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Motivation: a simple fractal

Let X == {(x,y) € R? | x®+y? <37},
consider Ky := [-32, 3] x {0}
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What have we done?

f: X = X:fi(x) = ;x+<1>

f2:x—>x:f2(x):=;<;



Does a limit object exist?

Yes, if:
1. We have a metric on K(X), and
2. F is contractive on K(X) w.r.t. that metric, and
3. K(X) is complete w.r.t. that metric.

How can we get this?

ad 1. Hausdorff metric dy
ad 2. easy calculation because fi, f,, f3, f4 are contractive



ad 3.
Completeness is not just a metric notion, but a uniform.

We generalize the Hausdorff metric to the Bourbaki-Uniformity.
In uniform spaces we have compact = precompact + complete

So, if we prove compactness, we get completeness as a gift.



We generalize the Bourbaki-Uniformity to the Vietoris-Topology.
Let (X, 7) be a topological space, H C B(X) and M C X. We define
M+ ={HeH| HNM=0}

and
M ={HeEH|HNMZ0D}.
(If there is no doubt about H, we omit it in the superscript and write M* resp. M~.)

On H C PB(X) now a topology 7, is defines by the subbase
{A*| Aclosed in X}

called upper Vietoris topology.

Furthermore, by the subbase
{07|0€er}

a topology 7; is defined, called lower Vietoris topology.

Ty =71V 7, is called Vietoris topology.



Let (X, d) be a metric space. On K(X) holds:
The Bourbaki-Uniformity of Uy coincides with Uy,, .

Let (X,U) be an uniform space. On K(X) holds:
The Vietoris topology of 73, coincides with the topology generated from the
Bourbaki-Uniformity.

= If we build the Vietoris topology from 74 we get the same topology as is
induced by the Hausdorff metric on K(X).



Theorem

Let (X, T) be a topological space, Cly(X) the family of all nonempty closed subsets
of X and t the Vietoris topology for 7 on Cly(X). Then holds

(Ch(X), Tv) is compact < (X, T) is compact.

This applies to our problem with the limit object, yielding completeness, as needed.
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A concrete category C over Set is called topological, iff

1. Forall X € |Set| and all families (f, (X;, &))ic/, indexed by a class /, of
C-objects (X}, &) and functions f; : X — X; there exists a unique initial
C-Object (X, £) on the set X, i.e.

(Y, e|Clg:Y—X:
gellY,n),(X,9le <« Viel:fiogel(Y,n), (X&)l

2. (Fibre-smallness) For all X € |Set]|, the class of C-objects on X is a set.
3. On sets with at most one element exists exactly one C-structure.
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A category C is called cartesian closed, iff
4. 4.1 For every pair (A, B) of C-objects exists a product A x Bin C and
4.2 For every pair (A, B) of C-objects exists a C-object B and a C-morphism
e:Ax B* = B, s.t. for every C-Object C and every C-morphism f: Ax C — B
there exists a unique C-morphism f : C — B* with f = e o (14 x f).

A topological category C is said to be extensional, iff for every Y € |C | with
underlying set Y, there exists a C-object Y* with underlying set Y* := Y U {ocovy},
ooy € Y, s.t. for every X € C with underlying set X, every Z C X and every

f:Z — Y, where fis a C-morphism w.r.t. the subobject Z of X on Z, the map

f*: X — Y*, defined by

fro fx)y ; xeZ
f(x).={ooy L X2z

is a C-morphism.

A topological category C is called a topological universe, iff it is cartesian closed
and extensional.



Problem: How to define ,natural“ Hyperstructures for arbitrary topological
categories?
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If X is a set and Bo(X) the set of all nonempty subsets of X, let
A(X) = {f € XPX) | VA € Po(X) : f(A) € A}
the family of all selections on Py (X).

One can show, for instance:

Proposition

Let (X, ) be a locally compact topological space,
P:={pec X|3f € AX): f(p) = p} and let § be an ultrafilter on PBo(X) with
? % A P(X). Then A C P holds.
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By §(M) we denote the set of all filters on a set M and by §(M) the set of all
ultrafilters on M.

Proposition
Let (X, T) be a nested neighbourhood space, let p be an ultrafilter on B (X) with
o AePB(X) and let

P:={p e X| 3F € F(AX)) : F(&) > p}.
Then A C P holds.



For uniform spaces we get even a quite nice characterization:

Theorem

Let (X,U) be a uniform space, 1, the induced topology on X, and X of compact
subsets of X and U the induced Bourbaki uniformity on X. For @ € §(X) are
equivalent

oS AEX,
2. 2.1 Vi€ AX), ¥ € Folp) : 3a€ A f() ™ aand
22 Yae A:3f e AX) : f(p) ™ a.

Nevertheless definitions by selections needs precise analyse of the concrete
structure (topology, uniformity ...).
Moreover, it can lead rapidly to some hard set theoretical difficulties.



For afilter o on a set X and a function f : X — Y we mean by the image of ¢
under f the filter f(p) == {B C Y| 3dP € ¢ : f[P] C B}.

We say, a filter ® has Property (A) w.r.t. X iff ® is a filter on B¢ (X) and fullfills
Vi e AX): 3x € X : f(®) = X
(Here )?f is the singleton filter generated by x;.)

Question: If ® has property (A) w.r.t. X, must @ itself be a singleton filter on

Po(X)?



Proposition
If a filter ® has property (A) w.r.t. a set X, then it is an ultrafilter on Bo(X).

Lemma
If ® has property (A) w.r.t. a set X, then it is countably complete.

Corollary
If & has property (A) w.r.t. a countable set X, then it is a singleton filter on By (X).



1. Countably complete free ultrafilter exist, iff w-measurable cardinals exist.
2. w-measurable cardinals exist, iff measurable cardinals exist.
3. Every measurable cardinal is inaccessible.

Now the problem:
4. In ZFC+,there exists an inaccessible cardinal” the consistency of ZFC can be
proved.
5. If ZFC is consistent, then ZFC+,there exists no inaccessible cardinal“ is
consistent, too.

Question: If  is a filter on Py(X) such that for every f € A(X) the image f(P) is
an ultrafilter on X. Must & itself be an ultrafilter on o (X)?
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In function spaces one is mainly concerned with continuous functions.
What to do, if a context leads to other functions like
sin(3) © x#0;

f:Ft’—>R:f(x):={ 0 C X20

[Naimpally, 1966] introduced a topology for such "almost continuous" functions:
Definition

Let (X, 1), (Y, o) be topological spaces, let X x Y be equipped with product
topology. For any open set O C X x Y define

O:={feYX|fco}

The topology I' generated from the base consisting of all O, O openin X x Y, is
the graph topology w.r.t. 7, 0.

Remark: The set of "almost continuous” functions is just the closure of C(X, Y) in
YXwrt. T.
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Theorem [Naimpally, 1966]

1. If X is Ty, then the graph topology on Y* contains the pointwise topology.
2. If X is T, then the graph topology on Y* contains the compact-open topology.

3. If X is Tz, Y not trivial, and the graph topology on Y* coincides with the compact-open,
then X is compact.

[Poppe, 1967] remarked, that the graph topology is just the restriction of the (upper) Vietoris
topology from Bo(X x Y) to Y and generalized the approach using other suitable seeming
hypertopologies for X x Y.

Theorem [Poppe, 1967]

1. If X is compact and T, then the graph topology on C(X, Y) coincides with the
compact-open topology.

2. If X is completely regular and the graph topology on C(X, R) coincides with the
compact-open, then X is compact.



Theorem [Naimpally, 1966]

Let X, Y be uniform spaces and UC(X, Y) the set of uniformly continuous
functions.

1. The graph topology on UC(X, Y) contains the uniform topology.

2. If X is compact T,, then the graph topology on C(X, Y) coincides with the
uniform topology.

Theorem [Poppe, 1967]
Let X be a topological and Y an uniform space.
1. The graph topology on C(X, Y) contains the uniform topology.

2. If the graph topology on C(X) coincides with the uniform topology, then X is
countably compact.



For sets X we define a relation < between elements of P (Po(X)):

a1 Rap & VA €y dA € an i Ay C A
For subsets 21, > C Po(Po(X)):
21 XYy & Vo €do:da1 €X1 a1 R an.

<is and , but not symmetric, not antisymmetric and not asymmetric in

general.

Definition multifilter
Let X be a set. A family X C Bo(Bo(X)) is called a multifilter on X, iff

1. 01 €EX N0y R0p = 00 € X and
2. 0'1,0'2€z=:>30’36210’3j0’1&ﬂd0’3j0’2
hold. The set of all multifilters on a set X we denote by §(X).

Examples: Every uniformity in the covering sense (Tukey) is a multifilter. For x € X
the familv ¥ ‘= {0 C R~ (X)) {I{x11 < 5V is 3 multifilter



Let x € X and a C By(X). Then the star of « at x is defined as

J

Aca,xcA
and the weak star set of « at x is defined as

n
O(x,a) = {| JAlne NVi=1,..,n:xe A ca}.

i=1

For a partial cover o of a set X let

0¥ = UXGX O(x,0)70D <>(X o),

o* = {st(x,0)| x € X, st(x,0) # 0}, and for a multifilter ~ on X let
ZO={§€‘130‘~T30 |EIo€Z 00*5}

2= {E € Po(Po(X))| Fo € X1 0™ X}



Definition multifilter-space
For a set X and a set M of multifilters on X we call the pair (X, M) a
multifilter-space, iff

1. VX € X:X € M and

2. i EMAL Y1 =YX eM
hold. M is called the multifilter-structure of this space.
If (X1, My), (X2, M) are multifilter-spaces and f : X; — Xz is a map, then f is
called fine (w.r.t. My, My), iff

3. f(My) C Mo.

A multifilter-space (X, M) is called
1. limited iff VZ, 2o e M1 L1 NX € M,
2. principal iff 3%y € M :VE e M 1 ¥ <X ¥,.
3. weakly uniformiff VZ € M : X9 € M,
4. uniformiffVz e M : ¥* € M.



Lemma

The multifilter-spaces as objects and the fine mappings between them as
morphisms form a strong topological universe, denoted by MFS. The natural
function-space between the multifilter-spaces X := (X, M) and Y := (Y,N)is

(YX, Myy) with Mxy = {I € F(Y¥)|VZ € M : () € N}

The subcategories of limited, principal, weak uniform limited, weak uniform principal, uniform limited
and uniform principal multifilter-spaces are denoted by LimMFS, PrMFS, WULimMFS, PrWULimMFS,
ULimMFS and PrULIimMFS, respectively.

Lemma
1. LimMFS is bireflective in MFS.
2. PrMFS, ULimMFS, WULimMFS, PrULimMFS, PrWULIimMFS are
bireflective in LimMFS.

The category UMer of uniform covering spaces (in the sense of Tukey) and
uniformly continuous maps is concretely isomorphic to PrULimMFS.



(X, M) a multifilter-space:

>

v

afilter o on X is called Cauchy-filter, iff 3~ € M :Va € ¥ : pNa # (. The
family of all Cauchy-filters is denoted by 4.

P C X is called precompact, iff all ultrafilters containing P are Cauchy. The
family of all precompact subsets of a given multifilters-space X is denoted by
PC(X).

a generalized convergence structure q,,, is defined on X by

Gy = {0, %) € FX) x X[ 9N X € 7pm(X)} -
This convergence on PrULIimMFS coincides with the usual convergence in

uniform spaces.
(X, gy,,) is always a symmetric Kent-convergence space.



A, Ay C X, 2 C Po(X): ]
<AL Ao = {MeAMC| JAAYi=1,..,n: M0 A #0}
i=1
For o € Po(X) we set ay g = {< Ay, ..., Ay > | ne N,A € a}and for & € F(X)
we define Xy o = [{aV,Q[| [eRS Z}]§(Q[)
Definition finite hyperstructure
Let (X, M) be a limited multifilter-space. Then we call

My = {Z € FPC(X)| I= € ML < Zvpex}

the finite hyperstructure on PC(X) w.r.t. M.

If (X, M) is a limited multifilter-space, then (PC(X), My) is a limited
multifilter-space, too.



Theorem

Let (X, M) be a limited multifilter-space. Then (PC(X), My) is precompact, if and
only if (X, M) is precompact.

Lemma

If (X, M) is a limited multifilter-space and 2l C PC(X), then 2l is precompact w.r.t.
My if and only if (4 A is precompact w.r.t. M.



We adopt the concept of Naimpally-Poppe for limited multifilter-spaces:
» for X = (X, M),Y = (Y,N) € LImMFS build the product X x Y
» endow Po(X x Y) with the finite hyperstructure (M x N)y

» restrict (M x N)y to a subset H C YX and use it as function space structure
r

Theorem

Let (X, M), (Y, N) be limited multifilter-spaces with (X, M) locally precompact and
(Y, N) being weakly uniform and principal. Let # C YX be the family of fine maps.
Let [ be the Naimpally-Poppe-Structure on .

1. Iis finer than Myxy
2. If (X, M) is precompact, then [ = My y.
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Let X be a set and (Y, o) a topological space. For 2 C By (X) we call the topology
on YX generated by the subbase of all sets

(A,0):={fec Y| fACO}

with A € 2 and O € o the 2A-open topology on YX (or on C(X, Y), if X has a
topology, too, or other subsets of YX).

We define a mapping p.x from YX to Bo(Y)? by

YMeA:  ux(HM) = M.

March 1, 2014 | 14th Colloquiumfest | René Bartsch | 35 ,jf Fachbereich
<2 | Mathematik



Lemma
Let (X, 1), (Y, o) be topological spaces, let A C Bo(X) contain the singletons and
H C YX. Then the map

fix 2 M — px(H) = {pux(A)] f € H} € Po(Y)™

is open, continuous and bijective, where H is equipped with the 2-open topology
andPo(Y)* with the pointwise from the Vietoris topology on Bo(Y).

Note:
1. For 2 = K(X) (the family of nonempty compact subsets of X) we get the
compact-open topology on H := C(X, Y).
2. For locally compact (X, 7) the compact-open topology induces the
convergence structure of continuous convergence on C(X, Y).

3. The continuous convergence is the ,natural” function space structure in the
topological universe PsTop.



Theorem (F. Schwarz 1989)

For every topological category C exists a (minimal) topological universe D s.t. C is
a full subcategory of D.

We have:



Now, we can endow C(X;, Y) with the natural function space structure (as far as
available) for every (suitable) (X;, 7;), chose 2; := K(X;), for instance, and then
define a hyperspace over Y as

the final topology on K(Y) (more generally on any subset B of By (Y)) w.r.t. all
(X5, 7). ma o px, A€ K(X)),e

Generally we denote the final structure on 5 C Py (Y) for certain 2; C Po (X)) w.r.t.
all ((Xi, 7)), mao pux, A€ mi),e, by

V (B, (X, 1), A)ic)) -

Lemma
If(Y, o) is a locally compact topological space, then

V (KO, (7, KO e pierop ) = (K(YV),00).
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