denotes the completion with respect to the valuation v/w. By virtue of
Lemma 11.25, appr(y, K) = appr(z, K) implies

appr(b(y — ¢), K) = appr(b(z — ¢), K) .

In view of this equality and K (b(y —¢)) = K(y), we may assume from the start that b = 1
and ¢ = 0. Now appr(y, K) = appr(z, K) implies w(y) = w(z) = 0 and

appr(y/w, K/w) = appr(z/w, K/w)
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(the straightforward proof of this equality is left to the reader). Since x/w is an element
of the completion of K/w, this yields y/w = z/w.

Now we consider the fields K, K and K"(y) equipped with the valuation w. Since K"
is henselian for the valuation v, it is also henselian for the coarsening w by Lemma 2.15.
Let f(X) € K[X] be the minimal polynomial of y over K. Our assertion is proved if we are
able to show that f is reducible over K. At this point we may assume that all conjugates
of y over K have the same value v(y) since otherwise the inequality [K"(y) : K" <
[K(y) : K] is immediately seen to be true. This assumption yields f € O(x.)[X], and
because of w(y) = 0, the reduced polynomial f/w is nontrivial. The minimal polynomial
g € (K/w)[X] for x/w = y/w over K/w has degree > 1 since z/w ¢ K/w. Furthermore,
it must divide f/w which satisfies (f/w)(y/w) = f(y)/w = 0. Since x € K",

y/w=z/we K" w,
and g becomes reducible over K" /w. From Lemma 2.16, we infer
K" fw = (K Jw)"/v)

In particular, this shows that z/w is a simple root of g since the henselization is a separable
extension. Applying Hensel’s Lemma to the henselian field (K" w), one concludes that f
becomes reducible over K”; indeed, f factors into two nontrivial polynomials where the
roots of the first one all have w-residue y/w while there exists at least one root (in K) of
the second polynomial which has as w-residue a root of g (in K /w) which is different from
y/w. This proves our lemma. O
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13 List of notations.

(K,v), (K, P) a valued field with valuation v resp. place P

v(K) the value group of (K,v) (we always assume co ¢ v(K))

K, KP, K/v the residue field of (K, v)

v(x) the value of x € K

z, P, x/v the residue of x € K

P,, vp the place associated to v resp. the valuation associated to P

0, 0,, Ok the valuation ring

M, M, Mg the valuation ideal

PQ,vow the composition of places resp. valuations

v/w the valuation induced by v on the residue field K/w if w is a

coarsening of v

K" (K,v)" (K,P)" the henselization

KMP) - [hw) the henselization with respect to P resp. v
K¢ (K,v)¢, (K,P)¢  the completion

KeWP) | ge) the completion with respect to P resp. v
(K, v)he, Khe the completion of the henselization, cf. p. 100
(K,v)", K" the (absolute) ramification field

K the algebraic closure of K

K*P the separable—algebraic closure of K

VK the perfect hull of K

B%,OF the p—divisible hull of the abelian group I'
r the divisible hull of the abelian group I'
rkI’ the rank of the abelian group I

rrl’ the rational rank of the abelian group I'
d(L|K) the defect

d.(L|K) the completion defect

d, (LK) the defect quotient (= quotient of d and d,)
p(x) =aP -z

Tr the trace
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appr
dist, distgr

A

d

h, hK, hK(,CL’ . y)
S(A), S_(A),...
A(A)

amp(A)

sup

c /A Vz /A
c/x, Nz S
Z,7(6),Z(5,T)
Us

=3

<

Th(A)

K"

the approximation type

the distance

usually denotes approximation types

the degree of an approximation type

the relative approximation degree

cf. p. 189

the value set of the approximation type A

the set of associated minimal polynomials for A
the supremum of a subset of an ordered abelian group, cf. p. 32
cf. p. 32

cf. p. 32

cf. p. 32

the invariance subgroup

cf. p. 75

stands for “existentially closed in”

stands for “elementary extension”

stands for “elementary equivalent”

the theory of the model A

the successor cardinal to the cardinality of K
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