CONTINUITY OF ROOTS FOR POLYNOMIALS OVER
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ABSTRACT. We study connections between polynomials which are close
to each other, i.e., whose respective coefficients are close in the topology
induced by a valuation. This paper consists of both an overview on
known root continuity theorems and new results on the subject. We
present theorems which have been published over the years, correcting
and improving some of their formulations and proofs. We also give
a sketch of several approaches to root continuity, such as employing
the Newton Polygon and induction on the degree of the polynomial.
We study the behavior of the irreducible factors of a given polynomial,
the extensions generated by its roots and invariants connected to that
polynomial under transition to a second polynomial which is sufficiently
close. Further, we present applications of root continuity to the study
of valued field extensions and ramification theory, including the theory
of the defect.

1. INTRODUCTION

In this paper we analyze the relations between polynomials whose re-
spective coefficients are close in the topology induced by the valuation. The
basic result on the topic of root continuity states that if two polynomials
are close, then so are their roots under a suitable pairing. The coefficients
of the polynomials are taken to lie in a valued field (K,v). We choose an
algebraic closure K of K and extend v from K to K ; we will denote this ex-
tended valuation by v as well. Then we extend v further to the polynomial
ring K[z| by the Gauf valuation, which we will introduce in Section 2.1.
Two polynomials are close under the Gaufs valuation if for each ¢ > 0 their
coefficients of ¢ are close under the valuation v of K.

A number of results from the literature will be formulated here in a cor-
rected or improved form (e.g. Theorem 14). Theorem 16 is an improved
version of theorems which can be found e.g. in [5] and [13]. Given any ¢
in the value group, if two polynomials f and ¢ are sufficiently close to each
other, then their roots can be paired in such a way that the value of their
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difference is larger than . Moreover, (possibly under additional assump-
tions) we show that several invariants for f are the same as for ¢, including
the degree, the minimal value of the roots and the value

kras(f) = max{v(a — o) | a # o' are roots of f}.

When f has only one root, we take kras(f) to be the value of that root.

Many of the known results will be presented with simplified proofs. In
some cases we are able to both improve the formulation and simplify the
proofs (e.g. in Theorem 25, which is a version of a result stated in [1]).

Further, we present several approaches to root continuity. As an example,
we will consider convergent nets of polynomials in Theorem 31 (whose orig-
inal formulation can be found in [12]) and in Corollary 32, which presents
a converse to that theorem. Other approaches include induction on the de-
gree of the polynomials (Theorem 50) and employing the Newton Polygon.
This method in particular is developed in Sections 3 and 5. We study the
situation when the Newton Polygons of two polynomials f and g coincide
along an interval. Theorem 10 says that we can give a precise statement
about the numbers and the values of roots of f and ¢, which gives more
detailed information than the results in [6]. Moreover, we do not require f
and g to be of the same degree, nor do we require both to be monic, so our
result can be readily adapted to a generalization of |6, Theorem 2|. We also
present an alteration of a result found in [2] (Theorem 23).

Apart from the connection between the roots of polynomials which are
close, we also find relations between their other attributes. We employ an
approach of deriving a separable polynomial from a given polynomial (see
Lemma 41), which allows us to study polynomials which are not necessarily
separable. We are then able to find connections between the irreducible
factors of the polynomials and the extensions generated by their roots. An
example of this can be found in Theorem 36 (which originates from [13]) and
Theorem 42. Both results state that under a suitable pairing, the extensions
generated by a root of the irreducible factors of the polynomials in question
are isomorphic (either over the ground field, or over its henselization), and
that the splitting fields of each pair of factors are the same. Moreover, we
prove that polynomials which are close to each other define extensions with
the same ramification theoretical invariants (Theorem 48).

2. PRELIMINARIES

2.1. Notation and basics of valuation theory. Let (K, +,-,0,1) be a
field and v a (Krull) valuation on K. That is, v : K — I' U {oo} for some
ordered Abelian group I', where oo is an element greater than every element
of ', and for all a,b € K:

(a) v(a) =0 <= a=0,

(b) v(a + b) > min{v(a),v(b)} (ultrametric triangle law),

(¢) v(a-b) =wv(a)+v(b).
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If no confusion arises, for an element a we will write va in place of v(a).

We will employ basic facts from valuation theory without proving them.
For background on valuations we refer the reader to sources such as |1, [7],
|8], and [10, Chapter 2].

Let = be an independent variable. We extend v from K to K, and then
further to the polynomial ring K[z]| by the Gauf valuation, which we will
once again denote by v:

n
. ( — 1 .
v (Z azx> = min va;.
i=0
Observe that the Gauf valuation satisfies conditions (a)—(c). It can be

extended in a canonical way to a valuation on the rational function field
K(x) by means of setting v(g) :=vf —vg. When we consider a valuation

v on Klz] or K(z), it will always be the Gauk valuation.
Throughout this paper we will use the following notation for f, g € K|x]:

fl@)=>""gair" = an [[(z — ), a; €K, a; €K,
(1)

g(x) =3 bir’ = bu [[Ly(x = B)), Bi€ K, b € K,
with m,n > 1.

For an arbitrary valued field (K, v), we denote by vK its value group, by
Ok its valuation ring and by Kw its residue field. Observe that vK|[z] = vK.
Note that vK is the divisible hull of vK and Kv is the algebraic closure of
Kwv. Even if vK is not divisible, we will use quotients % for 0 € vK and
n € N, working in VK.

The residue of an element a € O will be denoted by av. For a polynomial
f € Oklz] given by (1), we will write

(fo)(z) = (aw)z’ € (Kv)[a].
i=0

A polynomial f € K[z] will be called separable if it has only simple
roots, that is, roots of multiplicity 1. An element a € K will be called
separable over K if it is a root of a separable polynomial over K. Similarly,
an algebraic extension L|K will be called separable if each element in L is
separable over K. The set consisting of all elements in K separable over
K is a field, called the separable-algebraic closure, which we will denote by
K>=P_ If an algebraic extension L|K (or polynomial f or element «) is not
separable, then we will call it inseparable. If f only admits one root, then
it will be called purely inseparable. Similarly, L|K is purely inseparable if
each element a € L is a root of a purely inseparable polynomial over K.
Observe that in our notation, linear polynomials are both separable and
purely inseparable.
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A valued field (K,v) is called Henselian if the extension of v to K is
unique, or equivalently, if it satisfies the assertion of Hensel’'s Lemma (see
e.g. |1, Corollary 16.6], |5, Theorem 4.1.3|): Take f € Oklz|. If fv has a
simple root ¢ € Kv, then f admits a root « € Ok such that av = (.

The henselization K" of (K,v) is the minimal algebraic extension of K
which is Henselian (with respect to the fixed extension of v to K).

Let L be an arbitrary algebraic extension of K. We will denote by
Gal(L|K) the set of automorphisms of L leaving K elementwise fixed. In
particular, we will write Gal K := Gal(K*P|K). If 0 € Gal L|K and « € L,
then we will write o« in place of o(«).

Let L|K and F|K be algebraic extensions of K. We say that elements
ai,...,q, € L are K-linearly independent if for every c¢i,...,¢, € K,
v oy = 0 implies that ¢; = 0 for 1 < ¢ < n. We say that L|K is
linearly disjoint from F|K if for every n € N and every choice of K-linearly
independent elements ay, ..., a, € L, these elements will also be F-linearly
independent. This relation is symmetric (see e.g. |3, Proposition 11.6.1] for
more details), thus we can say that L and F are linearly disjoint over K.
In this case we have [L : K| = [L.F : F|, where the compositum L.F is the

smallest subfield of K that contains both L and F.

2.2. The Taylor expansion. In this section we introduce the “character-
istic blind” Taylor expansion for polynomials. This means that it does not
contain any denominators of natural numbers which in positive characteris-
tic could be equal to 0. Throughout this section, we assume (K, v) to be an
arbitrary valued field and we take f € Kz] asin (1). The Taylor expansion
of f employs the following Hasse-Schmidt derivatives:

(2) 0, f(z) ::iaj(Z)xj_i:gaﬁi(‘jji)ﬂ, 0<i<n.

j=i 5=0
The polynomials 0;f yield the following polynomial identity, which is
called the characteristic blind Taylor expansion for the polynomaial f:

(3) flz+y) = Z 0:f(y)z* .

Observe that every natural number n, taken as the element of K defined
as the n-fold sum of 1, has a nonnegative value under each valuation on
K. Indeed, we have vl = 0, hence vn = v(1 4 ...+ 1) > vl = 0. By the
definition of the Gauf valuation, for every j € {0,...,n} we have:

. J . .
v0;f = min va;|”. | > min va; > min va; =vf.
1<j<n [ 1<j<n 0<j<n

Lemma 1. Take c € K and a polynomial f € Klz| of degree n, then
v0; f(c) > vf +min{0, (n — i)ve} for 0<i<n.
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Proof. We will employ Equation (2). If ve > 0, then we have:
. J o
v0;f(c) > in {vaj + U(Z> +(j— z)vc}

> min va; = vf =vf+ min{0, (n — i)vc}.
1SJIsn

If ve < 0, then we have:

v0;f(¢) > min {vaj + U(Z) +(j — i)vc} > min va; + (n — i)ve

i<j<n i<j<n

= vf+ (n—1i)ve=vf+ min{0, (n —i)vc}.

Definition 2. For f € K[z] and ¢ € K, we set f.(z) := f(z + ¢).
Lemma 3. Take c € K. Given polynomials f,g € K|[x], we have:
v(fe —ge) > v(f — g) + min{0, deg(f — g)vc}.
In particular, if f and g are monic polynomials of degree n, then
v(fe —ge) > v(f — g) + min{0, (n — 1)vc}.
Proof. Set h(z) := f(z) — g(z) and r := deg h. Then from (3) we obtain:

v(fe—g.) =vh(x+c)=v ( Z @h(c)xi) = min v9;h(c).

0<i<r
0<i<r
Now we use Lemma 1 to conclude:

: ' > m : . _ : .
Bin vO;h(c) > Min (vh 4+ min{0, (r — 7)vc}) = vh + min{0, rvc}

If degg = deg f = n and both f and ¢ are monic, then »r < n — 1 and so
the above value is greater than or equal to vh + min{0, (n — 1)vc}. O

3. THE NEWTON POLYGON

We introduce a number of definitions and results on the Newton Polygon,
as well as results on root continuity connected with this notion.
Consider a monic polynomial f € K[z] given by (1), that is, a, = 1.
Observe that the coefficients are symmetric functions in the roots:
g = Sp_p(Q1, ..., Q).

We enumerate the roots so that their values form a non-decreasing sequence.
Further, we enumerate the distinct values appearing in this sequence as

v <Y <. < s
In other words, for a suitable sequence

0:j0<.j1<~--<jsfl<js:n
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of natural numbers we have
VO, 41 = VO = vy, = Yo
for1 </ <sandj_1<7j<jp. Weset ky:=n— js, so we have:
0=k <ke1<...<ki <ky=n.
Then the multiplicity of the value ~, is
me = jo — Jjoe—1 = ke—1 — ke

We observe that s;, (a1, ..., a,) is a sum of products of j, roots of f. Since
voy, < vaj,q for £ < s, the unique product of minimal value must be

[T, ;. This shows that

(4) vag, = vsj,(aq,...,0,) =0 H a; = Z vy,

1<i<jy 1<i<j
Therefore,
Je
vag, —vag,_, = E VO = My,
J=je—1+1
Consequently,
5 - vag, — vag,_, . vag, , —vag,
) (T T
Je — Je—1 -1 — Ry

Thus, if we enter the pairs (0,vagp), ..., (k,vag),...,(n,va,) in Cartesian

coordinates representing (NU{0}) x v KU{oc} and draw a line going through
the point (k¢, vay,) and the point (k,_1,vax,_, ), then by (5), —7, is the slope
of this line. (If 0 is a root of f, then the first line is vertical.) Then we can
compute the values of all roots of f and their multiplicities once we are able
to recognize the numbers k, from the values of the coefficients of f.

First we observe that for 0 < ¢ < s, the slope —v, of the line going through
(ke,vag,) and (ke—1,vay, ,) is smaller than the slope —v,_; of the next line.
This shows that the segments of the respective lines form the graph of an
upward convex piecewise linear function from (0, vag) to (n,vay,).

Now we determine the location of the remaining points (k,vay). Assume
that k, < k < kyy, that is, jo1 =n—ky <n—k <n—=k; = j,. Then
the products of minimal value in s, _g(ay,...,a,) are of the form [} o
times a product of n — k — j,_; roots of value 7,. Hence, using (5)

va > vag,_, +(n—k— ji_1)v
vag, + (ke—1 — ke)(—ve) + (k — ke—1) (=)
= Uag, + (k - ke)(_7€>7

which shows that the point (k,vay) lies on or above the line going through
(ke,vag,) and (ke—1, vag,_,).

We note that multiplying f with a nonzero leading coefficient a,, will only
shift the graph up or down by va, but will not change neither slopes nor
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roots. Therefore, we obtain the values of an arbitrary polynomial of degree
n in exactly the same way as above. We note:

The function described by the graph we have constructed is the largest
upward convez piecewise linear function from (0,vag) to (n,vay) for which
all points (j,va;), 0 < j <mn, lie on or above its graph.

The function described above will be denoted by NPy. It can be seen as
a function from Q= to vK U {oo}. Here, we set NP(i) = oo for i > n
and if 75 = oo, then we also set NP;(i) = oo for i < m,. We will refer
to both the graph and the corresponding function as the Newton Polygon
of f. With this notion we can associate a finite set of points (i, NP;(i))
for i € {0,...,n}. The points (k¢,vay,) = (ki, NPs(ko)), 0 < € < s, are
called the wertices of the corresponding Newton Polygon, the segments of
the lines connecting one vertex (ky, vay,) with the next vertex (ke_1,vag,_,),
1 <7 < s, its faces, and the respective positive integers ky_1 — ky the length
of the face. In terms of these notions, we have shown:

Theorem 4. Tuke a polynomial f € K[x] as in (1). If the Newton Polygon
of f has a face of length k with slope —v, then f has exactly k roots of value
v (counted with multiplicity). In other words,

(6) v(a;) = NPs(n —1i) — NPy(n —i+1).

Example 5. Consider the field Q(v/2) with the 2-adic valuation v, that is,
v(2) = 1. Take the polynomial

[ P A S s
2 4 42 2 42 4
The Newton Polygon of f is represented by the blue graph in the following
picture:

(1,vay) (5, vas)
(2,vas) (4,vay)

The vertices of NP, are represented by the red dots on the graph and
are of the form (k;, vay,). Note that the corresponding function NP (k) has
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value oo for 0 < k < 1 and for £ > 7, and is a piecewise linear function for
1 <k < 7. From Equation (6) we know that the values of the roots of f
are as follows:

vay = NP;(0) — NP;(1) = 0o — (—2) = 00 = 73,
vag = NPy(1) = NPy(2) = —2— (-2}) = L =,
Vo = NPf(3) — NPf(Q) =0= Y3,

Voyy = NPf(4) - NPf(?)) =0= Y3

Vg = NPf<5) — NPf(4) = —% = Y2,

Vg = NPf(G) - NPf(5)

The following theorem allows us to study the connections between the
Newton Polygons of polynomials which are sufficiently close to each other.

Theorem 6. Consider the polynomials f and g as in (1) with f monic and
m > n. For the polynomial f let the integers k, and the slopes v, be defined
as above. Fix some € > 0, assume that v(f — g) > ne and that the set

{te{l....s}|n<e}
is nonempty. If (. is the mazimum of this set, then NP (k) = NP (k) for
ke {k‘gs,...,n}.

Proof. Fix any index ¢ € {0,...,(.}. By (4) we have:

vag, = Z vay < joye. < mn-max{0,v,.} < ne.
1<i<je
Since v(ax, — br,) > v(f — g) > ne, it follows that vay, = vbg,. As NPy is
upward convex, for k, < k < n we have NP;(k) < max{vay,,va,} < ne.
Since the point (k, vay) lies on or above the polygon, we have va;, > NP (k).
Hence, vby, > min{vay, v(ax — by)} > min{NP;(k),ne} = NP(k), so that
also the point (k,vby) lies on or above NP;. This shows that the points
(k¢, vbge) are vertices of NP,. Therefore, from k = k, to k = n we have
NP, (k) = NP, (k). O

Remark 7. With the notation and assumptions of the above theorem, we
have k;. < n. Indeed, the value v, corresponds to the face represented by
the linear function on the real interval [ky_, ko._1]. Since the value 7, exists
by assumption, also ky,._; < n exists and thus k,, < kp._1 < n.

The above theorem tells us that along a certain interval, the Newton
Polygons of the polynomials f and g have the same vertices and slopes.
This yields a connection between the values of the roots of f and g. To
give more details about this connection, we will require the following two
lemmas.

Lemma 8. Take f and g satisfying the assumptions of Theorem 6. Then
all the slopes of NP, located on the left of the coordinate ko are strictly
smaller than —e. In particular, (ke ,vby, ) is a vertex of NP,
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Proof. By Theorem 6, NP;(k) = NP (k) for k € {ks,...,n}. We claim
that proving the first assertion will prove the second assertion. Indeed,
the slope located on the right of ks is equal to —v,., whereas by the first
assertion, the slope located on the left of this coordinate is strictly smaller
than —e < —v,.. This means that the point (k. ,NP,(k,)) is a vertex of
NP, which then by definition must be equal to the point (&, vby,_ ).

Suppose that the face of NP, which is located on the left of the coordinate
ko, has slope greater than or equal to —e. Let (k,vbg) be the left vertex of
this face for some 0 < k < k;,_. On the one hand, we have:

le Le
vby < Z(ki—l_ki)7i+(k€s_k)€ < Z(ki—l—ki)5+(k€s_k)5 = (n—k)e < ne.
=1 =1

On the other hand, the supposed slope of NP, located to the left of the
coordinate k,_ is greater than or equal to —e, whereas the corresponding
slope of NPy is strictly smaller than —e. Since NP, (k, ) = NP (k. ), this
means that
Ubk = NPg(k) < NPf(k?) < vay.
As a result,
uby = v{ag — by) > v(f — g) > ne,

which gives us a contradiction. 0

Lemma 9. Tuke polynomials f and g as in (1), with f monic and m > n.
Take any € > 0 and assume that v(f —g) > ne. If ¢ > (1 — =)y, then
all slopes of NP, along the interval [n,m] are strictly greater than —vy;. In
particular, if under these assumptions NPy and NP, coincide along some
interval [k,n| for k <mn, then (n,vb,) is a vertex of NP,.

Proof. Since v(f — g) > 0, we have vb, = va,, = 0 and vb; > 0 for ¢ > n.
Hence, NP,(n) < vb, = 0 and NP,(k) > 0 if the point (k,vby) is the
leftmost vertex located to the right of the coordinate n. This in particular
means that along the interval [n,m], NP, has positive slope. Hence, the
assertions of our lemma are satisfied if v, > 0.

Assume now that 73 < 0 and that ¢ > (1 — ™)y;. The assertions of
the lemma are satisfied if and only if for all ¢ € {n + 1,...,m} the point
(i,vb;) lies above the line going through the point (n,NP,(n)) with slope
—7 (note that by the convexity of NP, those points cannot lie below that
line). This in turn is equivalent to saying that for all ¢ > n the line going
through (n,NPy(n)) and (4, vb;) has slope strictly greater than —v,, that is,

(7) vb; > NP, (n) — (i — n)v.
By assumption and since NP,(n) < vb, = 0, we have:
vb; > v(f —g) >ne > (n—m)y = (n— i)y > NPy(n) — (i —n)m.

Therefore (7) holds, and so our lemma is proved. O



10 CMIEL, KUHLMANN, SZEWCZYK

Take any a € K, v € vK. The set Bj(a) := {b€ K |v(a —b) >~} will
be called the open ultrametric ball of radius v centered at a. Similarly, we
define the set S,(a) := {b€ K |v(a—b) =~} and call it the wltrametric
sphere of radius v centered at a.

We define ny(f, v, a) and ng(f, 7, a) to be the number of roots of f (counted
with multiplicities) in BS(a) and S,(a), respectively. We will often con-
sider those numbers in the case where a = 0. For brevity, we will write
no(f,7y) == n(f,7,0) and ns(f,7v) := ns(f,7,0). Then ns(f,7) is the num-
ber of roots of f with value 7, and n,(f, ) is the number of roots of f with
value strictly greater than ~.

Theorem 10. Let the polynomials f and g be as in Theorem 6. Then:

(a) ns(g,7) =ns(f,7) f mn <y <eorify=e.

(b) ns(g,71) > ns(f,m1) and equality holds if and only if the point
(n,vby,) is a vertex of NP,.

(©) no(g,7) = np(f,7) for 1 < v < e andny(g,7) = np(f,7) for v <m.

(d) k. = np(f,ve.) = no(g,7e.) = me(g,e) = np(f,€). In particular, if
72,5 s chosen for g in the same manner as v, was chosen for f, then
Voo = Ve

(e) g has m — ky roots of value < 7.

(f) g has m —n roots of value < 71 if and only if the point (n,vb,) is a
vertex of NP,.

Proof. By Theorem 6 we have NP (k) = NP, (k) for k € {k,_,...,n}. This
fact combined with Lemma 8 yields the following observations:

(i) Along the segment [k,_, k1], all the vertices and slopes of NP, are
precisely the same as the respective vertices and slopes of NP;. (It
is possible that k,. = ki, and in this case we only know that the
Newton Polygons of f and ¢ share a common vertex at kj.)

(i) All the slopes of both NP, and NP, along the interval [0, k. ] are
strictly smaller than —e < —,_. The slopes of NP, and NPy located
on the right of the coordinate k,_ are greater than or equal to —,,.

(iii) NP, has a face of slope —v; along the interval [k, k'] for some n <
k' < m. This face contains the corresponding face of NP, of slope
—~1 which runs along the interval [k, n|. The lengths of those two
faces are equal if and only if &’ = n. This happens if and only if the
point (n,vb,) is a vertex of NP,.

(iv) With & as in (iii), all the slopes of NP, along the interval [k’, m] are
strictly greater than —~;.

We will now combine those facts with Theorem 4.

Assertion (a) for 71 < v < ¢ follows from observations (i) and (ii). The
remaining case is y; = v = £ > 0 because by assumption, 7; < €. Then in
particular € > (1 — ™)v;. We can thus use Lemma 9 to find that &' = n for
k' as in observation (iii). This finishes the proof of assertion (a).
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We will now prove assertion (c¢). Note that ny(f,e) = ny(g,€) by observa-
tion (ii). For 71 <y < e we have ny(f,v) = ny(f, ) +>_,c; ns(f,7:), where
I'={2<i<ks |~y <} isa(possibly empty) set of indices. By assertion
(a), ns(f,vi) = ns(g,7:) for all i € I and ng(g,d) = 0 for each value ¢ such
that 71 < 6 < e and 9§ is not of the form ~; for some ¢ € I. Thus,

nb(gufy) = nb<g7€> + Zns(g772) = nb(fa 6) + Zns(fa 71) - nb(fa 7)
il i€l
For v < 71, we have n,(f,7) =n < ny(g,7).
Assertion (d) follows from (ii), assertion (b) follows from (iii), and asser-
tions (e) and (f) follow from (iii) and (iv). O

The above computations only need that for all ¢ either va; = vb; or
va;, vb; > ne. Thus the results can be generalized, as in [(], to the case
where f and ¢ are polynomials over two different valued fields with their
respective value groups contained in a common ordered Abelian group.

Corollary 11. Let the polynomials f and g satisfy the assumptions of The-
orem 6. Then ns(g,7v) = ns(f,7) for all v such that v < v < e if and only
if (n,vb,) is a vertex of NP,. This holds in particular if m = n or, more
generally, if € > (1 — ™)y1. Moreover, if m = n, then ny(g,v) = ns(f,7)
for all v < e.

Proof. The first assertion follows directly from parts (a) and (b) of Theorem
10. The particular case for € > (1 —™)v; holds by Lemma 9. Note that for
m = n this condition reads € > 0, which was our original assumption on ¢.
If m = n, then by part (f) of Theorem 10 we have ns(g,v) = ns(f,7) =0
for v < 7. O

Observe that for ¢ € K the map x — x — ¢ induces a bijection between
the roots of f and those of f. (as in Definition 2), and a bijection between
B3(c) and B3(0). Thus ny(f,v,¢) = n(fe,7,0).

Corollary 12. Take ¢ > 0 and ¢ € K. Let f,g € Klz]| be two monic
polynomials of degree n. If

(8) v(f —g) > ne — min{0, (n — 1)vc},
then ny(f,e,¢) = ny(g, e, c).
Proof. From the observation before the corollary we have:
ny(f,e,¢) = np(fe,e,0) and  ny(g, e, ¢) = np(ge, €, 0).
By Lemma 3 and by (8) we have:
v(fe—ge) > v(f —g) +min{0, (n — 1)vc} > ne.

By part (c) of Theorem 10, ny(f.,£,0) = ny(ge,&,0), thus ny(f,e,¢) =
nb(g7€7 C)' U
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Remark 13. Observe that the assumption € > 0 already implies that
€ > (1= ")y if 71 > 0. Hence, this assumption is only relevant if v, < 0.

If we wish to have a bound that does not require computing the value of
a root of f, then we may use the fact that v, > vf (cf. Lemma 18), thus
(1—=")vf > (1—")71; so the condition in the above lemma can be replaced
by e > (1—-2)vf.

Note that in the case where 71 < 0, the bound for £ depends also on
the degree of the polynomial g. We will now show that it is impossible to
specify a bound which is independent of m. Consider the field Q with the
2-adic valuation v and the polynomial f(z) =1+ 1z + 32% +2* For j > 1
we define g;(z) = f(x) + 272973, Then the rightmost face of the Newton
Polygons of f and g; has slope 1. The length of that face is 1 for f and
j+1 for g;. This means that f has one root of value y; = —1, whereas each
g; has j + 1 roots of value —1. However, v(f — ¢g;) = j, which means that
for every ¢ € vQ = Z there exists j such that v(f — g;) > ne, but f and g,
do not have the same number of roots of value ;.

4. BASIC RESULTS

In this section we present a number of results on the basic principle of root
continuity. We give possible bounds for the value v(f — ¢g) which guarantee
that the roots of f and ¢ are sufficiently close to each other under a suitable
pairing. The following is a result which can be found in [13, Theorem 30.26|
and |5, Theorem 2.4.7|. This theorem will be a consequence of Theorem 16
below (as observed in Remark 17).

Theorem 14. Let f be a separable monic polynomial. Then for every € €
vK there exists 0 € vIK such that the following holds:

If g is a monic polynomial such that v(f — g) > 0, then degg = deg f,
and for each root o of f there is a root 5 of g such that v(a — ) > €.
Moreover, if € > kras(f), then the choice of ( is unique and g is separable.

The original version of the above theorem given in [13] has a slightly
different formulation. It states that for an arbitrary e, the choice of 3 such
that v(a — ) > € is unique. However, this is not true for any ¢, as can be
seen in the following simple example.

Example 15. Consider K = Q with the 2-adic valuation v on Q, extended
to Q[z] through the Gauf valuation. Take the polynomials

flx) =g(x) = (z =1z +1).

Choose € = kras(f) = 1. We have v(f — g) > 0 for each § € vK, but for
the root a :=1 of f, both roots 8, := 1 and (8, := —1 of g satisfy:

viao—p1) >e and v(a—fF2) >e.

Thus, the pairing between the roots of f and g is not unique.
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We will now prove a theorem which provides more detailed information
than Theorem 14. Let (K, v) be an arbitrary valued field, and take ¢ € K,
e € vK. We define the set

B.(¢):={be K |v(c—b) > ¢}

and call it the (closed) ultrametric ball of radius € centered at c.
For f € K[z] as in (1), we define:

(9) y(f) = min vay, 5*(f) = min{y(f), 0}.
Theorem 16. Take monic polynomials f,g € K[x] and set
v f —4g *
€= % + ()
If e > 0, then the following assertions hold:

(a) degg = deg f,

(b) for each root B of g there is a root o of f such that v(aw — 3) >
(c)

(d) v

-_ 6\7
for each root v of f there is a root 5 of g such that v(a — ) > ¢
“(f) =7"(9), and if e > y(f), then v(f) = 7(g).

2

If in addition, f is separable and € > kras(f), then:

na

(e) the root cv in assertion (b) and the root B in assertion (c) are uniquely
determined,

(f) g is separable,

(g) for every root a of [ the ultrametric ball B.(«) contains precisely
one root of f and precisely one root of g,

(h) kras(f) = kras(g).
Proof. Let f and g be given by (1). Since € > 0, we have:

(10) u(f —g) = ne —ny*(f) > —ny"(f) =2 0.
Suppose that degg # degf. Then g — f is a monic polynomial, thus

v(f—g) <0, which contradicts (10). Therefore, we must have deg g = deg f
and we have proved assertion (a).

To prove assertion (b), suppose that there exists a root 3 of g such that
v(ay — B) < € for every i. Then

n

(11) vf(B) = Zv(ﬁ — ;) < ne.

i=1
Assume first that v > 0. By Lemma 1 with ¢ = 0 applied to f — g we have
ne <ne —ny"(f) =v(f —g) < v(f(B) = 9(B)) =vf(B),
which contradicts (11).
Assume now that v < 0. Again by Lemma 1, we obtain that vf(3) >
v(f —g) + nvp, so
(12) ne —ny*(f) = v(f —g) <vf(B) —nvB < ne —nwp.
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This implies that v3 < v*(f). But this means that for all i we have v < voy;
and therefore v(8 — ;) = vf3. Hence,
vf(B) =Y v(B— o) =nvp.
i=1
Combining this with (12), we obtain that

v(f —g) <vf(B) —nvp =0,
which contradicts (10). This shows that assertion (b) holds.

Now we will show with the same methods that for every root « of f there
exists a root [ of g such that v(a — ) > e. Suppose there exists a root «
of f such that for every root /5 of g we have v(a — ) < €. Then
(13) vg(a) = Zv(a — pB) < ne.

j=1

If va > 0, then as before we apply Lemma 1 for ¢ = 0 to f — g to obtain
that ne <o(f —g) < ov(f(a) — g(a)) = vg(a), which contradicts (13).

If va < 0, then by Lemma 1, vg(a) — nva > v(f — g). Thus,

ne —ny*(f) = v(f — 9) < vgla) — nva < ne — nva,

whence va < v*(f) < v(f) = min; va; < va, a contradiction. This shows
that assertion (c) holds.

To prove assertion (d), assume first that ¢ > ~(f). Take k, ¢ such that
vay = y(f) and vB; = v(g). By part (c), there exists a root 3 of g such
that

v(ag — B) >e>y(f) = vay.
Thus v(f) = vay, = vB > v(g). By part (b), there exists a root « of f such
that v(a — Bx) > €. Since € > v(f) and va > ~(f), we have:

7(9) = v = min{v(a — Bi), va} = y(f).
This shows that v(f) = v(g).

It remains to prove that v*(f) = v*(¢) always holds. If e > ~(f), then this
is a consequence of the equality y(f) = v(g). Now assume that ¢ < ~(f);
this implies that v(f) > 0. Take [ as above and use part (b) to find a root
a of f such that v(a — ;) > ¢ > 0. Since var > y(f) > 0, we obtain that

v(g) = vp > 0. Consequently, v*(f) = 0= ~*(g).

Assume now that f is separable and ¢ > kras(f). We know by assertion
(b) that for every root § of g there is a root « of f such that v(f — ) > e.
Suppose that for some i # j we have v(8 — ;) > ¢ and v(f — ;) > «.
It follows that v(oy; — ;) > € > kras(f) = max;,; v(oy — ), which is a
contradiction. This shows that « is uniquely determined, and we also see
that the ultrametric balls B.(«;), 1 < i < deg f, are pairwise disjoint. By
assertion (c), each of the deg f balls B.(«a;) contains at least one root of g.
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As deg f = deg g, this root is uniquely determined and g¢ is separable. This
proves parts (e), (f) and (g).

Take any two distinct roots S and 3¢ of g. Let o, and «; be the distinct
roots of f such that 5y € B.(a;) and fy € B.(a;). Then v(a; — i) > € >
v(a; — ;) and v(a; — fy) > € > v(a; — o), whence

v(Br = Be) = min{v(es — Br), v(ey — Be),v( — a;)} = v( — a;).
Therefore, every value v(f; — ;) appears among the values v(o; — o).
Since for each distinct a; and o we can also find 3, and 3, as above, we see

that also every value v(a; — o) appears among the values v(5; — ;). This
implies that kras(f) = kras(g) and concludes the proof of our theorem. [

Remark 17. Statement (a) of Theorem 16 holds already under the as-
sumption that f, g are monic and v(f — g) > 0, which is weaker than the
assumption of the theorem.

Further, observe that Theorem 16 implies Theorem 14. Indeed, if we
choose any € > 0, then by Theorem 16 for every polynomial g such that

u(f —g) > 6 :=ne—ny*(f),
the claims of Theorem 14 are satisfied.
If we choose ¢ < 0, then it suffices to take any positive value ¢’ and assume
that the above inequality holds with &’ in place of . Then the claims of
Theorem 14 are satisfied with the original value .

The three following lemmas can be found in varying forms in sources
such as 1] (3.4.1, Proposition 3.4.1/1), [8] (Lemma 5.8, Lemma 5.9) and
[12] (Lemma 1-3, Lemma 1-4). They present useful observations which will
allow us to prove more refined results on the continuity of roots throughout
the next sections.

Lemma 18. If « is a root of a monic polynomial f € K|x|, then vaa > vf.
In particular, v*(f) > vf.

Proof. Since f is monic, we have vf < 0, so the first claim is satisfied if
vae > 0. Thus we may assume that va < 0. Write f as in (1) with a, = 1.
Since

nva =v(a") =wv < Z aiai> > min {va; + wa},

- T 0<i<n
0<i<n

we have that

vo > min {va; 1+ 1—n)vatl > min va;, > vf.
_0§i<n{ it (it ) }_O§i<n iz vf

U

In view of the above lemma, we can replace the term v*(f) by vf in
the definition of ¢ in Theorem 16. This proves useful in case we have no
immediate knowledge of the roots of f. Indeed, vf is straightforward to
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obtain as opposed to the value v*(f) which requires computing the slopes
of the Newton Polygon NP;.

Lemma 19. Let f,g € K|[z]| be polynomials of degree n > 1. Assume that
f is monic and take a root o of f. Then vg(a) > v(f — g) +nvf.

Proof. Write f(z), g(z) as in (1) with m = n, and choose a root a of f. We
apply Lemma 1 for ¢ = 0 together with Lemma 18 and the fact that vf <0
to obtain that vg(a) > v(f — g) + min{0, nva} > v(f — g) + nvf. O

The following lemma is sometimes (e.g. in 1| and |12]) cited as a separate
result on the continuity of roots. It is a generalization of one of the results
given in Theorem 14, since we don’t require the polynomial g to be monic.
This lemma will be employed, directly or indirectly, to prove a number of
results (see e.g. Theorem 21, Theorem 31 and Theorem 50).

Lemma 20. Let f, g € K[z] be polynomials of degree n > 1, assume that f
is monic and let a be a root of f. If g is monic or v(f — g) > 0, then there
exists a root B of g such that

u(f —9)

v(ﬁ—a)kaT.

Proof. Write f and ¢ as in (1) with m = n. We first claim that vb, = 0.
This is true if g is monic. If v(f — g) > 0, then

0<v(f—g)= mzin{v(az‘ —bi)} <v(l—by),

which also implies that vb,, = 0. Suppose that for every root 5 of g we have:

v(ﬁ—a)<vf—|—@.

Since vb, = 0, we thus obtain that

n

vgl@) = S v(B —a) < n- max o(f; — ) < nuf +o(f — g),

— 1<i<n
1=
which contradicts Lemma 19. U

The following theorem is a direct application of Lemma 20 and Theorem
16. We employ the results and methods which were already introduced, in
order to formulate a root continuity theorem which does not require the
polynomials in question to be monic. We are, however, assuming that they
are of equal degree. Another price to pay for the generalization is that the
bound in the following theorem can be worse than the one in Theorem 16.

Theorem 21. Let f € K[z] be as in (1) and take ¢ > 0. If g € K|x] is a
polynomial of degree n such that
(14) o(f = g) > ne —nuf + (n+ va,

then assertions (b)—(d) of Theorem 16 hold. Moreover, if f is separable and
e > kras(f), then also assertions (e)—(h) of Theorem 16 hold.



CONTINUITY OF ROOTS 17

Proof. Observe that Equation (14) is equivalent to:
v(a;'f — azlg) > ne — no(a; )

We will work with § := a,'g and with the monic polynomial f = a,'f.
Both polynomials have the same roots as g and f respectively. Our assump-
tion can now be written as:

o(f —§) > ne —nuf >ne > 0.

Fix any root a of f. From Lemma 20 we infer that there exists a root 3 of
g such that

~

v(a—ﬁ)va—l—@va—ire—vf:a

This proves assertion (c¢) of Theorem 16.

Observe that v(1—a;'b,) > v(f—§) > 0. This implies that v(a;'b,) = 0,
and so va,, = vb,. Moreover, since ¢ > 0 and vf < va,, (14) implies that
v(f — g) > va,, which in turn implies that vf = vg. Working with b, f
and the monic polynomial b, 1g, our assumption now states that:

v(by ' f = by tg) > ne —nu(bytg).

Thus we can repeat the above method to prove part (b) of Theorem 16.
To prove the further assertions, we observe that the arguments for asser-
tions (d)—(h) in the proof of Theorem 16 do not use the assumption that
the polynomials in question are monic. Thus we can employ the now proved
assertions (b) and (c) and repeat the rest of the proof of Theorem 16. [

5. USING THE NEWTON POLYGON METHOD AND IMPROVING THE
BOUNDS

Krasner’s constant of an element o € K5 \ K is defined as follows:
krasg (o) = max{v(a — oa) | 0 € Gal K A o # a}.

Note that if « is a root of a separable polynomial f € K|[z|, then kras(f) >
krasg ().

The first theorem stated in this section is an application of the Newton
Polygon. Its formulation and proof are alterations of |2, Theorem 1]. At the
cost of modifying the bound given in [2], we are able to drop the assumptions
on the polynomials in question to be of the same degree, both monic and
separable, and to have integral coefficients.

To prove the second part of the theorem, we will employ the following
version of Krasner’s Lemma (see e.g. [, 16.8], [5, Theorem 4.1.7]).

Lemma 22. Let (K,v) be a Henselian valued field. Then for every element
a € K5 the following holds: if p € K*P\ K satisfies v(a— ) > krasg («),
then a € K(B).
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Theorem 23. Let (K, v) be a valued field and take f,g € Klz|, written as
in (1) with f monic and m > n. Fiz an ¢ > max{0, kras(f)} and assume
that

(15) v(f —g) > ne —deg(f — g)y"(f).
Then, after suitably rearranging indices, for every k € {1,...,n} we have

U(Oék — Bk) > €.
If in addition (K,v) is Henselian and f and g are separable, then for each
k we have K(ay) C K(B).

Proof. Choose a root a of f and consider f,(z) := f(x + a), ga(z) =
g(xz + a). Denote by a; and b; the respective coefficients of f, and g,. We
will now prove a number of results on the Newton Polygons of f, and g,.

If ais a root of f of multiplicity ¢ > 1, then 0 is a root of f, of multiplicity
t. Hence for 0 <1i <t — 1 we have NPy (i) = va] = co. Moreover,

NPy, (t) = wva;, = v(sp—t(1 —a,...,a, — @))
(16) = 0 (D (00 —a) (o, — )
= 0 (ILes(o; = @) = Xjeyvla —ay) < (n = 1),

where J C {1,...,n} is the set of all n — ¢ indices j such that o; # a. By
Lemma 3 we have:
V(fa —9a) = v(f—g)+ min{0,deg(f — g)va}
> v(f—g)+deg(f — g7 (f) > ne.
Therefore, for 0 <i <t — 1 we have:

(17) vb; = v(b; — a;) > v(fo — ga) > ne.

Assume now that f is not purely inseparable. We apply Theorem 6 to
the polynomials f, and g, and the value €. Using the notation of that
theorem, we see that 75 = co > €. Since f has at least two distinct roots,
the property & > kras(f) implies that £ > ~, ;. Hence /. = s — 1, and since
0 is a root of f, of multiplicity ¢, we have k;. = ¢. As a result,

(18) NPy, (i) = NP, (i) for t<i<n.

For the time being, we write the indices of roots of g in such a way that
(19) v(fr—a) >v(fr—a)> ... >v(Bn — ).

Then £y — «, ..., By — « are the t roots of g, whose value exceeds that of

the remaining roots of g,. This means that their values correspond to the
leftmost slopes of NP, . In particular, we have:

(20) v(fy —a) = NP, (t —1) — NP, (1).
By Equation (18) with i =t and Equation (16) we have:
1) NPy, (1) = NPy, () < (0 — e,
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From equation (17) we have that the second coordinate of each point (i, vb;)
on the interval [0,¢ — 1] is strictly above ne. Since NP, (t) < (n — t)e, this
means that each slope located on the left of the point (¢, NP, (¢)) must be
strictly less than the slope of the line going through (0, ne) and (¢, (n —t)e).
The slope of this line is —e, and thus each of the roots 51 — ay,..., 0 — oy
has value strictly greater than e.

Consider the set J = {j € {1,...,n} | o; = a} containing ¢ elements.
We renumber the roots (3y,..., 3; by the indices in .J so that they are paired
with the roots «;, j € J. Then we have v(5; — a;) > ¢ for all j € J.

To the roots «;, j € J we have now assigned the corresponding roots (;.
We claim that if we repeat this construction for another root a := oy, [ ¢ J,
then none of the so assigned roots §; can be equal to §; for any j € J.
Suppose that §; = ; for some j € J. Since € > kras(f), we have:

v(a; — ) > min{v(a; — Bj),v(a — Bj)} > € > v(a; — a).

We have now shown that for every root o of f of multiplicity ¢ there exist
at least t roots of g which satisfy our claim. Moreover, the argument above
yields that those roots of g cannot be assigned to a root distinct from a.
We can thus renumber the roots of g such that v(ay — Bx) > €, assigning
indices from {n + 1,...,m} to the roots of g which were not chosen to be
paired with any root of f.

If f is purely inseparable, then we have NP, (i) = oo fori < n, NPy, (n) =
0. Recall from (17) that vb; > ne for 0 < i < n. Moreover, we have
v(b, —al) > v(fa — ga) > 0, hence NP, (n) = vb, = 0. We write the

indices 1,...,n of roots of g as in (19). Then, by the same argument as
before,

v(Bi —ag) >e, 1<i<n.

Hence, also in the case when f is purely inseparable, we can renumber the
roots of ¢ in such a way that v(ay — i) > € > kras(f).

To prove the last assertion, observe that the separability of f together
with the above property implies that v(ay — B) > € > krasg (o). Hence
by Lemma 22, K(ay) C K(f) for each k. This finishes the proof. O

Note that by Theorem 23, each ball B2(«y) contains at least tj roots of
g. The following theorem gives us a more precise result for some roots of f.

Theorem 24. Tuke f,g € K|x], written as in (1) with f monic and m > n.
Fiz an ¢ > max{0, kras(f)} and assume that

v(f —g) >ne —deg(f —g)7"(f)

If vag > y(f), then there are precisely ty, roots of g (counted with multi-
plicity) in the ball B (ay).

If in addition ¢ > (1—")(f), then the same holds for each oy, such that
vag, = y(f). In this case, for n < k < m we have vf; < v(f).



20 CMIEL, KUHLMANN, SZEWCZYK

Proof. We employ Theorem 23 to find an enumeration of the roots of f
and g such that v(ay — Bx) > € for 1 < k < n. In particular, every ball
B2(ay) has at least t; roots of g. As in the previous proof, we find that
Bg(O&k) N Bg(&j) = @ if (673 7é a;.

As in the construction of NPy, denote by ~; the values of roots of f in
increasing order, with 74 being the largest. Since ¢ > kras(f), we must
have € > v,_1 > 71 = v(f) if f has at least two distinct values of roots, and
e >, = =7(f) if all roots of f have one value.

We will first assume that ¢ > (1 — 2)v(f) and prove the claim for any
root oy, of f. Since vay > 7, the fact that v(ay — Bx) > € > 1 implies that
also v0r > 7. By Lemma 9 combined with Theorem 4, all the roots g,
i€ {n-+1,...,m}, have value strictly less than ~;. This means that there
are precisely n roots of g which are eligible to be paired up with roots of
f. We combine this with our previous observation to obtain that each ball
B.(ay) contains precisely ¢ roots of g.

Now take any root «j of f such that vap > ~;. Since the condition
e > (1-=")y1 holds if 41 > 0, we may assume that 1 < 0. Then v(ay—/p5) >
¢ > 0 implies that also v/, > ~;. Since € > =1, the assumptions of Theorem
6 are satisfied. In particular, NP, and NP, coincide along the interval on
which NP, assumes slope —v;, that is, the interval [k, n]. If we show that
on the left of the coordinate ki, NP, has slope strictly less than —~;, by
Theorem 4 we will obtain that f and ¢ have the same number of roots of
value strictly greater than ;. We can then use the same argument as above
to conclude that each ball B.(ay) contains precisely t; roots of g.

Since there exists a root of f of value greater than v(f), f has at least two
distinct values of roots. We therefore must have k; # 0. Suppose that NP,
continues on the left of the point (k;,vay,) with slope —~;. Let (ig, vb;,),
ip < ki1, be the vertex of NP, which represents the left end of the face of
NP, that has slope —vy;. Then vb;, < NP((ip) < va;,. Since 73 < 0 and
va, = vb, = 0, this also means that vb;, < 0. But this implies that

0> Ubio = U(bio - aio) Z U(f - g) > 07
which gives us a contradiction. U

The following result was presented in [1] for complete normed fields (see
[1], Sect. 3.4, Proposition 1 and further results). In the present paper, its
formulation has been adapted to work with valuations of arbitrary rank that
are not necessarily complete. The completeness of the field is only used in
|1] to obtain a unique extension of the norm from the field to its algebraic
closure. However, the statement remains true when considering any valued
field (K, v) and choosing any extension of v to an algebraic closure of K.
Instead of restating the original proof, we note that this theorem is a special
case of Theorem 24, where m = n. We are also able to specify a bound in
our assumptions, replacing the original epsilon-delta formulation.
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Theorem 25. Take any monic polynomial f € K[x] of degree n > 1 and
let a be a root of f of multiplicity t. Choose an element € € vK such that
e > max{0,kras(f)}. Assume that for a monic polynomial g € Klz| of
degree n we have:

o(f —g) >ne = (n—1)y"(f).
Then g has exactly t roots (counted with multiplicities) in B2 ().

Note that as was the case of Lemma 9, the bound for v(f —g) in Theorems
23 and 24 depends on both f and ¢g. Similarly to the observation in Remark
13, this bound cannot be made independent of the polynomial g. This is
illustrated in the following example.

Example 26. We claim that there exists a monic polynomial f and poly-
nomials g;, j > 1, such that {v(f —g;) | 7 > 1} is cofinal in vK, but for
any value ¢ € vK and for any root « of f, the ball B2(«) contains either no
roots of g; or all roots of g;. In particular, we will show that B2(«) contains
no roots of g; if ¢ > 0.

We consider the field Q with the 2-adic valuation v. We set f(z) =z — 3,
gi(z) = f(z) + 27271, Then v(f — g;) = j. Note that all roots of g; have
value —1, same as the only root a = % of f. Indeed, the Newton Polygons
of g; contain only one face of length j + 1.

Fix any positive integer j and take g := g;. To look at the values v(3 — 3)
for any given root 5 of g, we will consider the polynomial g(z + %) The

roots of g(a:+%) are of the form [ — %, where (3 is any root of g. We compute:

| 1\ I+ j+1 it j+1
_ j _ i—10 . i
g<x+§)_x+23(x+§) _x+§( Z. )2 m—.;bzw.

Observe that vby = —1 and vbj1 = j. We claim that for 1 <1¢ < j we have
vb; > 17— 1. Note that by = 1+ (]J{l), hence vb; > 0. For 1 < i < j we have:

oo (7)) o i

This means that NPg(H%) contains precisely one face with slope 1, whose
left and right endpoints are (0, —1) and (j + 1, j), respectively.

Hence for each root 8 of g we have v(% — ) = —1. In particular, the ball
Bﬁ(%) contains precisely 7 4 1 roots of g if ¥ < —1 and it contains no roots
of g for v > —1.

Example 27. We will now show that the bound for v(f — g) in Theorem

23 is sharp if we take ¢ := max{0,kras(f)}. To this end, we will again
1

consider Q with the 2-adic valuation v and the polynomial f(z) = z — 3.

It has a single root v = 3 of value —1, so v*(f) = —1, kras(f) = —1 and
e = 0. This time, we take g;(x) := f(z) + 2727 for j € N. Then g¢; has
the single root § = , thus v(a — ) = —v(3) = 0. On the other hand,
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v(f —g) = v(2x) = 1 and therefore, ne — deg(f — g)v*(f) =1 =v(f — g).
This proves that the bound given in (15) is sharp.

By using the polynomials g; defined above we can construct examples with
polynomials that are arbitrarily close to f. We observe that v(f — g;) = J.
We fix an arbitrary j € N and set g := g;.

As in Example 26, we see that

1 j N it
g (x+§) :m—l—z (2)2%Z =: ;bixz.

Then vby = vby = 0, vb; = j, and vb; > i for 1 < ¢ < j. This means that
the Newton Polygon of g(x + %) has two faces: one with slope 0 and length
1, and the other with slope jJTl and length'j — 1. Hence, g(z + 3) has one
root of value 0 and j — 1 roots of value _j]Tr If 5 is any root of g(x), then

B — 3 is aroot of g(x + %) and therefore, v(ow — ) = v(8 — 1) < 0. On the

other hand,
v(f—g)=Jj=n-0—j-(=1)=ne—deg(f —g)v"(f)

This again shows that the strict inequality in (15) is necessary even when
the polynomials f and ¢ are close to each other.'

We now focus on a different approach to proving root continuity theorems,
which can be found in [6] and [7]. Similarly to Theorems 23 and 24, the
methods presented here allow us to improve the results given in Section 4.
To prove the following result, we will use the theory introduced in Section
3 in the particular case where deg f = degg.

Theorem 28. Take ¢ > 0, and two monic polynomials f,g € K[z] as in
(1) with m = n. Assume that

(22) o(f = g) >ne—(n—1)7"(f)
Then, after suitably rearranging indices, v(a; — B;) > € for every i.

Proof. Choose roots a;,, ..., of f such that the balls B2(oy,), ..., BS(a;,)
are disjoint, and such that every root of f is contained in one of these balls.
For each j € {1,...,¢} and *(f) given by (9) we have:

ne — (n —1)7"(f) > ne — min{0, (n — 1)vay, }.

Combined with (22), this shows that condition (8) is satisfied. Thus by
Corollary 12 for ¢ = a;, we have ny(f, e, a;;) = ny(g,€,a4,). We can thus
enumerate the roots of g by connecting them to the roots of f that are in
the same ball. O

IThis example appears to suggest that the first part of Theorem 23 remains true if
“>” in condition (15) and the subsequent assertion is replaced by “>”. However, in this
case the respective condition on € in Theorem 23 should have “>” replaced by “>”. This
and related aspects will be studied in more detail in the PhD thesis of the first author.
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Theorem 29. Take ¢ > 0, and two polynomials f,g € Klz] as in (1) with
m = n such that f is monic and v(f — g) > ne — nvf. Then there is an
enumeration of the roots of g such that v(cy; — ;) > € for every i.

Proof. Recall from Lemma 18 that vf < ~*(f). Assume that g = b,,go, with
go a monic polynomial. We wish to show that

v(f = g0) > ne — (n— 1)7"(f).
Since f is monic, we have vf < 0, hence v(f — g) > e > 0 implies vf = vg.
Moreover, as in the proof of Lemma 20, we see that vb, = 0. We compute,
using the hypothesis of the theorem:

v(g=90) = v((bn = 1)go) = v(bp = 1) +vg0 > v(f = g) +vgo
> ne —nvf +vg —vb, =ne—(n—1)vf.

As a result, we obtain that

v(f —g0) 2 min{v(f —g),v(g—go)} > ne —(n—1)vf > ne—(n—1)y"(f).
Applying Theorem 28 to f and g in place of g yields the required result. [J

Remark 30. Note that if f and g are monic with deg f = deg g = n, then
deg(f—g) < n—1. Hence under the additional assumption that ¢ > kras(f),
Theorem 23 generalizes Theorem 28. Similarly, since v*(f) < vf < 0 and
deg(f—g) < nfor f and g of degree n, with the same additional assumption
Theorem 23 generalizes Theorem 29. However, Theorems 28 and 29 are
useful if v(f — g) is a small positive value, that is, if 0 < v(f —g) < kras(f).
Consider f(z) = 2? — 16 and g(z) = 2% — 4 in the field Q with the 2-adic
valuation. In this case, Theorem 23 does not work since v(f —g) < kras(f),
but taking € = % allows us to use Theorem 28.

6. CONVERGENT NETS OF POLYNOMIALS

A different approach to root continuity can be found in [12]. Instead of
looking at a polynomial which is ‘close’ to a given polynomial, we consider
convergent nets of polynomials and study the behavior of their roots.

A directed set (I,<) is a partially ordered set such that for all i,j € [
there is k € I such that £ > ¢ and k£ > 5. We call J C I cofinal in I if for
every ¢ € I there is j € J such that j > ¢. Note that a cofinal subset of a
directed set is itself directed. Moreover, if I; is cofinal in I, and I, is cofinal
in I3, then I is cofinal in I5.

A net in a set X is a function ¢ : I — X, where [ is a directed set; we
will denote it by (x;);er. For Y C X, we say that (z;);c; is ultimately in Y
if there is some i € I such that z; € Y for each i € I with i > 1.

Now assume that X is a topological space. An element z € X is a limit of
the net (x;);cr if for every open neighborhood U, of z, (z;);c is ultimately
in U,. This fact shall be written as follows: (x;);c; — x. In this case we
will say that the net (x;);cs is convergent and that it converges to .
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Finally, let I and J be directed sets. We say that (z,);cs is a subnet of
(x;)ier if J is a cofinal subset of I.

We leave it to the reader to observe that if [ = [ U ... U I, then there
exists k € {1,...,n} such that ) is cofinal in I. In particular, if under
these assumptions (z;);es is a net, then (x;);ez, is a subnet.

A particular case of convergence that will be considered in this paper is
given by the topology induced by a valuation v on a valued field or ring X.
In this setting, we have (z;);c; — « if for all » € vX there is some ig €
such that v(z; — ) > r for each ¢ € I with i > 1.

The following result can be found in [12, Lemma 1-6]|.

Theorem 31. Let (K,v) be a valued field and let (I,<) be a directed set.
Consider a net (f;)icr of monic polynomials in K|x] of degree n. Moreover,
let f € K[x] be the limit of (f;)icr with respect to the valuation v, and for
each i € I choose a root B; of fi. Then there exists a root o of f and a
cofinal subset J C I such that (B;)e; — a.

Proof. Choose (fi)ies, fi € K and f € K[z] as in the theorem. Note that
since (f;)ier — f, the set Iy :=={i € I | v(f; — f) > 0} is cofinal in I. If we
find J cofinal in [y which satisfies our claim, then J will also be cofinal in
I. We can therefore assume without loss of generality that v(f; — f) > 0 for
all 7 € I. Since f is a limit of monic polynomials of degree n, it is itself a
monic polynomial of degree n. This fact combined with v(f; — f) > 0 shows
that vf =vf; forall i € I.

Let aq,...,a, € K be all the (not necessarily distinct) roots of f. For
each k € {1,...,n} define:

J(ag) == {2 el|vlag—p;) > M—I—Uf}.

By Lemma 20 we have that for each i € I there exists k € {1,...,n} such
that i € J(ay), that is:

I=J)U...UJ(ay,).

There exists a root o of f such that J(«) is cofinal in 1. Set J := J(«).
Then (f;);es is a net convergent to f, that is, for all r € vK there is some
Jo € J such that v(f — f;) > r for each j € J with j > j,. Fix any element
e € vK. We wish to show that, ultimately, v(a — ;) > . We know that
there is some j; > jo such that v(f — f;) > ne — nvf for each j € J with
J > j1. Thus for all j € J such that j > j; the following holds:

o(f = 1))

U(O‘_Bj)ZT—FUfZ

ne —nu
—f—i—vf:a

O

From Theorem 31 we know that if (f;);c; — f, then each net of roots f;
of f; contains a subnet convergent to some root « of f. Theorem 25 yields
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the following converse result which shows that each root a of f is a limit of
a suitable choice of (5;)ier-

Corollary 32. Let (I,<) be a directed set and consider a net (f;)icr of
monic polynomials in K[z| of degree n with limit f € K[z]. Choose a root
a of f of multiplicity t. Then for every e > max{0,kras(f)} there exists
io € I such that for every i > ig, each of the polynomials f; has precisely
t roots in B2(«v). In particular, there exists a net (5;)icr of elements of K
such that B; is a root of f; for each i € I, and (B;)ic; — .

In fact, this result can also be obtained by directly applying part (c) of
Theorem 16.

7. APPLICATIONS

In this section we will prove a number of results using the root continuity
theorems presented earlier. Moreover, we are able to say more about the
roots and the irreducible factors of polynomials which are sufficiently close
to each other. As before, we consider a valued field (K, v) and the extension
(K,v). All algebraic extensions of K will be equipped with the correspond-
ing restriction of v. We let K¢ be the completion of (K, v), equipped with
the canonical extension of v. The first result in this section is an application
of Theorem 16. It can also be found in |13, Theorem 32.19].

Theorem 33. The completion of a Henselian field is again Henselian.

Proof. Take a monic polynomial f € Ogc[z] and assume that fv has a
simple root ¢ € (K°v = Kv. We wish to show that f admits a root
a € Oke such that av = (. Extend the valuation v to the algebraic closure
of K¢ Since ( is a simple root of fv, there is a unique root a of f which
under this extension satisfies av = (. If we show that a € K¢ then the
proof will be finished. To this end, fix any ¢ > 0. We wish to show the
existence of an element € K such that v(a — ) > ¢.

By the definition of K¢, for each 6 > 0 we can find g € K|z| such that
v(f —g) > 0. Since f has integral coefficients, it follows that g € Oklz].
We employ part (c¢) of Theorem 16 to find that if v(f — g) is large enough,
then ¢ has a root 8 such that v(aw — 8) > €. We have to show that § € K.
Note that v(f — g) > 0, thus we have gv = fv, so that also gv admits
as a simple root. The field (K, v) is assumed to be Henselian, so there is
a root By € Ok of g such that Syv = (. Since v(a — ) > ¢ > 0, we have
Bv = av = = Byv. But ( is a simple root of gv, so = Fy € K. O

For the next result, we need the following technical lemma.
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Lemma 34. Take an arbitrary valued field (L,v) and ¢y, ..., cp,dy, ..., d, €
L such that ve; < 0 for all i. Take € > 0 and assume that for 1 < j <n,

v(c;j—dj) >e —wv H ¢

1<i<n

Then for every subset I C{1,...,n},

(23) v (H ¢ — Hdi> > e

icl el

Proof. Observe that since ve; < 0 for all 4, the value of each product of the
¢; also does not exceed 0. Since € > 0, it follows that v(c; — d;) > 0 for all
J, which in turn implies that ve; = vd;.

By induction we show that for 1 < k < mn,

(24) U(Hci_Hdi>>€_U H ci > ¢,

1<i<k 1<i<k k+1<i<n

where for k =n we have v [} ¢ =vl=0.

Given I C {1,...,n}, we can without loss of generality renumber the
elements ¢; so that I = {1,...,k} for some k. Then (24) will prove (23).

Observe that (24) holds for £ = 1 because

v(icp —dy) >e—wv H c;>e—0 H .

1<i<n 2<i<n

Now assume that 1 < k < n and that (24) holds for k. We compute:

v( I «— 11 di>:

1<i<k+1 1<i<k+1
= v <0k+1 H ¢ — dps1 H di)
1<i<k 1<i<k
= v <Ck+1 H ¢ — di41 H ¢ + dita H ¢ — diq1 H dz‘)
1<i<k 1<i<k 1<i<k 1<i<k
> min {v(ck+1 —dgs1) +v H Ciyvdgi1 +v ( H ci — H di> } )
1<i<k 1<i<k 1<i<k

By the assumption of our lemma,

v(Cpp1 — dgy1) v H ci>e—v H ¢+ H i >e—v H ci.

1<i<k 1<i<n 1<i<k k+2<i<n
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By our induction assumption,

vdk+1+v<H c; — Hdl) > vdpy+e—0 H G

1<i<k 1<i<k k+1<i<n

= UCk+1 t+E—V H C;
k+1<i<n

= &—= H C;.

k+2<i<n

This shows that (24) holds for k + 1 in place of k and completes the proof
of our lemma. O

In the special case where (K, v) is a valued field and the rational function
field K(x) is endowed with the Gauf valuation, we can take ¢; = z — «;
and d; = © — ;. Then ve; < 0, v(e; — dj) = v(ay — B;) and V][], ¢; =
v][i-,(x — ;). Thus with L = K(x), the above lemma yields:

Corollary 35. Tuke a valued field (K,v) and oy, ..., o, 01,...,0, € K.
Choose a nonnegative value € € vK and assume that for 1 < j <n,

v(ay; —Bj) >e —w H (x — ay).

1<i<n

Then for every subset I C{1,...,n},

(25) v <H(m — ;) — H(ﬂc — 60) > €.

el el

The following is Theorem 32.20 from [13]. It allows us to obtain informa-
tion on the irreducible factors of polynomials which are sufficiently close to
each other. We give a proof by use of Theorem 16.

Theorem 36. Let (K,v) be a Henselian field and f = f1 - ... - f. where
fi, ..., fr are distinct monic separable irreducible polynomials over K. Then
for every ¢ > max{0,kras(f)} there is some § € vK such that for every
monic polynomial g € K|x] satisfying v(f —g) > 0 we have g =gy -...- gy,
where g1, ..., g are distinct monic separable irreducible polynomials over K
and for each k € {1,...,r} the following assertions hold:

(a) deg fr, = deg gx and v(fr — gr) > &,

(b) for every root v of f. there exists a root [ of g such that K(«) =
K(3),

(¢) fr and gi have the same splitting field,

(d) for all roots o of fr and B of gx, K(a) and K(B) are isomorphic
over K.
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Proof. Let n = deg f and choose any ¢ > max{0, kras(f)}. By assumption,
f has n distinct roots ay,...,a, € K. We take any ¢ satisfying

6 >n(e—vf—=7(f).
Then the assumption v(f — g) > ¢ implies that

g0 := W +7*(f) > e —vf > e >max{0,kras(f)}.

By part (g) of Theorem 16, for every «; there exists a unique root (; of g
satisfying v(a; — ;) > 9. Consequently, g is separable.

For every k € {1,...,r}, we define g, = [[(x — f3;), where the product
is taken over all 7 such that «; is a root of fi. Then the factors g, are
separable and pairwise distinct, and deg f, = deggx. Thus it suffices to
show that each g, is an irreducible polynomial over K. Let «; be a root
of fi; then by construction, f3; is a root of g,. Take o € Gal K and let «;
be the root of fj such that oa; = a;. Since (K,v) is Henselian, we have
v(a; —of;) = vo(oy — Bi) = v(oy — Bi) > €o. As f5; is the unique root
of g such that v(a; — ;) > €, it follows that o5; = ;. Therefore, every
o € Gal K maps the roots of g; onto roots of g, and thus g is a polynomial
over K. Conversely, let 3; and 3; be two roots of g;. Since fj, is irreducible
over K, we can find o € Gal K such that ca; = o;. By the same argument
as before we find that o3; = ;, which means that g, must be irreducible.

Since for each 1 <4 < n we have v(a; — 3;) > €9 > € —vf, we can employ
Corollary 35 for the elements a; and f; to obtain:

Vick<r 0(fx — gr) > €.

This proves assertion (a).

Fix any root (; of g. Since g is separable over K, (; lies in K*P, Assume
first that 8; € K. Then the corresponding irreducible polynomial g is of
the form x — f3; and consequently, fr = x — a;. Thus K(8;) = K = K(«;),
in which case assertion (b) of the theorem holds. Now assume that 3; €
K*P \ K. By our choice of ¢y and by Krasner’s Lemma (Lemma 22) we
obtain that K(«;) € K(f;). But if k is such that «a; is a root of fi, then
[K(o;) @ K] = deg fr, = deg g = [K(5;) : K], showing that K(«;) = K(5;).
This proves assertion (b), which readily implies assertions (¢) and (d). O

From the above theorem we derive the following result.

Corollary 37. Let (K,v) be a an arbitrary valued field and take a monic
separable polynomial f € Klx]. Assume that f has a factorization into
distinct irreducible polynomials over K" of the form f = fi-...- f,. Then
for every e > max{0,kras(f)} there is some § € vK such that for every
monic polynomial g € K|x] satisfying v(f —g) > 6 we have g=g¢1-...- gy,
where g1, ...,q,. are distinct monic separable irreducible polynomials over
K". Moreover, for each k € {1,...,r}, assertions (a)-(d) of Theorem 36
hold for K" in place of K.
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For further results it will be useful to employ the notions from [3, Section
7.9]. Let Hy, Hy be subgroups of a group G. Then for g € G the set

ngHQ = {hlghg ‘ hl € H1 N hg € HQ}

is called a double coset of G. The set of all such double cosets induces an
equivalence relation on G, with respect to which two elements ¢, gs are
equivalent if Hyg1Hy = Hyg2H,. For each element in the corresponding
equivalence class we may then choose a representative. This notion will be
employed for subgroups of the group Gal K.

Notation 38. Throughout, we will consider a finite extension L|K and fix
the representatives ¢1,...,t, € Gal K of the double cosets

{(Gal K")(Gal L) |+ € Gal K'}.

Note that s < (Gal K : Gal L) < [L: K| < co. For ¢ € Gal K we denote by
resy(¢) = ¢|r, the restriction of ¢ to L. Further, by [L : K]sp we denote the
degree of the maximal separable subextension of L|K, and we set
. _ [L: K]
[L: Klins : L Ky

We define the characteristic exponent of K to be charexp K := char K if
char K > 0, and charexp K := 1 otherwise. Then [L : KJ;,s is a power of
charexp K for every finite extension L|K.

The following two lemmas can be found in [8, Lemma 7.46] in a more
general form, with an arbitrary algebraic extension K’ in place of K. For
our purposes the result in the simplified form is sufficient.

Lemma 39. An automorphism 1 € Gal K lies in Gal K"1; Gal L if and only

if the isomorphism l“eSLiL(LLi_l) uL — oL can be extended to an isomor-
phism of (1;L). K" onto tL.K" over K".

Proof. Take . € Gal K. Then an automorphism in Gal K extends res,, . (:1; ")
if and only if it lies in the coset 1t ' Gal; L. This coset is equal to

it (Gal L)t = o(Gal L)yt

Hence, there is an extension of res, ;(t;') to an isomorphism over K"
if and only if ((GalL);;' N Gal K" # (). But this is equivalent to ¢ €
(Gal K")1; Gal L. O

Lemma 40. Consider L|K as in Notation 38 and let K, be the mazimal
separable subextension of LIK. Assume that Ky = K(«) and take f to be
the minimal polynomial of o over K. Let f = f1-...- f. be the factorization
of f into irreducible polynomials over K". Then r = s, and after suitably
rearranging indices we have that ;0 is a root of fi, so that [(1;K).K" :
K" = deg f;.

Moreover, the following equalities hold:
(26) (L Klins = [(iL). K" : KMis, 1<i<0s,
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(27) L:K]= ) [(ul).K": K").

1<i<s

Proof. Observe that since K,|K is finite and separable, we can always find
a such that Ky = K(«).

We will first prove Equation (26). Note that L|K is purely insepara-
ble and thus, Gal L = Gal K. As K"|K is separable, so is (1;K,).K"|;;K
Since ¢; L|; K, is purely inseparable, it is linearly disjoint from (1;K,).K"|1; K,
and (;1).K"|(1; K,). K" is purely inseparable. This yields that [¢;L : 1, K,] =
[(t,;L). K" : (1,K,). K" and that (1;K,).K"|K" is the maximal separable
subextension of (1;L).K"|K". Hence,

[L: Kins = 6L K] = [(,L). K" 2 (1K) K" = [(,L). K" 1 K"

Consider a and f = fi-...- f, as in the assumption of the lemma. Then for
L € Gal K, res, g, (10;") : 1;K, — 1K, can be extended to an isomorphism
of (1,K,).K" onto (1K,).K" over K" if and only if ;a and ta are roots of
the same irreducible factor. By Lemma 39 we have that (;a and (o are
roots of the same irreducible factor if and only if « € Gal K"; Gal L. Since
there are s representatives of Gal K"; Gal L, there must be s irreducible

factors of f, and we may enumerate them so that ¢;« is a root of f;. Then
(1 K,). K" : KM = deg f;. Hence,

(28) [L: Klop=[Ko: K] =degf= Y degfi= Y [(K,).K": K".
1<i<s 1<i<s

Since the extension (1;L).K"|(1;K,). K" is purely inseparable, we have:

(1) K™ 2 K = [(0L). K™ ¢ Ko = [(6iL) K" - K] - [0, L). K™ KM

In view of this equality and by Equation (26), multiplying Equation (28)
with [L : Kliys yields Equation (27). O

s’

Assume that charexp K = p. For f € K|[x] denote by ins f the degree
of inseparability of f, that is, the maximal number p” which divides every
exponent in f(x). In this case f(x) can be written as f(2?") for some
f € K[z], and ins f = 1.

Lemma 41. Fiz any irreducible polynomial f € Klz| and let « be a root of
f. Assume that ins f = p” and take fe Klz] such that f(xpu) f(z). Let
f=f- - f. be the factorization of f into irreducible polynomials over
K" and set filx) == fi(a?"). Then f = fi-...- f. is the factorization of f
into irreducible polynomials over K". Moreover, for i1, ..., ts chosen as in
Notation 38 for L = K(«), and after suitably rearranging indices, v, is a
root of f; and deg f; = [(1,K (). K" : K", In particular, v = s.

Proof. We observe that f is irreducible over K since every factorization
f = gh leads to a factorization f = g(z*")h(a?"). Moreover, f is separable.
Indeed, if it were inseparable, then by its irreducibility we would have f’ =0.
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But this would mean that every exponent in f is divisible by p, which
contradicts the construction of f .

We have that « is a root of f if and only if o?” is a root of f Thus the
extension K (a?')|K is separable, and K (a)|K(a®”) is purely inseparable.
Therefore, if K is the maximal separable subextension of K in K(«), then
K, = K(a?"). We apply Lemma 40 for f in place of f and o" in place of
a. We obtain that f splits into irreducible factors fl, ceey fs over K" such
that (1;0)?" is a root of f;, and

deg f; = [(LK,). K" - K.
In particular, f = fl ... f, is precisely the factorization of f into irreducible
polynomials over K", hence r = s. We define f;(z) := f;(z?"), then f =
fi+...-fsand 1;a is aroot of f;. We observe that 1; K (o) = K(1;«) and ¢, K =
K ((ua)?"). Since K"|K is separable, also (K ((t;0)?") .K") |K ((t;0)?") is
separable and thus linearly disjoint from K (i;00)| K ((¢;0)P"). Therefore,
[K(1;0). K" : K" = [(,K(a)).K": K",
[K((t;0)?).K": K" = [(,K,).K": K",
[K(ni0). K" K((1;0)P). K" = [K(1a): K((t;0)")].

Consequently, the equality

[K(y0). K" K" = [K(1;0). K" : K((;0)P). K" - [K((;0)P"). K" : K"
implies that

(I () K" K" = p[(0,) K" &) = 7 deg f, = deg fi

This shows that the f; are irreducible over K. 0

The assumption on the separability of f in Corollary 37 can be dropped
at the cost of adding an assumption on ins f and ins g.

Theorem 42. Let (K,v) be an arbitrary field and take f € K[x] monic
and irreducible over K. Assume that f has a factorization into distinct
irreducible polynomials over K" of the form f = fi-...- f,. Forins f = p¥
take f € K|z] such that f(z*") = f(z). Then for every e > max{0, kras(f)}
there is some 0 € vK such that the following holds: If g is any irreducible
monic polynomial over K satisfying insg > ins f and v(f — g) > 0, then:

- deg f =degg and insg = ins f,

-g=gq1-...-gr where qi,...,q, are irreducible polynomials over K",

- for each k € {1,...,r}, assertions (a)-(d) of Theorem 36 hold with

K" in place of K.

Proof. For f as given in (1), we take 0 > max{va; | 1 < i < nAa; # 0}.
Choose any irreducible monic polynomial ¢ such that v(f — g) > §. Then
a; # 0 implies that b; # 0, so then deg f = degg. Moreover, since ins f
divides every ¢ such that a; # 0, we must also have insg < ins f. Together
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with the hypothesis that insg > ins f we then obtain insg = ins f; let us
assume that it is equal to p”.

Let f, § € K[z] be such that f(z7") = f(x), §(a”") = g(x). Then fis
separable and irreducible over K. Let f=fi-...- f, be the factorization
of f into irreducible polynomials over K". h. By Lemma A1, fi(z?") = fi(x);
in particular, the polynomials f; are distinct. Since U(f 3) = v(f(a?") —
g(z"")) = v(f — g), we may apply Corollary 37 to f and g in the place of
f and g, enlarging the originally chosen ¢ if necessary (note that this value
only depends on f, not on g). We obtain that the respective factorization of

g into distinct irreducible polynomials over K" is of the form § = ¢, - ... g,.
Set gr(x) := gp(2?") € K"[x]. Since g is irreducible and ins g = ins f = p”,
by Lemma 41 we see that g = g1 - ... - g, is precisely the factorization of g

into irreducible polynomials over K h,
Since a root o of f;, corresponds to a root a of f,, the last assertion
follows from Corollary 37 applied again to f and g. Ol

The irreducibility of ¢ in Theorem 42 is essential for assuring that the
corresponding factorization of g over K" yields irreducible polynomials:

Example 43. We claim that there exists f € K[z] monic and irreducible
over K such that for every § € vK there exists a monic polynomial g € K|z|
satisfying insg = ins f and v(f — g) > 0, but f and ¢ do not split into
the same number of irreducible factors over K", and assertions (a)-(d) of
Theorem 36 do not hold for any choice of ¢ > 0 and any of the polynomials
fr, gx, and their respective roots.

Take (k,v) to be the rational function field F,(¢) with the t-adic valuation,
extended canonically to F,((¢)). Since the transcendence degree of F,((t))
over F,(t) is infinite, we can choose an element in F,((¢?)) transcendental
over k. For example, take z := > 7" € F,((¢)) and define K := k(z).
Consider the purely inseparable extension k(z%)|K of degree p. Observe
that zv = St € Fp((t)), thus 2» € K¢ Take f to be the minimal
polynomial of 2v over K, that is, f(x) = 2P — 2.

To prove our claim, fix any element § € vK and assume without loss
of generality that 6 > 0. Since = K¢ we can find an element g € K
such that v(z% — ) > 4. (In fact, we can take 3 = >_7 " for n large
enough.) Consider the polynomial g(z) = 2P — ¥ € K|[x], then ins f = ins g
and v(f — g) = v(z — BP) > pd > 6. Since K"|K is separable and f(x) is
purely inseparable, we cannot have = K", so f(z) must be irreducible
over K. On the other hand, ¢ splits into p linear factors already over K,

so in particular over K". Clearly, Kh(z%) cannot be equal nor isomorphic
to K"(B) = K" over K"
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For the next results we will require a number of properties of the henseliza-
tion K. The extension (K"K, v) is immediate, which means that the natu-
ral embeddings of vK in vK" and Kv in K"v are onto (|5, Corollary 5.3.8]).
Note that each algebraic extension of K " is again a Henselian field. Thus
if (K,v) C (E,v) C (K,v), then we have:

(29) (E" v) = (B.K" v).
Take any o € Gal(K|K). Then the map
vo=voo:E>ar v(oa) € vk

is a valuation on E which extends K. In fact, all extensions of v from K to
E are conjugate. That is, all the extensions are of the form vo, where o is
an embedding of E in K over K (|5, Theorem 3.2.15]).

Consider the group

G = GUK|K,v) := {0 € Gal K | v(ox) = vz for all z € K}
called the decomposition group of ([?\K,v), and its fized field
K?:=Fix(G%) :={a € K | o(a) = a for all ¢ € G%}.

We will also write (K|K,v)? in place of K? to specify which valuation we
are considering. This field is the henselization of K with respect to the
valuation v. For more details on ramification theory, see e.g. [1, Chapter 3|,
[0, Sect. 5.2], [8, Chapter 7] or [10, Sect. 2.9].

For the convenience of the reader we include a number of results on G¢
and K. The following statements can be found in |3, Sect. 7|.

Lemma 44. Toke 1,0,7 € Gal K.

(a) We have (K|K,vi)* = .7 K<, N

(b) If vo = vr on 71K, then vo = vr on K and o7~ ' € G

(c) The restriction resgn(171) is the unique isomorphism over K sending

K4 onto (K|K,v)?.

Proof. Observe that G4(K|K,vi) = 1! (Gd([aK, v)) ¢ ([10, Proposition
9.4], |4, (15.2)]). Assertion (a) thus follows since Fix(:'Gi) = 7! Fix(G)
for each automorphism group G.

Consider now o and 7 as in (b), then vor~! = v on K9 Since the

extension of v from K? to K is unique, vor~' = v also holds on K. Assertion
(b) then follows from the definition of G.

It follows from part (a) that the restriction of +~! is the required isomor-
phism. If there were a second isomorphism, say ¢!, then vo = v on 71 K¢,
so by part (b), :7! and ¢~! must coincide on K% This proves part (c). O

If w is another extension of v from K to l?, then we will denote by
K"®) the henselization of (K,v) in (K,w). The above lemma allows us to
represent extensions of v from K to K" by means of the automorphism .
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Lemma 45. For every . € Gal K, the field (\7'K" vi) is the henseliza-
tion (K" w1) of (K, v) in (K,vt), and (K" v) is isomorphic over K to
(LK™ vi) via the uniquely determined isomorphism resgn(171).

Proof. The assertion follows from the definition of the henselization together
with part (a) of Lemma 44. The uniqueness of resgr(:~1) comes from part
(c) of that lemma.

Lemma 46. Let v1,...,t5 and L be as in Notation 38, and write v; :=
vi;. Then (L. K" v;) is the henselization of (L,v;) in (K,v;), and it is
isomorphic over K to (1;L.K" v) via v;. Further, the distinct extensions
of v from K to L are precisely the restrictions of the valuations v; to L,
1< <s.

Proof. By virtue of Lemma 45, (1; ' K" v;) is the henselization of (K,v) in
(K,v;). From Equation (29) it follows that (L..;'K" v;) is the henseliza-
tion of (L,v;) in ([?,v,-). The restriction of ¢; is an isomorphism from
(L. "KM vi) onto (L. K", v) over K.

We turn to the second assertion of the lemma. Assume that for some
v € Gal K we have v. = vi; on L. Then vt and ve; are both extensions
of the same valuation from L to K. Since those extensions are conjugate,
there exists 7 € Gal L such that vy;7 = ve on K. By Lemma 45, IR =
7717 K" is the henselization of K in (K, vi) = (K, vi;T), so the restrictions
of ™' and 7714, to K" must be equal. Hence, o := t77'1;* € Gal K" and
thus ¢ = ou;7 € (Gal K")1;(Gal L).

For the converse, assume that ¢ € (Gal K")i;(GalL). Write ¢ = ouT
with 0 € Gal K" and 7 € Gal L. Since Gal K" = G4(K|K,v), we have
vea = vou;Ta = vi;a for all a € L, that is, ve = vi; on L. O

The above lemma allows us to describe all extensions of v from K to
L using the representatives ¢1,...,ts of the respective double cosets. In
particular, the number of such distinct extensions is precisely s.

Note that the field K" = ;71K" lies in the henselization L") =
L..; ' K" (the last equality follows from Equation (29)). Since ¢; sends ¢; 1 K"
onto K" and L..;'K" onto ;L. K", we find that

(30) (LMD Kh)) = [, LK"Y - KM = [(,L)" : K").
We can then apply Equation (27) to obtain:
(31) [L: K] =) [LM): KMo,

1<i<s

The degrees [L™") : K"v)] are called local degrees. Hence the equation says
that the degree [L : K] is the sum of the associated local degrees.

Finally, we will present a result on the behavior of the following ramifi-
cation theoretical invariants related to polynomials that are close to each
other. The ramification indez of (L|K,v) is e(L|K,v) = (vL : vK), and
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the inertia degree is f (L|K,v) := [Lv : Kv]. The Fundamental Inequality
(which can be found e.g. in [5]) states that

[L: K] > ) e(L|K,v)-f(L|K, v).
1<i<s
If v extends uniquely from K to L, then by the Lemma of Ostrowski (see
e.g. [L1]) we have

[L: K] =7p" e(L|K,v)- f(LK,v),

where p = charexp Kv. The factor p” is called the defect of the extension
(L|K,v) and denoted by d(L|K,v).

In general, for a finite extension L of a valued field (K, v), we can define
defects in a similar manner, using the fact that the valuation in each exten-
sion LMv)|KMv) extends uniquely and that henselizations are immediate
extensions:

e(L|K,v;) - f(LIK,v;)
This is often called the Henselian defect. We can now combine Equations
(31) and (32), together with the definition of the defect, to obtain the
following version of the Fundamental Inequality:
(33) [L:K]= ) d(L|K,v)-e(L|K, v;)-f (LK, v;).
1<i<s

Lemma 47 (|8], Lemma 11.2). Let ¢1,...,ts and L be as in Notation 38.
Then for each 1 < i < s we have:

d(L|K,v;) = d((4L).K"K"v) = d(,L|K,v),

e(L|K,v;) = e((t,L).KMK"v) = e(,L|K,v),

f(LIK,v;) = f((uL).KMK"v) = f(,L|K,v).
Moreover, the following equality holds:
(34) [L:K]= ) d(uL|K,v) - e(,;L|K,v)-f (LK, v).

1<i<s

(32) d(L|K, v;) :=

Proof. Since henselizations are immediate extensions, we obtain:

f (LK, v;) = [Lv; : Kv;] = [L"v; : K", = (L7 K vy 2 (0P Kwy).
As observed before, 1; sends 17 'K" onto K" and L..;'K" onto ¢;L.K".
Therefore, the above number is equal to

[(t;L.K")v : K" = [(,,L)" : K™0] = [1;Lv0 : Kv] = f (,L|K,v).
The result for e(L| K, v;) is proved analogously from the same observations.

The result for d(L|K,v;) then follows by Equations (32) and (30). Those
equalities together with Equation (33) imply Equation (34). O

The notions and results presented in the above lemmas now allow us to
formulate the following root continuity theorem.
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Theorem 48. Let (K,v) be an arbitrary valued field, f € K[x] an irre-

ducible monic polynomial over K and a« € K a root of f. Further, let
v, ..., U5 be all extensions of v from K to K(«). Then there is some 6 € vK
such that the following holds: If g is any irreducible monic polynomial over
K satisfying insg > ins f and v(f —g) > 6, and if € K is a root of g and
wi, ..., wy are all extensions of v from K to K(f3), then s =t and after a
suitable renumbering of the w;, we have:

d(K(0)|K,vi) = d(K(B)|K, w:)
e(K(a)|K,vi) = e(K(B)|K,w)
F(K(a)|K,v) = F(K(B)|K,w) .

Proof. Observe that by Lemma 46 the extensions of v from K to K(«) are
in correspondence with the double cosets as in Notation 38 with L := K(«)
via v; := wvi;. By virtue of Lemma 41 we can choose the indices of the
irreducible factors fi,..., fs of f over K" in such a way that 1« is a root
of f;. We do the same for g and its irreducible factors gy, ..., g;, taking
L := K(B) and choosing the automorphisms ¢/, ..., (.

Take 0 as in Theorem 42. Then the factors f; and g; satisfy the asser-
tions of that theorem; in particular, we have s = r = t. After a suitable
renumbering, we can assume that (8 is a root of g; if and only if ;o is a
root of f;. By Lemma 47 we have:

f (K (a)|K,v) =f (1, K(a).K"NK" v) = (K (o). KMo : K™l

By Theorem 42, ;K (o). K" = K"(1;a) and (/K (8).K" = K"(i,3) are iso-
morphic over K. Therefore, the degree above is equal to

[K"(na)v : KM = [KMB)v : K™ = f (LK (B). K" K" v),

which in turn is equal to f (K (8)|K,w;) by Lemma 47. The equations for
the inertia degree are analogous. The result for the defect then follows from
these equations, together with (30) and (32). O

8. APPENDIX: INDUCTION ON THE DEGREE OF THE POLYNOMIAL

In this section we present a theorem whose essential feature is that its
proof employs induction on the degree of the polynomials. It serves as a
demonstration of what can be achieved through this method. The bound
for the value v(f — g) will be larger than the ones in Section 5, which makes
it a less optimal method than those already presented in the paper.

The method can be described as follows: first set f; := f, g1 := ¢ and
choose any root a; of f. Then use Lemma 20 to find a root ; of g such
that v(ag — B1) > €. Then set fy := mflal and gy := 953151 to repeat the
procedure and continue the process until we arrive at linear polynomials.

To prove the main theorem, we first need the following lemma.
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Lemma 49. Take f,g € K[x], assume that [ is monic and let « be a root
of f. If v(f—g) > 0 and if B is a root of g such that v(a—f) > vf—i—@,

then
’ (xf(—x)a - xg%) > 2 f + v(fT—g)

IA
o

Proof. Since (x — «)(x — () is monic, we have v((x — a)(x — [))
Therefore, we obtain:

U<f(l°> _ 9@ ) = o(f(z)(z — B) — g(x

r—a x—0

= min {v(f — g),v (f(2)B — g(z)) }.

We wish to find a lower bound for v(f(z)5—g(z)a). We use the assumption
of the lemma and the facts that vf < 0 and vf < va (since f is monic) to
obtain:

v (f(2)f = g(x)a) = v (f(2)(B - a) + (f(z) — g(z))a)
> min {vf +v(8 - a),v(f - g) +va}
> min{2vf+m,v(f—g)+vf}

n
_ v(f —g)

Going back to the initial inequality, we obtain that

v (xf(_xzy B xg(_ﬂf)ﬁ) > min {U(f—g),QUf—i— W} = 20f +

v(f—g)‘

U
Theorem 50. Take polynomials f,q as in (1) and € > 0. Assume that
(35) o(f—g)>nle—(n+ 1) (vf —va,) + va,.

Then there is an enumeration of the roots of g such that v(cy; — 5;) > € for
1<i<n.

Proof. Condition (35) can be written in a simpler way, with f replaced by
the monic polynomial a ! f:

v(a, f —a,'g) > nle — (n+ 1)(va, ' f).

Since f and a; ! f have the same roots and the same is true for g and a,'g,
we may assume that f is monic. In this case, va, = 0 and vf < 0.
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We will proceed by reverse induction on the degree n of f as long as it is
larger than 1. We set f; := f and ¢; := ¢ and choose any root a; of f. We
use Lemma 20 to find a root 31 of g such that

v(fi—ag1) nle — (n+ lof
n

v(ar—p) = vfi+ >vfi+
= vf+(n—1le—(n+1)(n—1lof
= (n=Dle—=nlof—((n=1)! =1vf >,

where we have used that n — 1 >1and vf; =vf <0.
Now we assume that ¢ < n and that for 1 < j < i, we have already found
roots «;, ; such that v(o; — ;) > €, and polynomials f;, g; such that

deg f; =degg; =n—j +1,
as well as vf; > vf and
(36) v(fj—g;) > (n—j+ e~ (n—j+2)vf.
We define

i

and giv1 ‘= Ji .
T — x — B

fiy1 =
Observe that

degfiﬂ = deggiﬂ =n — (Z + 1) +1
and that vf;11 > vf; > vf because v(z — a;) < 0. By Lemma 49 we have:

v(fi — g
v(fix1 — Giv1) = 2Ufi+n(T'+1)
> 2Uf+(n—i+1)!5—.(n—i+2)!vf
n—1t+1

= 2vf+(n—ile—(n—1+2)(n—"0)ovf
= n—i)e—(n—i+vf—((n—10) —=2)f.

If i +1 < mn, then ((n —i)! —2) > 0 and we obtain that (36) also holds for
j=i+ 1. Ifi+1=n,then —(n—i+1)! = ((n—1i)! —2) = —1, thus

(37) v(fn—gn) >e—0f.

Assume that ¢ + 1 < n. Then deg f;11 = degg;x1 > 1 and we have to
continue our induction. We choose a root a;;q of f;11. Then by Lemma 20
there is a root (;y1 of g;11 such that

UJi+1 — Gi
v(vip1 — Biy1) = Ufi+1+%

> vof+(n—i—N0e—(n—i+1)(n—1—10vf >¢,

where we use that n —¢ — 1 > 1. This completes our induction step.
Finally, we deal with the case of © + 1 = n. Then both f;,; and g;,, are
linear polynomials, say, © — « and b,(z — ). We set «, := . In view of
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(37), Lemma 20 shows the existence of a root f3, of g,, which consequently
must be equal to 3, such that

U<an - 5n) > Ufn + v(fn - gn) 2> €.
This completes the proof of our theorem. O
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