THE VALUATION THEORY OF DEEPLY RAMIFIED FIELDS
AND ITS CONNECTION WITH DEFECT EXTENSIONS

FRANZ-VIKTOR KUHLMANN AND ANNA RZEPKA

ABSTRACT. We study in detail the valuation theory of deeply ramified fields and
introduce and investigate several other related classes of valued fields. Further, a
classification of defect extensions of prime degree of valued fields that was earlier
given only for the equicharacteristic case is generalized to the case of mixed
characteristic by a unified definition that works simultaneously for both cases. It
is shown that deeply ramified fields and the other valued fields we introduce only
admit one of the two types of defect extensions, namely the ones that appear
to be more harmless in open problems such as local uniformization and the
model theory of valued fields in positive characteristic. We use our knowledge
about such defect extensions to give a new, valuation theoretic proof of the fact
that algebraic extensions of deeply ramified fields are again deeply ramified. We
also prove finite descent, and under certain conditions even infinite descent, for
deeply ramified fields. These results are also proved for two other related classes
of valued fields. The classes of valued fields under consideration can be seen as
generalizations of the class of tame valued fields. Our paper supports the hope
that it will be possible to generalize to deeply ramified fields several important
results that have been proven for tame fields and were at the core of partial
solutions of the two open problems mentioned above.

1. INTRODUCTION

The main topics of this paper are the defect of valued field extensions, which
lies at the heart of longstanding open problems in algebraic geometry and model
theoretic algebra, and the valuation theory of deeply ramified fields. By studying
the latter in depth, we will exhibit the connection with the former. On the one
hand, this enables us to better understand deeply ramified fields, and on the other
hand, it shows us a possible direction in our attempt to tame the defect.

Our interest in the defect owes its existence to the following well known deep
open problems in positive characteristic:

1) resolution of singularities in arbitrary dimension,

2) decidability of the field F,((¢)) of Laurent series over a finite field IF,, and of its
perfect hull.
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Both problems are connected with the structure theory of valued function fields
of positive characteristic p. The main obstruction here is the phenomenon of the
defect, which we will define now.

By (L|K,v) we denote a field extension L|K where v is a valuation on L and K
is endowed with the restriction of v. The valuation ring of v on L will be denoted
by Oy, , and that on K by Ok . Similarly, M and Mg denote the valuation ideals
of L and K. The value group of the valued field (L, v) will be denoted by vL, and
its residue field by Lv. The value of an element a will be denoted by va, and its
residue by av.

We will say that a valued field extension (L| K, v) is unibranched if the extension
of v from K to L is unique. Note that a unibranched extension is automatically
algebraic, since every transcendental extension always admits several extensions of
the valuation.

If (L|K,v) is a finite unibranched extension, then by the Lemma of Ostrowski,

(1) IL: K] =p" - (vL:vK)[Lv: Kv],

where v is a non-negative integer and p the characteristic exponent of Kv, that
is, p = char Kv if it is positive and p = 1 otherwise. The factor d(L|K,v) := p”
is the defect of the extension (L|K,v). We call (L|K,v) a defect extension if
d(L|K,v) > 1, and a defectless extension if d(L|K,v) = 1. Nontrivial defect
only appears when char Kv = p > 0, in which case p = p. A henselian field (K, v)
is called a defectless field if all of its finite extensions are defectless.

Throughout this paper, when we talk of a defect extension (L|K,v) of prime
degree, we will always tacitly assume that it is a unibranched extension. Then it
follows from (1) that [L : K] = p = char Kv and that (vL : vK) =1 = [Lv : Kv];
the latter means that (L|K,v) is an immediate extension, i.e., the canonical
embeddings vK — vL and Kv < Lv are onto.

Via ramification theory, the study of defect extensions can be reduced to the
study of purely inseparable extensions and of Galois extensions of degree p =
char Kv. To this end, we fix an extension of v from K to its algebraic closure K. We
denote the separable-algbraic closure of K by K*P. The absolute ramification
field of (K,v) (with respect to the chosen extension of v), denoted by (K", v),
is the ramification field of the normal extension (KP|K, v). If a € K such that
(K(a)|K,v) is a defect extension, then (K" (a)|K",v) is a defect extension with the
same defect (see Proposition 2.12). On the other hand, K*P|K" is a p-extension,
so K"(a)|K" is a tower of purely inseparable extensions and Galois extensions of
degree p.

Galois defect extensions of degree p of valued fields of characteristic p > 0 (valued
fields of equal characteristic) have been classified by the first author in [19].
There the extension is said to have dependent defect if it is related to a purely
inseparable defect extension of degree p in a way that we will explain in Section 3.3,
and to have independent defect otherwise. Note that the condition for the defect
to be dependent implies that the purely inseparable defect extension does not lie in
the completion of (K, v), hence if (K, v) lies dense in its perfect hull (with respect to
the topology induced by the valuation), then it cannot have Galois defect extensions
of prime degree with dependent defect.

The classification of defect extensions is important because work by M. Temkin
(see e.g. [32]) and by the first author indicates that dependent defect appears to be
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more harmful to the above cited problems than independent defect. Also results
in the present paper point in this direction; see the discussion in Remark 1.11.

An analogous classification of Galois defect extensions of degree p of valued fields
of characteristic 0 with residue fields of characteristic p > 0 (valued fields of mixed
characteristic) has so far not been given. But such a classification is important
for instance for the study of infinite algebraic extensions of the field Q, of p-adic
numbers, which in contrast to Q, itself may well admit defect extensions. Indeed,
ng, the maximal abelian extension of Q,, is such a field. Other examples will
be given in a subsequent paper [27]. Moreover, we wish to study the valuation
theory of deeply ramified fields (such as ng), which will be introduced below, in
full generality without restriction to the equal characteristic case. For these fields
in particular it is important to work out the similarities between the equal and the
mixed characteristic cases.

The obvious problem for the definition of “dependent defect” in the mixed char-
acteristic case is that a field of characteristic 0 has no nontrivial inseparable ex-
tensions. However, there is a characterization of independent defect equivalent to
the one given in [19] that readily works also in the mixed characteristic case, and
we use it to give a unified definition, as follows. Take a Galois defect extension
€ = (L|K,v) of prime degree p. For every o in its Galois group Gal (L|K), with
o #id, we set

(o2

This set is a final segment of v/ and independent of the choice of o (see Theorems

3.4 and 3.5); we denote it by ¥z . We will show that it is the unique ramification

jump of € and that I¢ := {a € L | va € 3¢} is the unique ramification ideal of £

(for definitions, see Section 2.4). We will explicitly compute ¢ and I¢ in Section 3.
We say that £ has independent defect if

(3) X¢ = {a€vK |a> Hg} for some proper convex subgroup Hg of vK;

otherwise we will say that £ has dependent defect. If (K, v) has rank 1 (i.e., its
value group is order isomorphic to a subgroup of R), then condition (3) just means
that ¢ consists of all positive elements in v/ .

That our definition of “independent defect” in mixed characteristic is the right
one is supported by the following observation. Take a valued field of positive char-
acteristic. If it lies dense in its perfect hull, then by what we have said before, all
Galois defect extensions must have independent defect. If in addition the field is
complete and of rank 1, then it is a perfectoid field. What about perfectoid fields
of mixed characteristic? They share with their tilts, which are perfectoid fields of
positive characteristic, isomorphic absolute Galois groups. Hence we expect that
also perfectoid fields in mixed characteristic admit only independent defect exten-
sions. This indeed holds with our definition. Similarly, the Fontaine-Wintenberger
Theorem states that the fields Q,(p'/?" | n € N) and F,((¢))(t'/?" | n € N) have
isomorphic absolute Galois groups. Both are deeply ramified (and even semitame)
fields (definitions are given below), and as such are independent defect fields, as
we will show in Theorem 1.10.

For our purposes, the properties of completeness and rank 1 are irrelevant, and
we prefer to work with a more flexible (and first order axiomatizable) notion. In
fact, all perfectoid fields are deeply ramified, in the sense of [11]. Take a valued
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field (K, v) with valuation ring Of . Choose any extension of v to P and denote
the valuation ring of K*P with respect to this extension by Ogser . Then (K, v) is
a deeply ramified field if

(4) Q(’)Ksep‘OK = 07

where (24 denotes the module of relative differentials when A is a ring and B
is an A-algebra. This definition does not depend on the chosen extension of the
valuation from K to K.

According to [11, Theorem 6.6.12 (vi)], a nontrivially valued field (K, v) is deeply
ramified if and only if the following conditions hold:

(DRvg) whenever I'y ; [’y are convex subgroups of the value group v K, then I'y /Ty
is not isomorphic to Z (that is, no archimedean component of vK is discrete);

(DRwvr) if char Kv = p > 0, then the homomorphism
(5) Of(/pok 9$l—>[lfp€0f(/p0k
is surjective, where Oy denotes the valuation ring of the completion of (K, v).

Axiom (DRvr) means that modulo pOj; every element in Oy is a p-th power.

By altering axiom (DRvg) we will now introduce new classes of valued fields, one
of them containing the class of deeply ramified fields, and one contained in it in
the case of positive residue characteristic. We will call (K, v) a roughly deeply
ramified field, or in short an rdr field, if it satisfies axiom (DRvr) together with:

(DRvp) if char Kv = p > 0, then vp is not the smallest positive element in the
value group vK.

The reason for the choice of this notion will become visible in Proposition 1.3 and
will be further discussed in Remark 1.11. Note that (DRvg) implies (DRvp).

If char Kv = p > 0, then (DRvg) certainly holds whenever vK is divisible by p.
We will call (K,v) a semitame field if it satisfies axiom (DRvr) together with:

(DRst) if char Kv = p > 0, then the value group vK is p-divisible.
We note:

Proposition 1.1. The properties (DRvg), (DRvp) and (DRst) are first order az-
tomatizable in the language of valued fields, and so are the classes of semitame,
deeply ramified and rdr fields of fixed characteristic.

We will give the proof of this proposition and of almost all results that we will
describe now in Section 4.

Let us mention at this point that it has been conjectured that the elementary
theory of the perfect hull of F,((¢)) is decidable, but no proof has been given
so far. As a perfect valued field of positive characteristic, it is semitame, and
understanding its valuation theory and in particular its defects may lay the basis
for a future proof. Mastering the defect has already shown to be an efficient tool
to prove results on local uniformization and the model theory of valued fields, as
demonstrated in [15, 16, 17, 22].

The notion of “semitame field” is reminiscent of that of “tame field”. Let us recall
the definition of “tame”. For the purpose of this paper we will slightly generalize
the notion of “tame extension” as defined in [22] (there, tame extensions were
only defined over henselian fields). A unibranched extension (L|K,v) will be called
tame if every finite subextension E|K of L|K satisfies the following conditions:
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(TE1) The ramification index (vE : vK) is not divisible by char Kv.
(TE2) The residue field extension Fv|Kwv is separable.
(TE3) The extension (E|K,v) is defectless.

A valued field (K, v) is called a tame field if it is henselian and its algebraic closure
with the unique extension of the valuation is a tame extension, and a separably
tame field if it is henselian and its separable-algebraic closure is a tame extension.
The absolute ramification field (K", v) is the unique maximal tame extension of the
henselian field (K, v) by [9, Theorem (22.7)] (see also [26, Proposition 4.1]). Hence
a henselian field is tame if and only if its absolute ramification field is already
algebraically closed; in particular, every tame field is perfect.

In contrast to tame and separably tame fields, we do not require semitame fields
to be henselian; in this way they become closer to deeply ramified fields. The other
fundamental difference to tame fields is that semitame fields may admit defect
extensions, but as we will see in Theorem 1.10 below, only those with independent
defect. This justifies the hope that many of the results that have been proved for
tame fields and applied to the problems we have cited in the beginning (see [22, 23])
can be generalized (at least) to the case of henselian semitame fields.

All valued fields of residue characteristic 0 are semitame and rdr fields, and
they are deeply ramified fields if and only if (DRvg) holds. Likewise, all henselian
valued fields of residue characteristic 0 are tame fields. In the present paper,
we are not interested in the case of residue characteristic 0, so we will always
assume that char Kv = p > 0. We will now summarize the basic facts about
the connections between the properties we have introduced. The proofs will be
provided in Section 4.

Theorem 1.2. 1) If (K,v) is a nontrivially valued field with char Kv = p > 0,
then the following logical relations between its properties hold:

tame field = separably tame field = semitame field =
deeply ramified field = rdr field.

2) For a valued field (K,v) of rank 1 with char Kv = p > 0, the three properties
“semitame field”, “deeply ramified field” and “rdr field” are equivalent.

3) For a nontrivially valued field (K, v) of characteristic p > 0, the following prop-
erties are equivalent:

a) (K,v) is a semitame field,

b) (K,v) is a deeply ramified field,

c) (K,v) is an rdr field,

d) (K,v) satisfies axiom (DRuvr),

e) the completion of (K, v) is perfect,

f) (K,v) is dense in its perfect hull,

g) (K?,v) is dense in (K,v).

4) Every perfect valued field of positive characteristic is a semitame field.

We note that for valued fields of mixed characteristic, axiom (DRvr) can be
substituted by a version where K is replaced by K (see Lemma 4.1), and even p
can be replaced by elements of certain lower or higher values (see Propositions 4.4
and 4.11).

In [24] the equivalence of assertions a) and f) of part 3) of this theorem is used to
show that every valued field of positive characteristic that has only finitely many
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Artin-Schreier extensions is a semitame field. This proves that a nontrivially valued
field of positive characteristic that is definable in an NTP, theory is a semitame
field, as it is shown in [6] that such a field has only finitely many Artin-Schreier
extensions.

Take a valued field (K, v) of characteristic 0 with residue characteristic p > 0.
Decompose v = vy o v, 0 U, where v is the finest coarsening of v that has residue
characteristic 0, v, is a rank 1 valuation on Kwvy, and v is the valuation induced
by v on the residue field of v, (which is of characteristic p > 0). The valuations vy
and U may be trivial. Further, following [13], we call the value group vK roughly
p-divisible if v, o T (Kwvy) (the value group of v, o7 on Kuy) is p-divisible. Then
we have:

Proposition 1.3. Under the above assumptions, the following assertions are equiv-
alent:

a) (K,v) is a roughly deeply ramified field,

b) (Kvp, v, 00) is a deeply ramified field,

¢) (Kvg,v,) is a deeply ramified field,

d) (K,v) satisfies (DRvr) and vK is roughly p-divisible.

Note that by part 2) of Theorem 1.2, the properties “semitame field”, “deeply
ramified field” and “rdr field” are equivalent for (Kwvy,v,).

¢

From Theorem 1.2 and Proposition 1.3 it can be deduced that the three proper-
ties “semitame”, “deeply ramified” and “rdr” behave well for composite valuations.

Proposition 1.4. Take an arbitrary valued field (K,v) and assume that v = wow
with w and W nontrivial. Then (K,v) is an rdr field if and only if (K,w) and
(Kw,w) are. If char Kw > 0, then for (K,v) to be an rdr field it suffices that
(K,w) is an rdr field. The same holds for “semitame” and “deeply ramified” in
place of “rdr”.

If char Kw = 0, then for (K,v) to be an rdr field it suffices that (Kw,w) is an
rdr field.

For deeply ramified fields, the first assertion of the next theorem has been proved
before (see [11, Corollary 6.6.16 (i)]), based on their definition given in (4).

Theorem 1.5. Every algebraic extension of a deeply ramified field is again deeply
ramified. The same holds for semitame fields and for rdr fields.

We will give the easy proof for the equal characteristic case in Proposition 4.7. The
proof for the mixed characteristic case can be reduced to the study of Galois defect
extensions of prime degree via the following theorem:

Theorem 1.6. Tuake a valued field (K,v), fir any extension of v to K, and let
(K7, v) be the corresponding absolute ramification field of (K,v). Then (K", v) is
an rdr field if and only if (K,v) is, and (K",v) is a semitame field if and only if
(K,v) is. If (K,v) is an rdr field, then (K", v) is a deeply ramified field.

Note that the last assertion holds since if (K", v) is an rdr field, then it is already
a deeply ramified field because vK" is divisible by every prime distinct from the
residue characteristic. However, it is not true in general that this implies that
(K,v) is deeply ramified, since (DRvg) always holds in (K",v) (as long as v is
nontrivial), while it may not hold in (K, v).
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Corollary 1.7. 1) Take an algebraic (not necessarily finite) extension (L|K,v) of
valued fields. If K™ = L" with respect to some extension of v from L to L, then
(L,v) is an rdr field if and only if (K, v) is, and the same holds for “semitame” in
place of “rdr”.

2) Take a valued field (K, v), fiz any extension of v to K, and let (K" v) be the
henselization of (K,v) in (K,v). Then (K" v) is a deeply ramified field if and
only if (K,v) is, and the same holds for “rdr” and “semitame” in place of “deeply
ramified”.

Note that the assumption of part 1) holds in particular if (L|K,v) is a tame exten-
sion. We see that we have infinite descent of the properties “rdr” and “semitame”
through extensions in the absolute ramification field and in particular through tame
extensions. If the lower field already satisfies (DRvg), then the descent also works
for “deeply ramified”. For all of the properties, we have finite descent in general:

Theorem 1.8. Tuke a finite extension (L|K,v). If (L,v) is a deeply ramified field,
then so is (K,v). The same holds for “rdr” and “semitame” in place of “deeply
ramified”.

The next theorem addresses the connection of the properties we have defined with
the classification of the defect. Take a valued field (K, v) of residue characteristic
p > 0. If char K = 0, then we denote by (vK),, the smallest convex subgroup of v K
that contains vp; it is equal to the value group v, 0 (Kwy) which we defined earlier.
If char K > 0, then we set (vK),, = vK. If (K,v) is of mixed characteristic, then
we set K’ := K((,), where (, is a primitive p-th roots of unity; otherwise, we set
K':= K. Then we call (K,v) an independent defect field if for some extension
of v to K’, all Galois defect extensions of (K’, v) of degree p have independent defect.
(This definition does not depend on the chosen extension of v as all extensions are
conjugate.) We will show in Theorem 1.10 that all rdr fields, and hence all deeply
ramified and semitame fields, are independent defect fields.

Remark 1.9. If (K,v) is an rdr field of mixed characteristic, then it does not
necessarily contain a primitive p-th root of unity. In this case, a condition on Galois
defect extensions may not contain enough information. We also need information

on extensions by p-th roots which will then not be Galois. This is why we pass to
the field K’ in our definition. #

From Proposition 1.3 we see that in the case of fields (K, v) of mixed character-
istic, (Kwvp,v,) is essential for the rdr property. In the theory of formally p-adic
fields (cf. [30]), Ky is called the core field, and it is usually considered with the
valuation v, o v. However, as we have just noted, the valuation v, itself is impor-
tant, and we will have to work with its residue field (Kwvo)v, = Kvgv,. In the
decomposition v = vy o v, o U the valuation v, is at the center, and so we define
crf (K, v) := Kuvyv, as one may call it the central residue field. If (K,v) is of
equal characteristic, we set crf (K, v) := Kv.

Theorem 1.10. 1) Take a valued field (K,v) with char Kv =p > 0. Then (K,v)
is an rdr field if and only if (VK ), is p-divisible, crf (K, v) is perfect, and (K, v) is
an independent defect field.

2) A nontrivially valued field (K,v) is semitame if and only if every unibranched
Galois extension of (K',v) of prime degree is either tame or an extension with
independent defect.
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Remark 1.11. Let us consider a field (K, v) of mixed characteristic. Then (K, vg)
is a field of residue characteristic 0. If (K, v) is henselian, then so is (K, vp), and
it is a defectless field and satisfies strong model theoretic principles (e.g. complete-
ness, model completeness and decidability relative to their value groups and residue
fields). Recently, the idea appeared in the literature that in order for (K, v) to have
such good properties, one only has to ask that the core field satisfies suitable condi-
tions. For example, [12] deals with the generalization of model theoretic properties
from the class of algebraically maximal Kaplansky fields to the more general class of
henselian fields whose core fields are algebraically maximal Kaplansky fields. A val-
ued field is called algebraically maximal (respectively, separable-algebraically
maximal) if it admits no nontrivial immediate algebraic (respectively, separable-
algebraic) extensions. Since henselizations are immediate separable-algebraic ex-
tensions, every separable-algebraically maximal field is henselian. If the core field
of (K,v) is a Kaplansky field, then we may call (K,v) a roughly Kaplansky
field, as the passage from Kaplansky field to roughly Kaplansky field is nothing
but the passage from p-divisible value group to roughly p-divisible value group.

Similarly, (K,v) is a defectless field if and only if its core field is. Let us call
(K, v) a roughly tame field if it is henselian and its core field is a tame field; again
the generalization consists in replacing “p-divisible value group” by “roughly p-
divisible value group”. It is shown in [31] that a henselian field (K, v) is roughly
tame if and only if all of its algebraic extensions are defectless fields. The reader
may note that in general, infinite algebraic extensions of defectless fields may not
again be defectless fields.

We have chosen the name “roughly deeply ramified field” since in this case, the
generalization of the notion “deeply ramified field” consists in replacing condition
(DRvg) by condition “roughly p-divisible value group”, which removes any condi-
tion on the value group vy K. It should be noted that the value group of every rdr
and hence also every deeply ramified field is roughly p-divisible (see Lemma 4.3).
From Theorem 1.5 together with part 1) of Theorem 1.10 we know that for every
rdr field, in analogy to the case of roughly tame fields, every algebraic extension
is an independent defect field. At this point, we do not know whether the latter
property characterizes the rdr fields. In any case, it appears to be unlikely that a
similar result can be shown with “independent” replaced by “dependent”; if this
is indeed impossible, then it is another indication that independent defect is more
harmless than dependent defect. #

The classification of Galois defect extensions of prime degree in the equal char-
acteristic case is also an important tool in the proof of Theorem 1.2 of [19], which
we will state now.

Theorem 1.12. A valued field of positive characteristic is a henselian and defect-
less field iof and only if it is separable-algebraically mazimal and each finite purely
inseparable extension is defectless.

This theorem in turn is used in [18] for the construction of an example showing
that a certain natural axiom system for the elementary theory of F,,((¢)) (“henselian
defectless valued field of characteristic p with residue field F, and value group a
Z-group”) is not complete.

A full analogue of Theorem 1.12 in mixed characteristic is not presently known.
However, in a subsequent paper [27] we will show:
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Theorem 1.13. Fvery algebraically maximal rdr field is a perfect, henselian and
defectless field.

The study of mixed characteristic independent defect fields that are not rdr fields
is only at its infancy. We hope that the valuation theoretic proof of Theorem 1.5
will be a basis for further insight. At this point, we are able to prove:

Proposition 1.14. 1) If (K", v) is an independent defect field, then so is (K,v).
2) A walued field (K,v) of equal positive characteristic is an independent defect

field if and only if every immediate purely inseparable extension of (K, v) lies in its
completion.

It is an important fact that the properties of valued fields of being henselian,
tame, semitame, deeply ramified or rdr all are preserved under infinite algebraic
extensions. In contrast to this, the properties of being a defectless or an inde-
pendent defect field are not necessarily preserved, as will be shown in [27] by the
construction of a suitable algebraic extension of Q,. However, we conjecture that
if (K,v) is an independent defect field, then so is (K", v).

Continuing the work presented in [7], the idea has been suggested to employ
higher ramification groups for the study of the ramification theory of 2-dimensional
valued function fields. When working over valued fields with arbitrary value groups,
the classical ramification numbers have to be replaced by ramification jumps
which can be understood as cuts (or equivalently, final segments) in the value group
(cf. Section 2.4). We will characterize Galois defect extensions £ of prime degree
having independent defect via their ramification jumps ¢ and their associated
ramification ideals I¢ . In Section 3.2 we will prove:

Theorem 1.15. Take a Galois defect extension € = (K (a)|K,v) of prime degree.
Then X¢ is the unique ramification jump of €, I¢ is the unique ramification ideal
of £, and the following assertions are equivalent:

a) € has independent defect,

b) the ramification jump of € is equal to {o € vK | a > Hg} for some proper
convex subgroup He of vIK,

c) the ramification ideal of € is a nontrivial prime ideal of Op.
If assertion c) holds, then the localization of Op with respect to the ramification

ideal is a valuation ring on L containing Oy, i.e., the associated valuation is a
coarsening of v.

If the rank of (K,v) is 1, then Hg can only be equal to {0} and if the ramification
1deal 1s a prime ideal, then it can only be equal to My, .

2. PRELIMINARIES

2.1. Cuts, distances and defect.

We recall basic notions and facts connected with cuts in ordered abelian groups
and distances of elements of valued field extensions. For the details and proofs see
Section 2.3 of [19] and Section 3 of [28].

Take a totally ordered set (7', <). For a nonempty subset S of 7" and an element
t €T we will write S < tif s <t for every s € S. A set S C T is called an initial
segment of T if for each s € S every ¢t < s also lies in S. Similarly, S C T is called
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a final segment of T if for each s € S every t > s also lies in S. A pair (AF, AT) of
subsets of T is called a cut in T if A” is an initial segment of 7' and A = T\ A; it
then follows that A% is a final segment of T'. To compare cuts in (T, <) we will use
the lower cut sets comparison. That is, for two cuts A; = (AL, AR), Ay = (AL, AL)
in T we will write Ay < Ay if AL G AL and Ay < Ay if AF C AL,
For any s € T' define the following principal cuts:
sTi=({teT|t<sh{teT|t>s}), st = ({teT|t<sh{teT|t>s}).

We identify the element s with s™. Therefore, for a cut A = (A%, A®) in T and an
element s € T the inequality A < s means that for every element ¢t € A we have
t < s. Similarly, for any subset M of T' we define M+ to be a cut (AL, A®)in T
such that A’ is the smallest initial segment containing M, that is,

Mt = {teT|I3meMt<m},{teT|t>M}).

Likewise, we denote by M~ the cut (A%, A®) in T such that A" is the largest initial
segment disjoint from M i.e.,

M- ={teT|t<M},{teT|ImeMt>m}).
For every extension (L|K,v) of valued fields and z € L define
v(z—K) == {v(z—¢c)|ce K}.
The set v(z — K) NvK is an initial segment of vK and thus the lower cut set of
a cut in vK. However, it is more convenient to work with the cut
dist (z, K) :== (v(z — K)NvK)* in the divisible hull vK of vK .

We call this cut the distance of z from K. The lower cut set of dist (2, K)
is the smallest initial segment of v/ containing v(z — K) NvK. If (F|K,v) is an
algebraic subextension of (L|K,v) then vF = vK. Thus dist (z, K) and dist (z, F')

are cuts in the same group and we can compare these cuts by set inclusion of the
lower cut sets. Since v(z — K) C v(z — F') we deduce that

dist (z, K) < dist (2, F) .

If char K = p > 0 and z € K, then K? is a subfield of K, and the expressions
v(z — K?) and dist (z, K?) are covered by our above definitions. We generalize this
to the case where char K = 0 with the same definitions but note that v(z— K?)Nv K
is not necessarily an initial segment of v K.

If y is another element of L, then we define:
zrgy e v(z—y) > dist (2, K) .
The next lemma shows, among other things, that the relation ~y is symmetrical.

Lemma 2.1. Take a valued field extension (L|K,v) and elements z,y € L.

1) If z ~g y, then v(z — ¢) = v(y — ¢) for all ¢ € K such that v(z — ¢) € vK,
v(z—K)=v(y— K), dist (z, K) = dist (y, K), and y ~k z.

2) If (K(2)|K,v) is immediate, then v(z — K) is a subset of vK without largest
element.

Proof. 1): This is part (1) of Lemma 2.17 in [19].

2): It follows from [14, Theorem 1] that v(z — K') has no largest element. To prove
that it is a subset of vK, take ¢ € K; we wish to show that v(z —¢) € vK. Choose
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d € K such that v(z — d) > v(z — ¢). Then v(z — ¢) = min{v(z — ¢),v(z — d)} =
v(c—d) € vK. O

For any a € vK and each cut A in vK we set a + A := (a + AF o + AF).
An immediate consequence of the above definitions is the following lemma:

Lemma 2.2. Take an extension (L|K,v) of valued fields. Then for every element
ce K andy,z € L,

1) dist (z + ¢, K) = dist (2, K),
2) dist (cz, K) = ve + dist (z, K).

Here are some important properties of distances in valued field extensions. For
the proof of the next lemma see [3, Lemma 7] and [19, Lemma 2.5].

Lemma 2.3. Take any immediate extension (F|K,v) and a finite defectless uni-
branched extension (L|K,v). Then the extension of v from F to F.L is unique,
(F.L|F,v) is defectless, (F.L|L,v) is immediate, and for every a € F'\ K we have:
dist (a, K) = dist (a, L).
Moreover, F|K and L|K are linearly disjoint, i.e.,
IFL:F] = [L:K].

For the proof of the following results see [3, Lemmas 5 and 9.

Lemma 2.4. Take a unibranched extension (F|K,v) and an extension of v to the
algebraic closure of F. Take K" to be the henselization of K with respect to this
fized extension of v. Then for every a € F we have that [K(a) : K] = [K"(a) : K"]
as well as

d(K(a)|K,v) = d(K"(a)|K",v) and dist(a,K) = dist (a, K").
For the proof of the next proposition, see [19], Proposition 2.8.

Proposition 2.5. Take a henselian field (K,v) and a tame extension N of K.
Then for any finite extension L|K,

d(L|K,v) = d(L.N|N,v) .
In particular, (K,v) is defectless if and only if (K", v) is defectless.

For the following theorem, see [14, Theorem 1] and [19, Theorem 2.19].

Theorem 2.6. If (L|K,v) is an immediate extension of valued fields, then for
every element a € L\ K the set v(a — K) is an initial segment of vK without
mazximal element. In particular, va < dist (a, K).

The following partial converse of this theorem also holds (see [1, Lemma 4.1], cf.
also [19, Lemma 2.21)):

Lemma 2.7. Assume that (K (a)|K,v) is a unibranched extension of prime degree
such that v(a — K) has no maximal element. Then the extension (K(a)|K,v) is
immediate and hence a defect extension.

The property that the set v(a — K) has no maximal element does not in gen-
eral imply that (K (a)|K,v) is immediate. However, the next lemma (see e.g. [28,
Lemma 2.1]) shows that if in addition (K, v) is henselian and «a is algebraic over
K, then (K (a)|K,v) is a defect extension.
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Lemma 2.8. If (K,v) is henselian and (L|K,v) is a finite defectless extension,
then for every element a € L the set v(a — K) admits a mazimal element.

We will need a version of Lemma 2.7 that also works for extensions that are not
assumed to be unibranched.

Lemma 2.9. Assume that (K(a)|K,v) is an extension of degree at most p =
char Kv of rank 1 valued fields such that v(a — K) has no mazimal element but is
bounded from above in vK. Then the extension (K (a)|K,v) is a unibranched defect
extension.

Proof. Take a henselization (K", v) and consider the extension (K" (a)| K", v) which
again is of degree at most p. Take any b € K”. Since K"(a)|K is algebraic, we

know that v/K"(a) lies in the divisible hull vK of vK and thus there is some o € vK
such that a > v(a — b). Since (K, v) is of rank 1 by assumption, (K, v) lies dense
in (K" v) (cf. [33, 32.11 and 32.18]). Therefore, there is some ¢ € K such that
v(b—c) > a > v(a—10), so that v(a — b) = v(a — ¢) € v(a — K). This shows
that v(a — K") = v(a — K). Hence also v(a — K") has no maximal element and is
bounded from above in vK = vK". Thus in particular (K"(a)| K", v) is a nontrivial
extension.

Suppose the extension (K”(a)|K",v) were defectless. Then by Lemma 2.8 the
set v(a — K") would admit a maximal element, a contradiction. This shows that
(K"(a)| K", v) has nontrivial defect d(K"(a)|K",v). By the Lemma of Ostrowski,

[K"(a) : K" = d(K"(a)| K", v)(vK"(a) : vK")[K"(a)v : K",

where d(K"(a)|K" v) = p" for some n > 1. Since [K"(a) : K" < p, we deduce
that

[K"(a) : K" = p = d(K"(a)|K",v).

Hence K (a)|K is linearly disjoint from K”|K and thus it is a unibranched extension
(cf. Lemma 2.1 of [2]). Moreover, from Lemma 2.4 we deduce that (K (a)|K,v) is
a defect extension.

U

The next lemma follows from [14, Lemma 8| and [28, Lemma 5.2]. Note that
if (K(a)|K,v) is an extension such that v(a — K) has no maximal element, then
by the proof of [14, Theorem 1], a is limit of a pseudo Cauchy sequence in (K, v)
without limit in K, and by [28, part a) of Lemma 4.1] its approximation type over
(K,v) is immediate. We use the Taylor expansion

() £ =YX = o

where 0; f denotes the i-th Hasse-Schmidt derivative of f.

Lemma 2.10. Take a nontrivial extension (K (a)|K,v) of degree p. Assume that
v(a — K) has no mazximal element. Then for every nonconstant polynomial f €
K[X] of degree < p there is some v € v(a — K) such that for all ¢ € K with
v(a —c) >~ and all i with 1 < i <deg f, we have:

the values v0; f(c) are fized, equal to vO;f(a),
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the values v0; f(c) + i - v(a — ¢) are pairwise distinct,

(7) vo1f(c) +v(a—c) < vdif(c)+i-v(a—c) wheneveri# 1,
(8) v(f(a) = f(e)) = vdif(c)+v(a—c), and
9) dist (f(a), K) = v0,f(c)+dist(a,K) .

The following is Lemma 2.4 of [19].
Lemma 2.11. Take a valued field (K,v), a finite extension (L|K,v) and a coarsen-
ingw of v on L. If (K,v) is henselian, then so is (K,w). If (L|K,v) is defectless,
then so is (L|K,w).

2.2. The absolute ramification field.

Proposition 2.12. Take an immediate unibranched extension (K(a)|K,v). FEz-
tend v to the algebraic closure of K and let (K" v) be the henselization and
(K7, v) the absolute ramification field of (K,v) with respect to this extension. Then

(K" (a)|K",v) is an immediate extension with

(10) K7(): K7 = [KMa): K" = [K(a): K],

(11) d(K"(a)|K",v) = d(K"(a)|K", ) d(K(a)| K, v)

(12) dist (a, K) = dist (a, K") = dist (a, K) .

If (N|K,v) is any subextension of (K"|K,v), then [ (a) : N]=[K(a): K| and
(13) d(N(a)|N,v) = d(K(a)|K,v) and dist (a,N) = dist (a, K) .

Proof. Since (K(a)|K,v) is a unibranched extension, we know from Lemma 2.4
that [K"(a) : K" = [K(a) : K] as well as d(K"(a)|K",v) = d(K(a)|K,v) and
dist (a, K") = dist (a, K). Since (K (a)|K,v) is also immediate,

[K"(a) : K] = [K(a) : K] = d(K(a)|K,v) = d(K"(a)|K" ),

showing that also (K"(a)|K",v) is immediate.

Further, (K"|K", v) is tame and hence the union of its finite defectless subex-
tensions. Thus by Lemma 2.3, (K"(a)|K",v) is immediate with [K"(a) : K] =
[K"(a) : K"] and dist (a, K") = dist (a, K"). By Proposition 2.5, d(K"(a)|K",v) =
d(K"(a)| K", v).

Finally, if (N|K,v) is a subextension of (K"|K,v), then N = K". Hence
by (10), [N(a) = N] = [N"(a) : N'] = [K"(a) : K'] = [K(a) : K], by (11),

d(N(a)|N,v) = d(NT(a)|N’”,v) = d(K"(a)|K",v) = d(K(a)|K,v), and by (12)
dist (a, N) = dist (a, N") = dist (a, K") = dist (a, K). O

For the proof of the following results, see Lemma 2.9 of [19].

Lemma 2.13. Take any valued field (K,v) and let K" and K" be its henselization
and its absolute ramification field with respect to any extension of v to the algebraic
closure of K. If char Kv = 0, then K" is algebraically closed. If char Kv =p > 0,
then every finite extension of K" is a tower of normal extensions of degree p.
Further, if L|K is a finite extension, then there is already a finite tame extension

N of K" such that L.N|N is such a tower.

The proof of this lemma uses the fact that if char Kv = p > 0, then K*P|K" is
a p-extension. From this we can also conclude:

Corollary 2.14. FEvery absolute ramification field contains all p-th roots of unity.
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Finally, we will need the following fact:

Lemma 2.15. Let (K", v) be the absolute ramification field of (K, v), and assume
that v = w ow. Then the extension K"w|Kw is separable.

Proof. For a detailed proof, see the chapter on ramification theory in [25]. For
the convenience of the reader, we give here a sketch of the proof. We use several
facts from ramification theory. The assertion is trivial if char Kv = 0, so we let
char Kv =p > 0.
i) If (K" ,v) is the henselization of (K,v), then (K"w,w) is the henselization of
(Kw,w). In particular, K"w|Kw is separable.
ii) If (Ly|Ly,w o W) is a finite defectless extension, then so are (L;|L2,w) and
(L1w|L2w,@).
iii) Since (K"|K" v) is a tame extension, also (K"w|K"w,w) is a tame extension.
Indeed, if (L|K", v) is a finite subextension, then p does not divide (vL : vK")
and hence also not (w(Lw) : w(K"w)), the extension Lv|K"v = (Lw)w|(K"w)w
is separable, and (L|K", v) is defectless, which by ii) implies that (Lw|K"w,w) is
defectless.

Now as (K"w|K"w,w) is a tame extension, K"w|K"w is separable, and in view
of 1) we obtain that K"w|Kw is separable. O

2.3. 1-units and p-th roots in valued fields of mixed characteristic.

Throughout this section, (K,v) will be a valued field of characteristic zero and
residue characteristic p > 0, with valuation ring O and valuation ideal M. We
assume that v is extended to the algebraic closure K of K. We will need a few
easy observations about the relation of congruences and powers of elements.

Lemma 2.16. 1) If by,...,b, € O, then
(14) (bi+...4+b,)f =0 +...+0 modpO.
2) Take elements by, ..., b, € K of values > —%. Then
(by+--+b,)P =W +---+b modO.
3) Take n € K such that n? € O. Then for every ¢ € K such that v(n — ¢) > z
we have that n? = ¢ mod pQO.
Proof. 1): We have:

p—1
(15) (by +bo)? = ) + Z (};) Db 4 b
=1

Since the binomial coefficients under the sum are all divisible by p and since by, by €

O, all summands on the right hand side for 1 <7 < p — 1 lie in pO, which proves

our assertion in the case of n = 2. The general case follows by induction on n.

2): If vby > —*2 and vby, > —*2, then vb¥ by, > —vp for 1 < i < p—1, so all
p p

summands in the sum on the right hand side of (15) have non-negative value. As

for part 1), the assertion now follows by induction on n.

3): For ¢ € K with v(n — ¢) > 0 we have that ve > 0 and, by part 1):

(n—c = n" = mod pOk) -

, then v(n — ¢)? > wp, ie., N — c = (n — ¢)?» = 0 modulo

If vin—c) = P
= pO. O

POk N K
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Lemma 2.17. Take n € K such that 0 € K and vy = 0. Then for ¢ € K
such that v(n —c¢) > 0, v(n —¢) < p%lvp holds if and only if v(n? — ) < %vp,
and if this is the case, then v(n® — ) = pv(n —¢). If v(n —¢) > ]ﬁvp, then
v(n? — ) = vp+ov(n—c).

Proof. Take any ¢ € K such that 0 < v(n — ¢). Then ve = vn = 0. We have:

"= Mn—c+ec)f = (n—c)p+§(€)(n—c)icp_i + .

Since ve = 0 and the binomial coefficients under the sum all have value vp, the
unique summand with the smallest value is p(n — c¢)cP~t. Therefore,

(16) v(n” =) = min{o(n —¢)’,vp(n =€)} = min{pv(n —c),vp +v(n =)},
with equality holding if pv(n — ¢) # vp + v(n — ¢). We observe that

v
(17) v(n—c) < —= <= poln—c) <vp+uv(n—c).
and the same holds for “>" in place of “<”. Assume that v(n —¢) < ;*5. Then
p
v’ =) = po(n—c) < L

by (17) and (16). Now assume that v(n —c¢) > Zﬁvp Then by (17), pv(n —c¢) >

vp+v(n—c), and (16) yields that
1 P
vp = vp .
p—17 " p-17
Finally, if v(n —¢) > p%lvp, then from (17) and (16) we conclude:

v(n? =) > vp+u(n—c) > vp+

v =) = vp+v(n—-c).
O

A 1-unit in (K,v) is an element of the form v = 1 + b with b € M; in other
words, u is a unit in O with residue 1. We will call the value v(u — 1) the level of
the 1-unit u. Taking n to be a 1-unit u in Lemma 2.17, we obtain:

Corollary 2.18. Assume that u is a 1-unit. Then the level of u is smaller than
%vp if and only if the level of u? is smaller than Fzvp, and if this is the case,
P p

then v(u? — 1) = pv(u —1).

Lemma 2.19. Take n € K such that n’ € K. If there is some ¢ € K such that
vp

18 —c) > —

(18) v(n —c) ot T
then n lies in the henselization of (K,v) within (K, v).

Proof. 1f n € K, then there is nothing to show, so let us assume that n ¢ K. We
fix a primitive p-th root of unity (,. Every root of X? —n” is of the form 77(; with
0<i:<p—1.For0<i#j<p-—1,

vp

v(nG, —n¢) = vp+ juG +u(( 7 —1) = vt
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where the last equality holds since v(, = 0 and
vp
19 —-1) =
(19) oi¢-1) = -2
for every primitive p-th root of unity ¢ (see e.g. the proof of [21, Lemma 2.9]).
Hence if (18) holds, then it follows from Krasner’s Lemma that n € K ()t = K",
where K" denotes the henselization of (K,v) within (K, v). O

For our work with 1-units, we will need a result that is Lemma 2.9 of [21].

Lemma 2.20. A henselian field of characteristic 0 and residue characteristic p > 0
contains an element C such that CP~' = —p if and only if it contains a primitive
p-th root C, of unity.

The element C' satisfies:

(20) C" = —pC and vC = 2 -
p —

The following construction will play an important role in the proof of Theo-
rem 1.5. Take a 1-unit n € K such that n” € K. Then also n? is a l-unit.
Assume that K contains an element C' as in Lemma 2.20. Consider the substitu-
tion X = CY + 1 for the polynomial X? — n?. We then obtain the polynomial
(CY 4+1)? —nP. Dividing this polynomial by C? and using the fact that C? = —pC,
we obtain the polynomial

(21) £V =¥ 4 g() -y =T
where
(22) g(Y) = Z (f) ciry

Note that g(Y) € Mg[Y] since C' € K and vC = 5. We see that an element
7 is a root of X? —nP if and only if the element % is a root of f,. Thus the roots

171 with 0 < i <p— 1. Set

of f, are of the form
-1
(23) 9, = L=

Then K(n) = K(¢¥,), with f, the minimal polynomial of ¥, over K. Modulo
MglY], the polynomial f,(Y) has the form of an Artin-Schreier polynomial (see
Section 3.2). We note that by Lemma 2.2,

dist (0,, K) = dist (n, K) — —2 -
p J—

The following is an easy consequence of the above.

Lemma 2.21. In a henselian field (K, v) of mized characteristic with residue char-
acteristic p which contains a primitive p-th root of unity, every 1-unit of level

strictly greater than I%vp is a p-th power.

Proof. By Lemma 2.20, K contains an element C' as in that lemma. Take a 1-unit
u € K of level strictly greater than ﬁvp. Apply the above transformation to the

polynomial X? —u with n” = u. By our assumption on u we have that 772—;1 e Mg.
Hence f,(Y") is equivalent modulo Mg[Y] to Y? — Y, which splits in the henselian
field K. Therefore, ¥,, € K, hence n € K. O
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2.4. Higher ramification groups.

Take a henselian field (K,v). Assume that L|K is a Galois extension, and let
G = Gal (L|K) denote its Galois group. For ideals I of Oy we consider the (upper
series of) higher ramification groups

ob—0b

(24) G = {aeG

el foralleLX}

(see [34], §12). Note that G, is the ramification group of (L|K,v). For every
ideal I of Op, G is a normal subgroup of G ([34] (d) on p.79). The function

(25) e: I — Gy

preserves C, that is, if I C J, then G; C G;. As Oy is a valuation ring, the
set of its ideals is linearly ordered by inclusion. This shows that also the higher
ramification groups are linearly ordered by inclusion. Note that in general, ¢ will
neither be injective, nor surjective as a function to the set of normal subgroups
of G.

The function

(26) vl % = {vb|0#£bel}

is an order preserving bijection from the set of all ideals of Op onto the set of all
final segments of the positive part (vL)>? of the value group vL (including the final
segment (). The set of these final segments is again linearly ordered by inclusion,
and the function (26) is order preserving: J C [ holds if and only if ¥; C ¥; holds.
The inverse of the above function is the order preserving function

(27) Y= Iy :=={a€L|vacX}uU{0}.
Now the higher ramification groups can be represented as

ob—1>
b

()

Gy = Glz = {O'EG

€ XU {0} foralleLX},

where 3 runs through all final segments of (vL)>°.
Like the function (25), also the function ¥ — Gfy is in general not injective. We
call ¥ a ramification jump if

Z’gE = GE/QGE.
If 3 is a ramification jump, then Iy is called a ramification ideal.

Given any ramification group H C G, we define
(28) S(H) = (1% ad X.(H) := 3.
Gy=H Gs=H

and note that arbitrary unions and intersections of final segments of (vL)>" are
again final segments of (vL)~?. From its definition it is obvious that ¥_(H) is a
ramification jump, Gy_(yy = H, and that

]_(H) = ]2_(}[)

is a ramification ideal. It is generated by the set

b—b
(29) {Ub \aeH,beLX}.
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In this paper we are particularly interested in the case where (L| K, v) is a Galois
extension of prime degree p. Then G = Gal (L|K) is a cyclic group of order p and
thus has only one proper subgroup, namely {id}, and this subgroup is equal to Gy,
for ¥ = (0. If in this case G itself is the ramification group of the extension, then
there must be a unique ramification jump. As we will show in the next section,
this ramification jump carries important information about the extension (L|K,v).

3. DEFECT EXTENSIONS OF PRIME DEGREE

We will investigate defect extensions (L|K,v) of prime degree p. By what we
have already stated in the Introduction, such extensions are immediate unibranched
extensions; moreover, p = char Kv > 0. By Theorem 2.6, for every a € L\ K the set
v(a—K) is an initial segment of v K without maximal element, and dist (a, K') > va.

In the following, we distinguish two cases:

e the equal characteristic case where char K = p,
e the mixed characteristic case where char K = 0 and char Kv = p.

We fix an extension of v from L to the algebraic closure K of K.

Note: to shorten expressions, we will often write “independent defect extension”
in place of “defect extension with independent defect”.

In a first section, we investigate the set X, defined in (2) for o in the absolute
Galois group Gal (K) := Gal (K*P|K).
3.1. The set 3.
We start with the following easy but helpful observations. The first is obvious.

Lemma 3.1. Let (K(a)|K,v) be any algebraic extension of valued fields. If o €
Gal (K) is such that oa # a, then

{Ua(a—c)—(a—c) CeK} _ {Uaaa_—ca

a—c
Lemma 3.2. Take a nontrivial immediate unibranched extension (K(a)|K,v).
Then the following assertions hold.

1) For each o € Gal (K) and c € K,

ce K} = —v(a—K)+v(ca—a).

via—c) < v(oa—a).
2) For each o € Gal (K) such that oca # a,
dist (a, K) < v(oa—a)”.

Proof. 1): Since the extension is immediate and a ¢ K, the set v(a — K') has no
maximal element. Thus it suffices to prove that v(a — ¢) < v(oa — a). If this were
not true, then for some o € Gal (K) and ¢ € K, v(a — ¢) > v(ca — a). But then,

vo(a —c) = v(ca—c) = min{v(ca —a), via—c)} = v(ieca—a) < via—c),

which contradicts our assumption that K (a)|K is a unibranched extension, as vo
is also an extension of v from K to K(a).

2): This is an immediate consequence of part 1). U

With the help of Lemma 2.10, we prove:
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Lemma 3.3. Take a defect extension (K(a)|K,v) of prime degree and any b €
K(a)*. Then for all o € Gal (K) such that ca # a there is some ¢ € K such that
ob—1>
b
Proof. As stated already, (K (a)|K,v) is immediate with [K (a) : K] = p = char Kv.
The element b € K(a)* can be written as f(a) for f(X) € K[X] of degree smaller
than p. By Theorem 2.6, v(a— K) has no maximal element. Hence by Lemma 2.10,
we can choose v € v(a— K) so large that for all ¢ € K with v(a—c¢) > =, all values
v0; f(c) are fixed and equal to v0;f(a) whenever 0 < i < p, and that (7) and (8)

hold. Tt suffices to restrict our attention to those ¢ € K for which v(a —¢) > 7.
Then we have that

(31)  wdif(a)(a——c) = voif(c)(a—c) < vIif(c)a—rc) = vdif(a)(a—c)
for all ¢ > 1. From part 1) of Lemma 3.2 we infer that

oa—a oca—a\’
0 <o(ZE0) <0220
a—c a—c
for all ¢ > 1. Using this together with (31), we obtain:

v f(a)(oa—a) = vdf(a)a—c) (aa - a)

(30) v

> —v(a—c) + v(ca—a).

oa —a

< vd;f(a)(a—c) < -

It follows that

v(ofla) = fla)) = v(floa) = fla)) = v Z 9if(a)(oa - W)

Now (8) shows that

v f(e) +v(a—c) = v(f(a) = f(c)) = min{vf(a),vf(c)}.

The value on the right hand side is fixed, but the value of the left hand side increases
with v(a — ¢). Since v(a — K) has no maximal element, we can choose 7 so large
that the value on the left hand side is larger than the one on the right hand side,
which can only be the case if vf(a) = vf(c), whence vf(a) < vd;f(c) + v(a — ¢).
Consequently,

Lof(@) ~ 1)

i = Af© Fvlea=a) —vf(@) > —v(a=c) + v(oa—a).

0

Theorem 3.4. Take a defect extension € = (L|K,v) of prime degree. Then for
every generator a € L of the extension and every o € Gal (K) such that ca # a,

(32) Y, = —v(a—K)+v(ca—a),

and this set is a final segment of VK™ = {a € vK | a > 0}.
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Proof. The inclusion “2” in (32) follows from Lemma 3.1. To show the reverse
inclusion, we use Lemma 3.3. Since v(a— K) is an initial segment of vK, —v(a— K)
is a final segment of vK. Thus we can infer from (30) that
ob—b
b

This proves the inclusion “C”.

v € —v(a—K) +v(ca—a).

Since £ is an immediate unibranched extension, taking ¢ = 0 in part 1) of
Lemma 3.2 yields that v(ob — b) > vb for all b € L*, showing that vZ=% €
vL>? = vK>°% Since —v(a — K) is a final segment of vK, the same holds for
Yo =—v(a— K)+v(ca—a). O

3.2. Galois defect extensions of prime degree.

A Galois extension of degree p of a field K of characteristic p > 0 is an Artin-
Schreier extension, that is, generated by an Artin-Schreier generator ¢ which
is the root of an Artin-Schreier polynomial X? — X — ¢ with ¢ € K. A Galois
extension of degree p of a field K of characteristic 0 which contains all p-th roots
of unity is a Kummer extension, that is, generated by a Kummer generator
n which satisfies n? € K. For these facts, see [29, Chapter VIII, §8|.

If (L|K,v) is a Galois defect extension of degree p of fields of characteristic 0,
then a Kummer generator of L|K can be chosen to be a 1-unit. Indeed, choose any
Kummer generator 1. Since (L|K,v) is immediate, we have that vn € vK(n) = vK,
so there is ¢ € K such that ve = —vn. Then vnc = 0, and since ncv € K(n)v = K,
there is d € K such that dv = (ncv)™'. Then v(ned) = 0 and (ned)v = 1. Hence
ned is a 1-unit. Furthermore, K (ned) = K(n) and (ned)? = nPcPd? € K. Thus we
can replace 1 by ned and assume from the start that n is a 1-unit. It follows that
also n? € K is a 1-unit.

Throughout this article, whenever we speak of “Artin-Schreier extension” we
refer to fields of positive characteristic, and with “Kummer extension” we refer to
fields of characteristic 0.

Theorem 3.5. Take a Galois defect extension € = (L|K,v) of prime degree with
Galois group G. Then G is the ramification group of £. The set ¥, does not depend
on the choice of the generator o of G. Writing ¢ for X, , we have that X¢ is a
final segment of vK>° and satisfies

Ye = X_(G) = ¥.({id}),

showing that ¢ is the unique ramification jump of the extension €. Further, the
ramification ideal I¢ = I_(G) is equal to the ideal of O generated by the set

(33) {Ubb_b beLX},

for any generator o of G.
If (L|K,v) is an Artin-Schreier defect extension with any Artin-Schreier gener-
ator ¥, then

(34) Ye = —v(¥ — K).

If K contains a primitive root of unity and (L|K,v) is a Kummer extension with
Kummer generator n of value 0, then

(35) S = 2 —u(n-K).
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Proof. 1t follows from Theorem 3.4 that G is the ramification group of £ and that
¥, is a final segment of vK>°.

Assume first that (L|K,v) is an Artin-Schreier defect extension with Artin-
Schreier generator ¢. Then for every generator o of G, we have that o = ¥ + ¢
for some i € F,, and thus, v(cv¥ — ) = vi = 0. Hence equation (32) shows that ¥,
does not depend on the choice of o and that (34) holds.

Now assume that K contains a primitive root of unity and (L|K,v) is a Kummer
extension with Kummer generator n which is a 1-unit. Then on —n = (¢, — 1)n
for some primitive root of unity ¢, , and by equation (19),

vp
(36) vion—n) = v((—1) +vp = P
Hence by equation (32), 3, does not depend on the choice of o, and (35) holds.
If ¥ C 3,, then 0 ¢ Gy and hence Gy = {id}. If ¥, C 3, then 0 € Gy and

hence Gy = GG. As Y¢ is the intersection of all final segments that contain it,

Se = [ T =2.(G).

Since the sets —v(¥ — K) in equation (34) and —v(n — K) in equation (35) have
no smallest element, the same is true for X¢. Therefore, ¢ is the union of all final
segments properly contained in it, whence

e = U ®=oi({id)).

Ge={id}
Finally, from Section 2.4 we know that I_(G) is generated by the set (29). However,
as Yg = X, for every generator o of G, it is also generated by the set (33). U

We define the distance of £ to be the cut
dist€ = (=X¢)"

in vK. By applying the distance operator to the right hand sides of equations (34)
and (35), we obtain:

Corollary 3.6. If £ is an Artin-Schreier defect extension, then
dist € = dist (¢, K)
for every Artin-Schreier generator 9 of £. Consequently, all Artin-Schreier gener-
ators of € have the same distance.
If £ is a Kummer extension, then
dist & = —% + dist (n, K) = dist (0,, K)
p —

for every Kummer generator n of value 0. Consequently, all Kummer generators
of £ of value 0 have the same distance.
Proposition 3.7. Take a Galois defect extension € = (L|K,v) of prime degree p.
1) We have that

(37) dist€ < 0.
If € is an Artin-Schreier defect extension, then
(38) dist (v, K) < 0~
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for every Artin-Schreier generator 9. If £ is a Kummer defect extension, then

(39) 0 < dist(n,K) < (plﬁ?1>_

for every Kummer generator n of value 0.

2) The extension € has independent defect if and only if

(40) dist& = H™

for some proper convex subgroup H of vK. In particular, if the value group of
(K, v) is archimedean, then £ has independent defect if and only if dist € = 0.

3) If € is an Artin-Schreier defect extension with Artin-Schreier generator O, then
it has independent defect if and only if

(41) dist (0, K) = H~
for some proper convex subgroup H of vK.

A Kummer defect extension of prime degree with Kummer generator n of value
0 has independent defect if and only if

(42) dist (i, K) = —2 - H
p—

or equivalently,
(43) dist (0,, K) = H™,
for some convex subgroup H of vKK that does not contain vp.

Proof. 1): Inequality (37) follows from Theorem 3.4 together with the definition of
Y¢ in Theorem 3.5. From inequality (37) we obtain inequality (38) and the second
inequality in (39) by an application of Corollary 3.6. The first inequality in (39)
follows from Theorem 2.6 since vn = 0.

2): By definition, the lower cut set of dist £ is the smallest initial segment of vK
containing —X¢. Since —Y¢ is an initial segment of v K, dist € = H~ is equivalent
toYe ={a€cvK |a>H}.

The final assertion of part 2) follows from the fact that the only proper convex
subgroup in an archimedean ordered abelian group is {0}.

3): This follows from part 2) together with Corollary 3.6. In the case of a Kummer
extension we have that dist (n, K) > vn =0, so H cannot contain vp. 0

Proposition 3.8. Take a Galois defect extension € = (L|K,v) of prime degree p
with an Artin-Schreier or Kummer generator a. Further, choose any extension of
v from K(a) to K, take (K", v) to be the absolute ramification field of (K,v), and
N to be an intermediate field of K"|K. Then also Ey = (L.N|N,v) is a Galois

defect extension of degree p,
dist Ey = dist &,

and Ex has independent defect if and only £ has. Further, if (N,v) is an indepen-
dent defect field, then so is (K, v).

Proof. We may assume that a is a generator of £ as in Theorem 3.5. By equation
(13) of Proposition 2.12, also Ey is a Galois defect extension of prime degree p, and
dist (a, N) = dist (a, K). In view of Corollary 3.6, we obtain that dist &y = dist £.
From this, the third assertion follows by part 2) of Proposition 3.7.



DEEPLY RAMIFIED FIELDS AND DEFECT EXTENSIONS 23

In order to prove the final assertion, assume that (N, v) is an independent defect
field. Take a p-th root of unity ¢,. Then by definition, also N((,) C K" = K((,)"
is an independent defect field with respect to v. Take any Galois defect extension
of degree p of K((,) with a generator a as above. Then (N((,)(a)|N((,),v) has
independent defect, and by what we have proved already, the same is true for
(K(¢)(a)|K(¢p),v). This shows that (K, v) is an independent defect field. O

Proof of Theorem 1.15. We have shown in Theorem 3.5 that X¢ is the unique
ramification jump of £, and it follows that I¢ is the unique ramification ideal of
€. Thus the equivalence of assertions a) and b) follows from the definition of
independent defect. The equivalence of assertions b) and ¢) in Theorem 1.15 holds
because vL = vK and an ideal Iy, of Oy is prime if and only if ¥ = {a € vL | o >
H?} for some proper convex subgroup H of vL.

The remaining assertions follow from basic facts of valuation theory. O

For Artin-Schreier defect extensions, a different definition was given for depen-
dent and independent defect in [19]. We will show in the next section that our new
definition is consistent with the previous one.

3.3. Artin-Schreier defect extensions.

In this section, we consider the case of a valued field (K, v) of positive characteristic
p and an Artin-Schreier defect extension (L|K,v) with Artin-Schreier generator 4,
that is, 9? — 1 € K. The following definition was introduced in [19]: if there is an
immediate purely inseparable extension (K (n)|K,v) of degree p such that

then we say that the Artin-Schreier defect extension has dependent defect; oth-
erwise it has independent defect. Note that (44) implies that dist (, K) < oo,
that is, 7 does not lie in the completion of (K, v), since otherwise it would follow
that ¥ = n.

The above definition does not depend on the Artin-Schreier generator of the
extension L|K. Indeed, by [19, Lemma 2.26], ¢ € L is another Artin-Schreier
generator of L|K if and only if ¢' = ) + ¢ for some 7 € F)f and ¢ € K. If we set
n' =in+c, then K(n) = K(n') and v(0' —n') = v(i(d—n)) = v(¥d—n) > dist (J, K),
that is, ¥ ~g 7.

Proposition 3.9. An Artin-Schreier defect extension is dependent in the sense
as defined in [19] if and only if it is dependent in the sense as defined in the
introduction.

Proof. Take an Artin-Schreier defect extension (L|K,v) and write p = char K.
First assume that ¢ ~x 1 holds for some Artin-Schreier generator 9 of (L|K,v)
and an element 7 such that n” € K. Then v(J — n) > dist (9, K). On the other
hand, pv(¥ —n) = v(P —n?) = v + P — 9 —n?) € v(J — K). Suppose that
(41) holds for some proper convex subgroup H of vK. Then v(d —n) € H, but
pv(¥ —n) ¢ H, a contradiction. Now Proposition 3.7 shows that (L|K,v) has a
defect that is dependent in the sense as defined in the introduction.

Now assume that (41) does not hold for any proper convex subgroup H of vK.
This means that the set {a € vK | v(¥ — K) < a < 0} is not closed under
addition; more specifically, there is some « in this set and some ¢ € K such that
pa < v(d—c). Set b:= (J—c)P — (¥ —c) € K so that the Artin-Schreier generator
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¥ — ¢ becomes a root of the Artin-Schreier polynomial X? — X — b. Then by [19,
Theorem 4.5 (c)], the root n of the polynomial X? — b generates an immediate
extension which does not lie in the completion of (K, v), and J — ¢ ~k n holds. O

The name “dependent defect” was chosen in [19] because the existence of Artin-
Schreier defect extensions with a defect of (K, v) that is dependent according to
the definition given in [19] depends on the existence of purely inseparable defect
extensions of degree p that do not lie in the completion; [19, Proposition 4.3]
shows how the former are constructed from the latter. If (K, v) admits any purely
inseparable defect extension not contained in its completion, then it also admits
one of degree p. This is proved in the beginning of Section 4.3 of [19].

The reverse construction is given in the foregoing proof. Hence if (K, v) is an
independent defect field in the sense as defined in the introduction, then it admits
an immediate purely inseparable extension of degree p that does not lie in its
completion. This proves part 2) of Proposition 1.14.

4. SEMITAME, DEEPLY RAMIFIED AND RDR FIELDS

Throughout this section, we will consider a valued field (K, v) of residue
characteristic p > 0. All statements we will prove are trivial for valued fields of
residue characteristic 0.

When we deal with valued fields (K, v) of mixed characteristic with residue char-
acteristic p, we will write v = vyowv, 0¥ as in the paragraph before Proposition 1.3,
set crf (K, v) := Kuvgv, and denote by (vK),, the smallest convex subgroup of
vK that contains vp. Further, p%ova will denote the p-divisible hull of the sub-
group Zvp of vK generated by vp. If K has positive characteristic p, then we set
crf (K, v) := Kv and (vK),, = Kv.

4.1. Some basic results.
To start with, we state a few simple observations.

Lemma 4.1. 1) If char K = p > 0, then
(45) OK/pOK Sx—aP e OK/pOK
is surjective if and only if K is perfect; in particular, (DRvr) holds if and only if
K is perfect.
2) If (45) is surjective, then (DRur) holds.
3) If char K = 0, then the following assertions are equivalent:
a) (45) is surjective,
b) for every a € Ok there is ¢ € Ok such that a = ¢ mod pOk ,
c) for every a € Oy there is ¢ € O such that a = ¢ mod pOk ) ,
d) (DRur) holds.

4) If (K,v) satisfies (DRuvr), then so does every extension of (K,v) within its
completion.

Proof. 1): From char K = p > 0 it follows that pOx = {0}, hence the surjectivity
of the homomorphism in (5) means that every element in O is a p-th power.
Hence the same is true for every element in K, i.e., K is perfect. Replacing K by
K in (45), we thus obtain that K is perfect.
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2): Assume first that char K’ = p > 0. Then by part 1) the surjectivity of (45)
implies that K is perfect. Since the completion of a perfect field is again perfect,
it follows that K is perfect. Hence again by part 1), (DRvr) holds.

Now assume that char K = 0. Take @ € Of . Then there exists a € K such
that @ = a mod pOy . By assumption, there is some ¢ € Ok such that a = ”
mod pOk . It follows that @ = a = ¢® mod pOy , showing that (DRvr) also holds
in this case.

3): Assume that char K = 0. The proof of the equivalence of a) and b) is straight-
forward. Trivially, ¢) implies b), and part 2) of our lemma shows that a) implies d).
To show that d) implies ¢), take @ € O . Then by (DRvr), using the equivalence
of a) and b) with K in place of K, there is ¢ € Oy such that a = ¢® mod pOy
We take ¢ € Ok such that ¢ = ¢ mod pOg. Then a = ? = c¢? mod pOy , whence
a = c” mod pOgka)

4): Take (L|K,v) to be a subextension of (K|K,v). Then L = K, and in the case
of char K = p > 0 our assertion follows from part 1).

Now assume that (K, v) is of mixed characteristic and satisfies (DRvr). Then by
the implication d)=-c) of part 3), for every a € O = O; thereisc € Ox C Oy such
that @ = ¢ mod pOk ). Hence (45) is surjective in (L, v), and the implication
a)=d) of part 3) shows that (L, v) satisfies (DRvr). O
Lemma 4.2. If (K,v) satisfies (DRvr), then the following assertions hold:

1) The residue fields Kv and crf (K,v) are perfect.

2) If char K = p > 0, then vK is p-divisible and (K, v) is a semitame field.

Proof. To prove part 1), take any a € O. By assumption, there is ¢ € Oy such
that @ = & mod pOy . From this we obtain that av = v = (év)? € Kv = K.
Hence Kw is perfect. If (K,v) is of mixed characteristic, then the same holds with
v © v, in place of v, which shows that crf (K, v) is perfect.

To prove part 2), assume that char K = p > 0. Then by part 1) of Lemma 4.1,

(DRvr) implies that K is perfect, so vK = vK is p-divisible and (DRst) holds,
showing that (K, v) is a semitame field. D

Take any d € Mg . If for every a € Ok there is ¢ € Ok such that a = ¢
mod dOg , we will say that the function

(46) Ok >x— 2P € O

is surjective modulo dOg . This implies that the function

(47) Op2x— 2P e O

is surjective modulo dO (with the obvious modification of the above definition).

Lemma 4.3. For a valued field (K, v) of mized characteristic, the following asser-
tions hold:

1) If (K,v) is an rdr field, then (vK),, is p-divisible; in particular, vK contains
Z%,QZUp. If in addition (VK),, = vK, then (K,v) is a semitame field.

2) Assume that for d € My the function (47) is surjective modulo dOk . Then for
every a € K with p-divisible value va there is ¢ € K such that

(48) v(a—cP) > va+vd.
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If in addition vd € (vK),, and (vK),, is p-divisible, then the function (46) is
surjective modulo dOf .

Proof. 1): First, let us show that every a € vK with 0 < o < vp is divisible by p.
Take a € O such that va = . From (DRvr) we obtain that there is ¢ € Oy such
that a = ¢ mod pOy . Since va < vp, this yields that va = vé? = pvé, showing
that o = wva is divisible by p in vK = vK.

By assumption, vp is not the smallest positive element in vK, hence there is
a € vK such that 0 < o < vp, and we know that « is divisible by p. We may
assume that 2o > wvp since otherwise we replace a by vp — . In this way we
make sure that (vK),, is equal to the smallest convex subgroup containing c. This
implies that for every 8 € (vK),, there is some n € Z such that 0 < § —na < vp.
Then by what we have already shown, § — na is divisible by p. Since also « is
divisible by p, the same is consequently true for 5.

If in addition (vK),, = vK, then vK is p-divisible, and since (DRvr) holds by
assumption, (K, v) is a semitame field.

2): Take a € K with p-divisible value. Then there is b € K such that pvb = va.
Hence vb™?a = 0 and by assumption, there is ¢y € K such that v(b~Pa — ¢fy) > vd,
whence

v(a — (beo)?) = pvb+ov(bPa—cf) > va+vd.
With ¢ := bey, this yields (48).

Now assume in addition that vd € (vK),, and (vK),, is p-divisible, and take
a € Og. If va > (vK),,, then a = 0 mod dOk . If va € (vK),,, then va is
p-divisible and by what we have already shown there is ¢ € K such that a = ¢
mod dOp . This proves that (46) is surjective modulo dO . O

Proposition 4.4. Take a valued field (K,v) of mized characteristic such that
(VK )y is p-divisible. Further, take d € Mg such that vd < vp and nvd > vp
for some n € N. Then the following assertions are equivalent:

a) the function (45) is surjective, so (K,v) is an rdr field,

b) the function (46) is surjective modulo dOk ,

c) the function (47) is surjective modulo dOk .

Proof. Since vd < vp, we have that pOx C dOg . Hence the proof of implication
a)=-c) is straightforward. Implication ¢)=b) is the content of part 2) of Lemma 4.3.

b)=-a): Assume that assertion b) holds, and take any a € O . By part 2) of

Lemma 4.3, there is ¢; € K such that v(a — ) > vd. Now we proceed by
induction: having chosen ¢ such that

va—d —...—c) > kvd,
we can employ part 2) of Lemma 4.3 again to find ¢;yq € K such that
via—d —...—c =) > kvd+ud.

After n many steps we have:
va—d—...—cf) > nvd > vp.
Using part 1) of Lemma 2.16, we obtain:
a=d+...+& = (d+...4+¢) mod pOk .
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This proves that the function (45) is surjective. By part 2) of Lemma 4.1, (DRvr)
holds. By assumption, (vK),, is p-divisible, hence also (DRvp) holds. This proves
that (K, v) is an rdr field. O

Lemma 4.5. Assume that (K,v) is of mized characteristic with (vK),, p-divisible

and Kv perfect, and take n € K such that n? € Ok . Then either v(n — K) does
not admit a maximal element, or its maximal element is not smaller than %.

Proof. Take ¢ € K such that 0 < v(n —¢) < “£. Then by use of (14) it follows
that v(n? — ¢?) = v(n — ¢)? < vp. Since (vVK),, is p-divisible, there is some d; € K
such that vd](n? — c?) = 0, and since Kw is perfect, there is some dy € K such that
(dbdl(nP — cP))v = 1. With d = (didy)~?t it follows that v(d™P(nP — ) — 1) > 0,
whence v(n? — ? — dP) > v(n? — ®). Again by (14), we obtain that (n —c—d)P =
n? — c? —dP mod pO, and it follows that v(n —c —d) > v(n — ¢). O

4.2. Proof of Theorem 1.2.

1): Assume that (K, v) is nontrivially valued. The implication tame field = sep-
arably tame field is obvious, and so is the implication semitame field = deeply
ramified field. To prove the implication deeply ramified field = rdr field, we first
observe that if char K = p > 0, then vp = oo which is not the smallest positive
element of vK. If char K = 0, then vp is not the smallest positive element of vK
since otherwise, if I is the largest convex subgroup of vK not containing vp, then
(vK),p/T" =~ Z in contradiction to (DRvg).

Now assume that (K,v) is a separably tame field. If char K > 0, then by [22,
Corollary 3.12], (K,v) is dense in its perfect hull. Then the completion of the
perfect hull is also the completion of (K,v). Since the completion of a perfect
valued field is again perfect, we obtain that the completion of (K, v) is perfect.
Now part 1) of Lemma 4.1 shows that (K, v) is a semitame field.

Assume that char K = 0. Then the separably tame field (K, v) is a tame field.
By [22, Lemma 3.1 and Theorem 3.2], (K,v) is defectless, vK is p-divisible and
Kwv is perfect. Take any b € K that is not a p-th power, and take n € K with
n? = b. The unibranched extension (K (n)|K,v) is defectless, hence by Lemma 2.7,
v(n — K) has a maximal element. By Lemma 4.5, this maximal element is not
smaller than %’. Now part 3) of Lemma 2.16 shows the existence of ¢ € K such

that b = ¢ mod pOy . This proves that (K, v) is a semitame field.

2): Assume that (K,v) is an rdr field of rank 1 and mixed characteristic. Since
the rank is 1, we have that (vK),, = vK. Hence by part 1) of Lemma 4.3, (K, v)
is a semitame field. This together with part 1) of our theorem shows the required
equivalence in the case of mixed characteristic. For the case of equal characteristic,
it will be shown in the proof of part 3).

3): Assume that (K, v) is a nontrivially valued field of characteristic p > 0.
The implications a)=-b)=-c) have already been shown in part 1).

¢)=-d): This holds by definition.

d)=-e): This holds by part 1) of Lemma 4.1.

e)=1): If the completion of (K,v) is perfect, then it contains the perfect hull of
K; since (K, v) is dense in its completion, it is then also dense in its perfect hull.
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f)=g): If (K,v) is dense in its perfect hull, then in particular it is dense in
KY? = {a'/? | a € K}. Since z + 2? is an isomorphism which preserves val-
uation divisibility, the latter holds if and only if (K7, v) is dense in (K, v).

g)=Tf): Assume that (K?,v) is dense in (K,v). Since for each i € N, z — 2% is
an isomorphism which preserves valuation divisibility, it follows that (K 1/pH,v)
is dense in (K'/?' v). By transitivity of density we obtain that (K, v) is dense in
(KY P v) for each i € N, and hence also in its perfect hull.

f)=-e): This implication was already shown in the proof of part 1) of our theorem.

e)=a): Assume that K is perfect. The extension (K|K,v) is immediate, so vK =
vK, which is p-divisible. Hence (DRst) holds. By part 1) of Lemma 4.1, also
(DRvr) holds.

4): The assertion follows from the implication f)=-a) of part 3) as a perfect field is
equal to its perfect hull. 0

4.3. Proof of Propositions 1.3 and 1.4.

For the proof of Propositions 1.3 and 1.4, we will need some preparation.

Lemma 4.6. Assume that (K,v) is of mized characteristic, and set w := v, 0 T.
Then (K,v) is an rdr field if and only if (Kvg,w) is an rdr field.

Proof. First assume that (K, v) is an rdr field. Then vp is not the smallest positive
element in v K, which implies that wp is not the smallest element in w(Kwvg). Take
any b € Oy, . Then choose a € Ok such that avy = b. Since (K, v) is an rdr field,
there is some ¢ € Ok such that a — ¢? € pOk. It follows that cvy € Ok,, with
b— (cvg)? = (a— P)vg € pOg.,, , showing that (Kvg, w) satisfies (DRvr) by part 3)
of Lemma 4.1. Hence (Kvg,w) is an rdr field.

Now assume that (Kvg, w) is an rdr field. Then wp is not the smallest element in
w(Kwp), which implies that vp is not the smallest positive element in vK. Take any
a € Ok . Then avy € Ok,, and there is some d € Ok, such that avy—d? € pOg,, .
Choose ¢ € Ok such that cvg = d. It follows that a — ¢” € pOk . Again using part
3) of Lemma 4.1, we conclude that (K, v) is an rdr field. O

Proof of Proposition 1.3.

The equivalence of assertions a) and b) is proved in Lemma 4.6. To prove the
equivalence of assertions a) and c), we may assume that vy is trivial, that is,
Kvy = K, v =v,07 and vK = (vK),,. The assertion is trivial if v is trivial, so
we assume that it is not. This implies that vp is not the smallest positive element
in vk.

Let us first assume that (K,v) is an rdr field. Then 2 € vK by part 1) of
Lemma 4.3, so % € v, K, showing that v,p is not the smallest positive element in
v, K. It remains to show that (K, v,) satisfies (DRvr); by part 3) of Lemma 4.1 it
suffices to prove that (45) is surjective in (K, v,). Take any a € O,, . Since (K, v)
is an rdr field, by part 2) of Lemma 4.3 there is ¢ € K such that v(a—c?) > va+wvp,
whence vy,(a — ¢?) > vpa + vpp > vpp.

Now assume that (K,v,) is a deeply ramified field, hence an rdr field. As v is
not trivial, we know already that (DRvp) holds in (K, v), so it remains to show
that (45) holds. Since (K, v,) is an rdr field, for every a € O, C O,, there is some
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¢ € K such that v,(a — ¢”) = vpp, whence v(a — ¢”) > 2. Choosing d € K with
vd = % and applying Proposition 4.4, we conclude that (K, v) is an rdr field.

We turn to the equivalence of assertions a) and d). The implication a)=-d)
follows from part 1) of Lemma 4.3. Conversely, if vK is roughly p-divisible, then
vp itself is divisible by p, so (DRvp) holds. O

Proof of Proposition 1.4.

Take an arbitrary valued field (K, v) and assume that v = w o @ with w and @
nontrivial. Assume first that char K > 0. Then by part 3) of Theorem 1.2, the
properties “semitame”, “deeply ramified” and “rdr” are equivalent, so we have to
prove the assertions of the lemma only for “rdr”.

As w is nontrivial and a coarsening of v, the topologies generated by v and w
are equal, and it follows that (K,v) is dense in its perfect hull if and only if the
same holds for (K,w). By the equivalence of assertions c) and f) in part 3) of
Theorem 1.2, it follows that (K, v) is an rdr field if and only if (K, w) is an rdr
field. If the latter is the case, then from Lemma 4.2 we see that Kw is perfect,
and as it is of positive characteristic like K, we obtain from part 3) of Theorem 1.2
that (Kw,w) is also an rdr field.

Now we assume that char K = 0 and prove the assertions for the property “rdr”.
First we discuss the case where char Kw > 0 and write w in the same way as
we do for v: w = wp o w, ow. Then vy = wy, v, = w,, and W is a (possibly
trivial) coarsening of v. Hence it follows from Proposition 1.3 that (K, v) is an rdr
field if and only if (K, w) is an rdr field. If the latter is the case, then because of
char Kw > 0 it follows as before that (Kw,w) is also an rdr field.

Now we discuss the case where char Kw = 0. Then (K,w) is trivially an rdr
field, and wy is a coarsening of vy. We write w = Wy o W, o W as for v. We obtain
that w, = v,, W = v, and Wy is possibly trivial, with w o Wy = vy . It follows that
(Kwo,v,) = ((Kw)wy,w,). Using Proposition 1.3, we conclude that (K, v) is an
rdr field if and only if (Kw,w) is an rdr field.

It remains to consider the properties “semitame” and “deeply ramified”. We
observe that if char Kv = p > 0, then vK is p-divisible if and only if the same
is true for wK and wW(Kw). Likewise, all archimedean components of vK are
densely ordered if and only if the same is true for wK and w(Kw). From what we
have proved before, it thus follows that (K, v) is a semitame (or deeply ramified)
field if and only if both (K,w) and (Kw,w) are semitame (or deeply ramified,
respectively).

Further, we recall that in the case of char Kw > 0, (K, w) being an rdr field im-
plies that Kw is perfect, and so w(Kw) is p-divisible and thus all of its archimedean
components are densely ordered. This proves that (K, v) is a semitame (or deeply
ramified) field already if (K, w) is. O
4.4. Proof of Theorems 1.5 and 1.8 for the equal characteristic case.
Proposition 4.7. Take an algebraic extension (L|K,v) of valued fields of positive
characteristic. If (K,v) is an rdr field, then so is (L,v). If L|K is finite and (L, v)
is an rdr field, then so is (K,v). Both statements also hold for “deeply ramified”
and “semitame” in place of “rdr”.

Proof. In view of part 3) of Theorem 1.2, our assertions only need to be proved for
rdr fields. By part 3) of Theorem 1.2, a valued field (K, v) of positive characteristic
is an rdr field if and only if its completion ([A( ,v) is perfect.
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‘Assume that (K,v) is an rdr field. Then the completion (L,v) of (L,v) contains

(K, v). Since K is perfect, so is L.K. Since (L, v) is also the completion of (L.K, v),
it is perfect too. Hence (L,v) is an rdr field.

Now assume that L|K is finite and (L,v) is an rdr field. Then L = L.K is
perfect. As L.K|K is finite, it follows that K is perfect. Thus (K,v) is an rdr
field. U

4.5. Proof of Theorem 1.6 and Corollary 1.7.

Our next goal is the proof of Theorem 1.6. First, we prove the upward direction.
By Proposition 4.7, we only need to prove it in the mixed characteristic case.

Lemma 4.8. Assume that (K,v) is a henselian rdr field of mized characteristic
with residue characteristic p > 0, and that (L|K,v) is a finite extension. Then the
following assertions hold.

1) If [L: K] = [Lv : Kv|, then also (L,v) is an rdr field.
2) Take a prime q different from p. Assume that L = K(a) with a? € K and
va ¢ vK. Then also (L,v) is an rdr field.

Proof. Like (K,v), also (L, v) satisfies (DRvp). Hence by part 3) of Lemma 4.1,
(L,v) will be an rdr field once (45) is surjective.

In order to prove part 1), we take a finite extension (L|K,v) such that [L : K] =
[Lv : Kv]. Since Kv is perfect by Lemma 4.2, Lv|Kwv is separable and we write
Lv = Kv(§) with £ € Lv. Since also Lo is perfect, there are &,...,&, € Kv with
n = [Lv: Kv] — 1 such that £ = (§,£" + ... + && + &)P. Let F be the extension
of F, generated by the coefficients of the minimal polynomial of £ over Kv and
the elements &, ...,&,. As a finitely generated extension of the perfect field I, ,
F' is separably generated, that is, it admits a transcendence basis tq,...,t; such
that F|F,(t1,...,t;) is separable-algebraic. We have that F' C Kv, so we may
choose x1,...,x; € K such that x;v = t;. Then vQ(z1,...,zr) = vQ = Zvp
and Q(xq,...,xx)v = Fp(ty,...,tx) (cf. [4, chapter VI, §10.3, Theorem 1]). Using
Hensel’s Lemma, we find an extension Ky of Q(z1,...,z;) within the henselian
field K such that Kgv = F and vKy = vQ(xy, ..., zx) = Zvp.

Using Hensel’s Lemma again, we find a € L such that av = ¢, [Ky(a) : Ko] =
[F(&) : F] and vKy(a) = vKy = Zvp. By construction, £/? € F(£), so we can
choose b € Ky(a) such that bv = /7. Then av = (bv)? = bPv, so v(a — b?) > 0 and
thus v(a — b?) > vp.

We observe that since F' contains all coefficients of the minimal polynomial of ¢
over Kuv,

[Kv(§) : Kv] = [F(§) : F] = [Ko(a) : Ko] > [K(a): K] > [Kv(E) - Kv].

Hence equality holds everywhere; in particular, K(a) = L. Also, we obtain that
L,a,...,a™is abasis of K(a)|K with the residues 1, av, ..., a"v linearly independent
over Kv. Hence if we write an arbitrary element of K'(a) as Y, ¢;a" with ¢; € K,
then

n
v Z; cia Orélilgnn ve;
1=
Thus, for the sum to have non-negative value, all ¢; must have non-negative value.
Since (K,v) is an rdr field, there exists d; € K such that ¢; = & mod pOk .
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Consequently,

n n p
Z cia' = Z & (bP) = (Z dﬁ') mod pQy ,
=0 i=0

=0

where the last equivalence holds by part 1) of Lemma 2.16. This shows that (45)
is surjective, which proves that (L,v) is an rdr field.

In order to prove part 2), we take a prime ¢ different from p and a finite extension
(L|K,v) such that L = K(a) with a? € K and va ¢ vK. We obtain that [K(a) :
K] =q= (vK(a) : vK). As p and ¢ are coprime, also pva = vaP? generates vK (a)
over vK, and K(a) = K (aP). Therefore, 1,a?,...,a? Y is a basis of K (a)|K with

the values v1,va?, ..., va? belonging to dlstinct cosets of vK. Hence if we write
an arbitrary element b of K(a) as b= ") ¢;a” with ¢; € K, then
q—1
— P ; L iy P
vb v Z; c;a Or%l?q ve; + ivab .
1=

Assume that vb > 0. Then all ¢;a”® must have non-negative value. However,
for i« > 0 this does not imply that vc; > 0; we only know that vc;a?® > 0 since
iwaP ¢ vK, whence va?" > —vc;.

Suppose that va is not equivalent to an element in vK modulo (vL),,. Then
the same holds for v¢; + piva in place of va, for 1 < i < g, so that ve;a?* ¢ (vL),, .
In this case, b is equivalent to ¢y modulo pQOy, . Since (K, v) is an rdr field, there
is dy € K such that b = ¢y = dj mod pOy, . Hence we may now assume that va is
equivalent to an element 6 € vK modulo (vL),,. We choose d € K with vd = §
and replace a by a/d, so from now on we can assume that va € (vL),, .

As (K, v) is an rdr field, (vK),, is p-divisible by part 1) of Lemma 4.3. It follows
that p(vK),, lies dense in (vL),, and thus there is b; € K such that —ve; < pvb; <
va?; whence ve;b? > 0 and vb; Pa?* > 0. Again since (K,v) is an rdr field, there
are d; € K such that ¢;bf = d? mod pOy . Hence we obtain that

1 1 p
cham = qz(; )(b; Pat?) Zd b, Pa = <2 dibiai> mod pOy, ,

where the last equivalence holds by part 1) of Lemma 2.16. Again, this shows that
(45) is surjective, which proves that (L,v) is an rdr field. O

Proposition 4.9. Take a valued field (K, v) of mized characteristic, fix any exten-

sion of v to K, and let (K7, v) be the corresponding absolute ramification field of
(K,v). If (K,v) is an rdr field, then so is (K", v).

Proof. In this proof we will freely make use of facts from ramification theory; for
details, see [9, 10, 22].

We let L be a maximal extension of K inside of K" that is again an rdr field;
since the union over an ascending chain of rdr fields is again an rdr field, L exists
by Zorn’s Lemma.

First we will show that (L, v) is henselian. The decomposition v = vy o v, 0T for
v on K carries over to L with extensions of the respective valuations vy, v, and 7.
We note that v is henselian on L if and only if vy, v, and v are.
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Suppose that vy is not henselian on L. As (K7",v) is henselian, so is (K", vp)
which therefore contains a henselization L") of L with respect to vo. As henseliza-
tions are immediate extensions, we know that L")y, = Luvg; by Proposition 1.3,
(Lvg,vp) is an rdr field. Using the same proposition again, we find that also
(LM% ) is an rdr field. By the maximality of L we conclude that LM") = L, so
vp is henselian on L.

Next, suppose that v, is not henselian on Lvy. As (K",v) is henselian, so is

(K"vg,v,) which therefore contains a henselization ng ©p) of Lvy with respect to
v,. We know already that (Lvy, v,) is an rdr field. As its rank is 1, its henselization

lies in its completion. Hence by part 4) of Lemma 4.1, (ng(vp), v,) satisfies (DRvr).
Since (DRvp) holds in (Lwy, v,), it also holds in (ng’ (vp), vp), so the latter is an rdr
field. The extension ng(””)]l}vo is separable-algebraic, so we can use Hensel’s

Lemma to find an extension L' of L within K" such that L'vy = ng(vp). Using
Proposition 1.3 again, we find that (L', v) is an rdr field. Hence L' = L by the

(vp)

maximality of L, that is, Lvy = ng , showing that (Lwvg,v,) is henselian.

Finally, suppose that ¥ is not henselian on Lvgv,. As (K", v) is henselian, so is
(K"vgv,, ) which therefore contains a henselization Lvguy @ of Lvyv, with respect

to U. Suppose that Lvovg@)wvovp is nontrivial, so it contains a finite separable
subextension. Using Hensel’s Lemma, we lift it to a subextension F|L of K"|L
such that [F : L] = [Fugv, : Lugv,y]. By what we have shown already, (L, vov,) is
henselian, and by definition it is of mixed characteristic. Therefore, we can employ
part 1) of Lemma 4.8 to deduce that (F,vgv,) is an rdr field. By Proposition 1.3,
also (F,v) is an rdr field. This contradiction to the maximality of L shows that
Lvovg ® — Luvgv, , that is, (Lvgv,, V) is henselian. Altogether, we have now shown
that (L, v) is henselian.

The residue field of K" is the separable-algebraic closure of Kv. Suppose that
Lv is not separable-algebraically closed, so it admits a finite separable-algebraic
extension. Using Hensel’s Lemma, we lift it to a subextension F|L of K"|L such
that [F : L] = [Fv : Lv]. Again by part 1) of Lemma 4.8, (F,v) is an rdr field,
contradicting the maximality of L. Hence Lv is separable-algebraically closed.

The value group of K" is the closure of v K under division by all primes other than
p. Suppose that vL # vK". Then there is some prime ¢ # p and o € v K"\ vL with
qo € vL. Take a € K such that a? € L with va? = ga. It follows that (L(a)|L,v)
is a tame extension, hence a lies in the maximal tame extension L" of L. Since
K C L C K", we know that K" = L", so a € K". By part 2) of Lemma 4.8,
also (L(a),v) is an rdr field, which again contradicts the maximality of (L, v). We
conclude that vL = vK".

By what we have shown, Lv = K"v and vL = vK". As K" = L", we see that
(K"|L,v) is a tame extension. Together with the equality of the value groups and
residue fields, this implies that L = K”. Thus (K", v) is an rdr field. O

Proposition 4.10. Assume that (K,v) is an rdr field of mized characteristic, and
take a € Ok .

1) Assume that va = 0. Then for every ¢ € Ok with 0 < v(a — ) € (vK),, there
is ¢; € Ok such that

v(ia—¢) = vp + %v(a—cp).
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2) Assume that va € (VK )y, and that dist (a, K¥) <va+ SEzup. Then

va+vp < dist (a, K?) = va + P VP + H™
p_

where H is a convex subgroup of v KK not containing vp.

Proof. 1) Set a := v(a — ¢?) > 0. Since (K, v) is an rdr field, part 2) of Lemma 4.3
shows that there is ¢ € K such that:
(49) via—c —e) > wp+a.

It follows that vé? = o > 0. Since ve = va = 0,

-1
«
50 v((c+ P =P —¢eP) = ()c”’c’—vp+vc:vp+—.
(50) ((c+¢) ; p
From (49) and (50), we obtain for ¢; := ¢+ ¢:
via—d) = min{vp—l—oz,vp—i—g} = Up-'-g.
p p

2) First we prove the assertion in the case of va = 0. Since (K,v) is an rdr field,
there is some ¢ € K such that v(a — ¢®) > vp, so dist (a, K?) > vp.

We will use the following observation. If (VK )., 3 v(a —c”) =2 SE5vp—e > 0 for
some ¢ € K and positive € € vK, then by part 1) there is d € Ok such that

vp 1 P 1
——& = ——Up——¢€.
p—1 p p—1 p

By assumption, dist (a, K?) < }%vp. Hence the set of all convex subgroups H'
of vK such that v(a — K?) < -Ervp + H' is nonempty as it contains {0}. The
set is closed under arbitrary unions, so it contains a maximal subgroup H. Since
0 € v(a — KP), we see that H cannot contain vp.

Take any positive d ¢ H. Then by the definition of H, there is some n € N such
that v(a — K?) contains a value > —vp —nd. We set € := min {—vp — vp, n5}

and observe that there is c € K Such that
v(ia—cP) >

via—d’) = vgp+ ——= > vp+
p

b vp—e > vp > 0.

p—1

Note that v(a — c?) € (vK)y), since dist (a, K¥) < -Ervp. Using our above observa-
tion, by induction starting from ¢y = ¢ we find ¢; € K such that

D 1
via—dc) > vp — —¢.
( )= A
We choose some j € N such that = < 1. Then
1
—e < N5<s
P’ fd
and consequently,
p
v(a —cf) > p_lvp—(S.
This together with the definition of H shows that
(51) vp < dist (a, K?) = P TPt H™.
p —_—
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If 0 # va € (vVK),, then since (K, v) is an rdr field, part 1) of Lemma 4.3 shows
that there is b € K such that vb? = va. By what we have already shown, (51)
holds for b~Pa in place of a. We have that
v(a— (be)?) = vbP +v(bPa— ") = va+v(bPa—cP),
whence
dist (a, K?) = va + dist (b""a, K?) ,
which together with (51) for b™?a in place of a proves assertion 2) of our lemma. [

We pause to note the following consequence of Proposition 4.10 which was men-
tioned in the Introduction, but will not be needed any further.

Proposition 4.11. Take a valued field (K,v) of mized characteristic such that
(vVK)yp is p-divisible. Further, take d € Mg such that vp < vd' < p%lvp + H
for the largest convexr subgroup Hy of vK not containing vp. Then the following
assertions are equivalent:

a) the function (45) is surjective, so (K,v) is an rdr field,

b) the function (}6) is surjective modulo d' O .

Proof. Since d' Ok C pOf , and in view of the equivalence of a) and b) in part 3)
of Lemma 4.1, the implication b)=-a) is trivial.

a)=-b): Assume that assertion a) holds, and take any a € O . We may assume
that va € (vK),, since otherwise, va > vd’ and there is nothing to show. By our
choice of Hy and part 2) of Proposition 4.10, we now obtain:

dist (a, K?) > va+

p _
H, >
p—lvp+ 0 = p—1

Therefore, there is ¢ € K such that v(a — ¢?) > vd'. This proves assertion b). [

vp + Hy .

The next two propositions will describe the relation between rdr and independent
defect fields.

Proposition 4.12. FEvery rdr field containg all p-th roots of unity is an independent
defect field.

Proof. Assume first that char K > 0. Then by part 3) of Theorem 1.2, the perfect
hull of (K, v) lies in its completion. Now part 2) of Proposition 1.14 (which has

already been proved at the end of Section 3.3) shows that (K, v) is an independent
defect field.

Now assume that char K = 0, and take a Galois defect extension (L|K,v) of
prime degree. As shown in the beginning of Section 3.2, we can assume that
L = K(n) with a Kummer generator n which is a 1-unit.

Suppose that there is some ¢ € K such that v(n —¢) > vapl' Since the defect
extension (K (n)|K,v) is immediate, v(n — ¢) has no maximal element, and so there
will also be some element ¢ € K such that v(n — ¢) > 2. Then by Lemma 2.19,

n lies in some henselization K". But this is impossible since by Lemma 2.4, the
unibranched extension (K (n)|K,v) is linearly disjoint from K”|K. We conclude
that v(n — K) < -%. By Lemma 2.17, this is equivalent to v(n” — K?) < -Eup.
Therefore, we can apply part 2) of Proposition 4.10 to a = n?. We find that
(52) dist (77, K?) = —2 —vp + H

p
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where H is a convex subgroup of vK not containing vp. By part 1) of Lemma 4.3,
(vK)yp is p-divisible. Since H C (vK),,, we can again apply Lemma 2.17 to
obtain that (52) is equivalent to (42). By part 3) of Proposition 3.7 it follows that
(K(n)|K,v) has independent defect. This proves that (K,v) is an independent
defect field. U

Proposition 4.13. Assume that (vK),, is p-divisible and crf (K, v) is perfect. If
(K,v) is an independent defect field, then it is an rdr field.

Proof. From our assumption that (vK),, is p-divisible it follows that (DRvp) holds.
It remains to show that (K, v) satisfies (DRvr).

Assume first that char K > 0. Then by assumption, vK is p-divisible and Kwv is
perfect, hence the perfect hull of K is an immediate extension of (K,v). Thus by
part 2) of Proposition 1.14, our assumption that (K, v) is an independent defect
field implies that the perfect hull of K lies in its completion. This means that
(K, v) lies dense in its perfect hull. Now part 3) of Theorem 1.2 shows that (K, v)
is an rdr field.

Now assume that char K = 0, and set w := vy ov,. By Proposition 1.4 it suffices
to prove that (K, w) is an rdr field. Assume that b € K is not a p-th power, and
take € K with n” = b. Then from Lemma 4.5 with w in place of v we infer that
either w(n — K) has a maximal element > “%, or it has no maximal element at all.
In the first case, part 3) of Lemma 2.16 shows the existence of ¢ € K such that
b=c” mod pO(Kﬂu) .

Assume that w(n — K) has no maximal element. If it is not bounded from above
in (wK)yy , then there is some ¢ € K such that w(n —c) > <P, which by part 3) of
Lemma 2.16 gives us that b = ¢ mod pO k) -

Now assume that w(n—K) is bounded from above in (wK),,, . Then in particular,
wn € (WK )y, . It follows that (nuvy)? = bvy € Kvy and that v,(nuyg — Kvg) has no
maximal element but is bounded from above in v,(Kvy) = (wK),,. Hence by
Lemma 2.9, (Kvo(nvo)|Kvo,v,) is a defect extension of degree p. From this it
follows that also (K(n)|K,v) is a defect extension of degree p. We set K’ := K ((,)
where (, is a primitive p-th root of unity. Then by (13) of Lemma 2.12, also
(K'(n)|K',v) is a defect extension of degree p, with dist (, K’) = dist (n, K). By
assumption, this defect extension is independent, so

dist (n, K) = dist (1, K') = % v H
for some proper convex subgroup H of vK with vp ¢ H. Hence there is some
¢ € K such that v(n —c¢) > “L; thus as before, b = ¢ mod pO . This implies
that b = ¢® mod pO g w) -

Altogether, we have shown that (45) is surjective. Hence by part 2) of Lemma 4.1,
(DRvr) holds. O

Lemma 4.14. Fiz any extension of v from K to K, and let (K", v) be the corre-
sponding absolute ramification field of (K,v). If (K", v) is an rdr field, then so is
(K,v), and if (K", v) is a semitame field, then so is (K,v).

Proof. Assume that (K", v) is an rdr field and hence an independent defect field
by Proposition 4.12. By Lemmas 4.2 and 4.3, (vK"),, is p-divisible and crf (K", v)
is perfect. Since vK”/vK has no p-torsion, it follows that (vK),, is p-divisible.
From Lemma 2.15 we infer that the extension crf (K", v) | crf (K, v) is separable, so
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crf (K, v) is perfect. We set K’ := K((,) C K" as before. From Proposition 3.8 we
conclude that (K’,v) is an independent defect field. Hence by definition, the same
holds for (K, v). Proposition 4.13 now shows that (K, v) is an rdr field.

Now assume that (K", v) is a semitame field. Then by Theorem 1.2, (K", v) is an
rdr field, hence so is (K, v). Since vK" is p-divisible and v K" /v K has no p-torsion,
also vK is p-divisible. Hence by definition, (K", v) is a semitame field. U

Proof of Theorem 1.6:

It has been proven already in Lemma 4.14 that if (K", v) is an rdr field, then so is
(K,v), and if (K", v) is a semitame field, then so is (K, v). Let us now assume that
(K,v) is an rdr field. If char K > 0, then (K, v) is an rdr field by Proposition 4.7.
The case of rdr fields of mixed characteristic has been settled in Proposition 4.9.
Being an rdr field, (K", v) is also deeply ramified, as its value group is divisible by
every prime ¢ # char Kv and thus satisfies (DRvg).

Assume now that (K,v) is a semitame field. Then by part 1) of Theorem 1.2,

(K,v) is an rdr field. As shown above, it follows that the same is true for (K", v).
Since vK is p-divisible, v K" is p-divisible too. Hence (K", v) is a semitame field. [

Proof of Corollary 1.7:

Part 1) is an immediate consequence of both the upward and the downward di-
rection of Theorem 1.6. As (K" v) is a subextension of (K", v), the assertions
of part 2) for rdr and semitame fields follow immediately from part 1). Also the
assertion for the case of deeply ramified fields follows since the extension (K" K, v)
is immediate, so (K", v) satisfies (DRvg) if and only if (K, v) does. O

4.6. Proof of Theorem 1.5.

We will need some preparations.

Proposition 4.15. Assume that (K,v) is an rdr field of mized characteristic con-
taining all p-th roots of unity, and that (L|K,v) is a Galois defect extension of
prime degree. Then also (L,v) is an rdr field.

Proof. Let p be the residue characteristic of (K, v). By part 1) of Lemma 4.3, vK

contains p%,ova. We choose d € K such that

uvp

.

By Proposition 4.4 with L in place of K, in order to show that (L,v) is an rdr field,

it suffices to show that the function O > x — 2P € Oy, is surjective modulo dOy, .
From Section 3.2 we know that the extension admits a Kummer generator which

is a 1-unit 1+a with @ € M, . Proposition 4.12 shows that (K, v) is an independent

defect field. By Proposition 3.7, dist (1 4+ a, K) = p”Tpl + H~ for some convex

subgroup H of vK that does not contain vp. Hence for every positive a < 1% in

p%,ova there is some b € K such that v(1 4+ a —b) > «. Then b must itself be a

l-unit, say b =1+ c. Now v(1 +a— (1+¢)) = v(a — ¢) and the 1-unit

vd =

l+a cla —c)

1 ¢ = =1 —c)—

+a T e + (a—c¢) [T e

satisfies va, = v(a —c¢) > «. Since b € K, 1+ a, is also a Kummer generator of the

extension.
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We note that p%ova is dense in Qup. Thus we can choose « so close to ;z% that

(53) vdzﬁga—2p< o —a)<a< o < up.

P 1 p—1
By what we have shown above, we may from now on assume that L|K admits a
Kummer generator which is a 1-unit n = 1 + a with va > a.

Take an element in Op and write it as f(n) where f(X) = Y77 ¢; X with
¢; € K. The problem is that even though f(n) lies in Op, the coefficients ¢; do not
necessarily lie in Of. (This is in contrast to the case of defectless extensions, such
as extensions within the absolute ramification field, where for a suitably chosen n,
the value of f(n) is equal to the minimum of the values of the summands ¢;n'.)
Since v(n — K) has no maximal element, Lemma 2.10 shows that there must be
some v € v(n — K) such that for all b € K with v(n — b) > 7, the monomials

9; f(b)(n —b)" in

F) = 32 a0~ by

have distinct and thus non-negative values, and that for each 7, the values v0; f(b)
are constant, say equal to ;. Consequently,

Bi+iy >0 for0<i<p—1.

As all of this will remain true if we replace v by any larger value in v(n — K), we
can assume that v > va > o > 0. We fix one b with v(n—b) > ~. Then also b must
be a l-unit, and we write b = 1 + ¢ with ¢ € Mg . Thus, v(a —¢) = v(n —b) > 7,
and it follows that ve = va > a. We set

1+a

1+e¢

Ne =
and observe that
cla—c)
1+c¢

We choose some z € K with value vz = v(a — ¢). Then

(54) a—c=mn.—1+ =1n.—1 modcla—c)Op.

p—1

(55 S0 = 3 afb)a—o) = i@f(wzi (m . C(a_c))z .

— z(14¢)

Now 0;f(b)z" € Ok for all i. Further, v”cz_l =0 and z((‘lljrg € cOr. Consequently,

(56) sy = S as0 (B21) mod 0y

- y4
=0

Since ve = va > « > vd, this congruence also holds modulo dOy, . Hence in order
to show that f(n) is a p-th power in O modulo dOy,, it suffices to show that this
is true for the polynomial on the right hand side of (56). With the element C' as
in Lemma 2.20, this polynomial is equal to

57 Sosmc (o) = Sasmc

=0
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where )
MNe —
Vo= v, = o

Since
o= 25 v(in—1"0) = vla—c) = vz,
p—1
the coefficients 9;f(b)C" still lie in Ok . We note that v = v(n. — 1) — vC =
v(a —c¢) —vC < 0. Further,

(58) 0>vd >~vy—vC > a—vC.
From (21) and (22) we know that 9 satisfies the equation
ne —1
— g _ e
v =0 o +9(v),

where

g(9) = pzj (f) CPYi

We compute for 2 <i < p—1:
v (f) C P9 = wp+ (i —pC+ivd = (i —1)vC + ivd

> vC+pvd > a+pvd = a+ 2pvd — pvd
> a—2p(vC —a)—pvd > vd — pvd,
where the last inequality holds by (53). Hence g(v) € d¥~*Op, and
e — 1 -
= gp — de — ~ P
(59) v =9 v mod dv?Oy, .
As v < 0, we have that v > v¥?, so that
me—1 _ o
UW = vi? .
Since (K,v) is an rdr field, using part 2) of Lemma 4.3 we can find elements
t,t; € Ok such that

ne —1
Cr

(60) tr = mod pt*Ox = p?Oy,
and for 0 < <p—1,
(61) t? = 9, f(b)C" mod pO C dOy, .
We have that
P —tP = (9 —t)’ mod pd*Oy

and consequently,
(62) 9P — % = (-1 mod pi"Oy .
From (53) and (58) we derive that

vd)™* = vd — 2pvd < vd+2p(vC —a) < a < vp,
so that pd9?Op C dy~POy, . Hence by (59) and (62),

¥ = (9—1t)? mod dv POy .
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We write (9 — )P =9 4+ dvPs with s € O . Then for 0 <i <p—1,

(W —t)? = 9 + 2 (;) 9 (d9Ps)

Since v < 0 < vdv s, the summand of least value in the sum on the right hand
side is the one for j = 1. This shows that

¥ = (9 —1)" mod dy PO, .

Here, each d¥~P"~10; can be replaced by the larger ideal dO;. Combining this
with (61), we obtain:

p—1 p—1
(63) Yo f)C = Y W — )7 mod dOy, .
=0 =0

We observe that the corresponding summands in the sums on the right hand sides
of (55), (56), (57) and (63) all have the same non-negative value. Consequently,

pit?(f}_t)p = (it(ﬁ—t)) mod pOy, .

Together with (63), this leads to

fn) = i@f(b)(?i (77«:0— 1>Z = <i ti(9 — t)) mod dOy, ,

which completes our proof. 0]

Proposition 4.16. Assume that (K,v) is an rdr field of mized characteristic with

algebraically closed residue field. Take a defectless unibranched Galois extension
(L|K,v) of degree p = char Kv. Then also (L,v) is an rdr field.

Proof. Since (L|K,v) is unibranched and defectless, equation (1) shows that p =
[L: K] = (vL:vK)[Lv : Kv]. However, as Kv is algebraically closed, [Lv : Kv| =
1. Hence (vL : vK) = p. By part 1) of Lemma 4.3, v, o 5(Kvg) = (vK),p is
p-divisible. It follows that (voL : voK) = p and therefore, Lvg = Kvy. Applying
Proposition 1.3 to (K,v), we find that (Kvg,v,) = (Lvo,v,) is an rdr field, and
applying the proposition again, we conclude that (L, v) is an rdr field. U

Proof of Theorem 1.5. For the case of deeply ramified fields of positive characteristic
we have given the proof already in Proposition 4.7, so let us assume that (K, v)
is an rdr field of mixed characteristic and (L|K,v) an algebraic extension. By
Theorem 1.6, (K", v) is a deeply ramified field. Hence K"v is perfect by Lemma 4.2,
but as it is also separable-algebraically closed, it must be algebraically closed.

We let L' be a maximal extension of K" inside of L.K" that is again an rdr field;
since the union over an ascending chain of rdr fields is again an rdr field, L' exists
by Zorn’s Lemma. Since K" contains all p-th roots of unity, so does L', and since
K"v is algebraically closed, so is L'v. .

Suppose that L' # L.K". Since K|K" is a p-extension, the same holds for K|L’.
Consequently, L.K"|L' contains a Galois subextension (L”|L’, v) of degree p. If this
is a defect extension, then it follows from Proposition 4.15 that (L”,v) is an rdr
field. If the extension is defectless, then it follows from Proposition 4.16 that (L”, v)
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is an rdr field. In both cases we have obtained a contradiction to the maximality
of L'. This proves that (L.K",v) is an rdr field. Since L.K" = L" by [9, (20.15)
b)], we now obtain from Theorem 1.6 that (L,v) is an rdr field.

It remains to deal with deeply ramified fields and with semitame fields. For
them the proof follows immediately from what we have already shown, since deeply
ramified fields are just the rdr fields that satisfy (DRvg), and semitame fields are
just the rdr fields with p-divisible value groups. All of these properties are preserved
under algebraic extensions. U

4.7. Proof of Theorem 1.8.

The equal characteristic case has already been settled in Proposition 4.7. Thus we
assume now that (L|K, v) is a finite extension of valued fields of mixed characteristic
and that (L,v) is an rdr field. We wish to show that (K, v) is an rdr field. In order
to derive a contradiction, we suppose that this is not the case.

We take an extension of v to K = L. This determines the absolute ramification
field (K", v) of (K,v). By [9, (20.15) b)], (L.K",v) is the absolute ramification
field (L",v) of (L,v). By Theorem 1.6, (L",v) is an rdr field. From Lemma 2.13
we know that L.K"|K" is a finite tower of Galois extensions of degree p. By our
assumption and Theorem 1.6, (K", v) is not an rdr field. Then there is a maximal
field (N, v) in the tower that is not an rdr field, and a Galois extension (N’,v) of
(N, v) of degree p that is an rdr field.

By part 1) of Lemma 4.3, v N’ contains p%ova. Since (N’|N,v) is a finite exten-
sion, also v/N contains p%oZUp. By part 1) of Lemma 4.2, crf (N’ v) is perfect. As
crf (N, v)|crf (N, v) is a finite extension, also crf (N, v) = Nwgv, is perfect. Hence
the same holds for Nwv.

Since (N, v) is not an rdr field, Proposition 4.4 shows that for every d € N with
vd € p%,ova and 0 < vd < vp there must be some b; € O such that there is no

c € N with by — c? € dOx . We choose 1, € N such that n, = bg. Then there is no
¢ € N such that v(ng —c) > %l since this would imply v(bg — ) = v(n}; — ) > vd
as n;—c? = (ng—c)? mod pOy . Lemma 4.5 shows that v(n; — N) has no maximal
element. Hence by Lemma 2.7, (N(ng)|N,v) is a Galois defect extension, and by
Proposition 3.7, it has dependent defect.

We distinguish two cases. First, let us assume that (N'|V,v) is not a defect
extension. Then by Lemma 2.3, (N'(ng)|N’,v) is a Galois defect extension with
dist (ng, N') = dist (14, V), which shows that also this extension has dependent
defect. Therefore, (N’,v) is not an independent defect field and thus by Proposi-
tion 4.12; it is not an rdr field. This contradicts our assumption.

Now let us assume that (N'|N,v) is a defect extension. Since K" contains all
p-th roots of unity, the same holds for N. Therefore, the extension N'|N admits a
Kummer generator 7, and we can assume that it is a 1-unit. Since Nwvyv, is perfect,
it follows that there is some ¢ € N such that vy o v,(n —¢) > 0, and thus we can
choose some d € N as above such that ”?d € v(n— N). It follows that

(64) v(na —N) S o(n—N).

This means that dist (4, N) < dist (n, N). Note that v(ong — n4) = v(on —n) as
both 7, and 7 are Kummer generators of value 0 of the extensions N(74)|N and
N'|N, respectively.
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If v(ng — N') = v(ng — N), then again by Lemma 2.3, (N'(n4)|N’,v) is a Galois

defect extension with dist (ng, N') = dist (4, V), yielding a contradiction as before.
Suppose that 1y € N’. Then inequality (64) leads to

(65) —0(na = N) +v(ong —na) # —v(n—N)+v(on—n),
which in view of equation (32) together with Theorem 3.5 is a contradiction. Hence
we can assume that ny ¢ N'.

Now our proof will be complete once we show that v(ng — N') # v(ng — N) is
impossible. In order to derive a contradiction, suppose that the two sets are not
equal. Then there is some 77 € N’ such that v(ng —1) ¢ v(ng— N). Since v(n; — N)
is an initial segment of vN' = v N, it follows that v(ng — 1) > v(ny — N). By part
1) of Lemma 2.1,

o= N) = (i — N)
holds for all 7 € N' with v(ng — 1) > v(na — N). As i € N\ N and [N": N| = p,
also 7 is a generator of N'|N.
For o € Gal (K|K) with on # 7, we compute:
(66) v(on —17) = min{v(on — ona), v(ona = Na),v(na — 17)} -
As an algebraic extension of (K", v), also (N,v) is henselian. Hence we have that
v(on — ong) = vo(ng —n) = v(ng — 7). Suppose that
v(na = 1) = v(ona —1a) -
As (vN'),, is p-divisible and N'v is perfect, v(ng — N’) does not have a maximum
inside of (vN’'),,, so we may assume that v(ng — 77) > v(ong — ng). Thus in all
cases, we may assume that v(ng — 77) # v(ons — na). Hence by (66),
(67) v(on — 1) = min{v(ons —na), v(na —17)} -
If v(on—1) = v(ona—na), then v(of—17) = v(on—n) and we obtain a contradiction
exactly as in (65) with 7y replaced by 7. Hence we now assume that
v(on—1) = v(na—1) < v(ona—1na) -
Again because v(ng — N') does not have a maximum inside of (vN’),,, we can
choose 7; € N’ such that
v(na =) > v(na—1) > v(na—N).
Like 7, also 7; is a generator of N'|N. With the same computations as before, we
arrive at (67) with 7 replaced by 7; . We must have that v(ng — 71) < v(ons — 14)
since otherwise, we would obtain a contradiction as before. Therefore,
v(on — ) = v(ng — )
and
v(ih = N) = v(na—N) = v(i— N).
Combining everything, we find:
—v( = N)+v(om —im) = —v(na—N)+v(na— )
# —v(na—N)+v(na— 1)
= —v() = N)+v(on—1),
which again by equation (32) together with Theorem 3.5 is a contradiction. U
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4.8. Proof of Theorems 1.10 and of Proposition 1.14.

Proof of Theorem 1.10: As before we set K’ = K((,). Then for any extension of v
to K, (K((y),v) is contained in the corresponding absolute ramification field.

1): Assume that (K, v) is an rdr field. The assertions on (vK),, and crf (K, v) have
been proven in Lemmas 4.2 and 4.3. By part 1) of Corollary 1.7, also (K’,v) is
an rdr field. It follows from Proposition 4.12 that (K’,v) is an independent defect
field. Thus by definition, (K, v) is an independent defect field. The converse is the
content of part 1) of Proposition 4.13.

2): We note that every unibranched Galois extension of prime degree different from
the residue characteristic is automatically tame.

First, we assume that (K, v) is a semitame field. Then by part 1) of Corollary 1.7,
also (K',v) is a semitame field, so v K’ is p-divisible. By Lemma 4.2, K'v is perfect.
Therefore, equation (1), with K’ in place of K, shows that every unibranched Galois
extension (L|K’,v) of degree p either has defect p, or satisfies [Lv : Kv] = p with
Lv|K'v a separable extension. In the latter case, the extension has no defect and
is tame. Otherwise, it is a defect extension of degree p. Then, as (K’,v) is an rdr
field by Theorem 1.2, part 1) of our theorem shows that it must be an independent
defect extension.

For the converse, we first show that our assumptions yield that vK’, and hence
also (vK'),p, is p-divisible, and that crf (K’ v) is perfect. Indeed, if o € vK' is
not divisible by p and we take a € K’ with va = «, then taking a p-th root of a
induces a Galois extension that is neither tame nor immediate, contradicting the
hypothesis. The same holds if a € K’ is such that va = 0 and av does not have a
p-th root in K'v, hence K'v is perfect.

Suppose that crf (K, v) is not perfect. Pick a € K’ such that avyow, has no p-th
root and choose some b € K such that b = a. Since vK’ is p-divisible, the same
holds for 7(K'vgov,). In addition, (K'vgov,)v = K'v is perfect. It follows that the
extension (K'wvg o v,(bvg o v,)|K'vg 0 v,,0) is immediate of degree p = [K'(b) : K],
which implies that also (K'(b)|K’,v) is immediate. Further, the former extension is
unibranched as it is purely inseparable. Since also the extension (K'(b)|K, v o v,)
is unibranched as its inertia degree is p, also (K’(b)|K’,v) is unibranched. By
assumption, its defect must be independent since defect extensions of degree p
are not tame. But then there must be ¢ € K’ such that v(b —¢) > £, whence
bug o v, € K'vg o v, contradiction.

Our assumption yields that every Galois defect extension of (K’ v) of degree p
is independent. Hence we obtain from part 1) that (DRvr) holds, so (K’,v) is a
semitame field. By part 1) of Corollary 1.7, also (K, v) is a semitame field. O

Proof of Proposition 1.14. Part 1) follows from Proposition 3.8. Part 2) has already
been proved at the end of Section 3.3. O

4.9. Proof of Proposition 1.1.

It is well known that first order properties of the value group vK of a valued field
(K, v) can be encoded in (K, v) in the language of valued fields. The axiomatization
for (DRvp) and (DRst) is straightforward. Further, (DRvg) holds in an ordered
abelian group (G, <) if and only if for each positive a € G there is § € G such that
20 < a < 3p.
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If (K,v) is of mixed characteristic, then (DRvr) is equivalent to the surjectivity
of (45), and this in turn holds if and only if for each a € K with va > 0 there is
b € K such that v(a — b”) > vp. Hence the classes of semitame, deeply ramified
and rdr fields of mixed characteristic are first order axiomatizable.

If (K,v) is of equal positive characteristic, then part 3) of Theorem 1.2 shows
that semitame, deeply ramified and rdr fields form the same class. This class can
be axiomatized by saying that (KP v) is dense in (K,v), or in other words, for
every a € vK and every a € K there is b € K such that v(a — ?) > a.

In the case of equal characteristic 0, (DRvp), (DRvr) and (DRst) are trivial and
all valued fields are semitame and rdr fields, while the class of deeply ramified fields
consists of those which satisfy (DRvg). O
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