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Assumptions

e [ is a field

e R =klx,y,z] and mg = (z,y,2)R
o v: k(x,y,z) — Qis a k-valuation
e (V,my ) is the valuation ring of v
e im(v) =G, CQ

e RC Vand mr C my

o V/my =k



Kashcheyeva Generating sequences

ForyeGyletl,={feR| v(f)>n~}.

A (possibly infinite) sequence {Q;} of elements of R is a
generating sequence of v if for every v € G, the ideal I, is
generated by the set

{H Q" | bi € Zo, ZbZV(Qz) >~}
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Key polynomials

Let K be a field and . be a valuation on K(z) with value
groupI' C I

A MacLane key polynomial ¢ € K|z] for ;. is a monic
polynomial together with the value v, € T such that
71 > p(e) and if f € K|[z] has an expansion

f= ™+ fac1@™ 4+ fio+ fo

where f; € K|[z] and deg. f; < deg.p, then
w1 (f) = min{u(f;) + i1} is a valuation on K|z]
satisfying p1(f) > w(f) for all f € K|z].

The map p; is called an augmented valuation and denoted
p1 = [ pa(p) = ml.
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Complete sequences of key
polynomials

Let K be a field and i be a valuation on K (z), denote by 1
the Gauss valuation on K (z) with ug(a) = u(a) fora € K.

The sequence of key polynomials {¢;};>1 with values
{7i}i>1 is called complete if the sequence of augmented
valuations {[u;—1; ii(wi) = i) }i>1 satisfies the following
conditions ¢; = z and for every f € K|z] there exists i > 1

such that yu(f) = jui(f)-
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Let Py =« and P, = y. Foralli > 0 set 3; = v (D),
G; = Zﬁjzv S; = Zﬁjzzo, ¢ = [Gi: Gi1]
§=0 §=0

Then ¢;8; € S;_1 and there exist unique n;0 > 0and
0 < n;; < g; such that ¢;5; = ZJ Onw,é{,

Since v(P) = y(]‘[z ; P"”) the residue of P/ Hz L P"”
is \; € k*. Set

i—1
Piy1=Pr - X [ P
Jj=0

Let G =J;2,Giand S = J:2, Si.
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Denote vy = V‘k(x,y)-

{P;}i>0 is a generating sequence of vy in k[x, y].

{P;}i>1 is a complete sequence of key polynomials for vy.



- Extension to Dimension 3

Let Q1 = z. Foralli > 0 set ; = v(Q;),
Hi=Y %2, Ui=Y %0, % =[H+G): (Hi-1+G)),
j=1 J=1

Since 5,4; € H;—1 + G there exists j s.t. 3;%; € Hi—1 + G

m; = max(mi_l, min{j S ZZO | 8% € (E[i—l + G])})

Problem: 5,7; € (Ui—1 + Sm,) does not have to be true

Set 70 =min{r € Z | rfo + 5% € (Ui—1 + Sm,)}



- Extension to Dimension 3

Now 7060 + 5% € (Ui—1 + Sm,) and there exist unique
0<n40,0<n;; <g;and 0 <[; ; < 5; such that

m; i—1
75080 + 5% = MioBo + > _MiiBi + > i
i=1 i=1
since v(a™0Q5) = v([T7, P [152) Q'7), the residue of
2" 0Q5 /(T Py TI5Z1 @) s s € k. Set
Qi1 = a"0Q]" —mHP"” HQ”

7=0
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Dimension 3

Q — T
i1 =a’ OQSZ—MHP””HQ”

7=0

Se )
t Qi =z %4Q;
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Theorem
{Qi}i>1 is a sequence of key polynomials for v.

Remark
If every 5, = 1 then {z — Q,};>1 is a pseudo-convergent
sequence for which z is a limit.
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Dimension 3

Theorem
{Qi}i>1 is a sequence of key polynomials for v.

Theorem )
If infinitely many s; are greater than 1 then {Q;}i>1 is a
complete sequence of key polynomials for v.

Remark
If every 5, = 1 then {z — Q,};>1 is a pseudo-convergent
sequence for which z is a limit.
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o Ex: Noncomplete sequence
Suppose k is a field of characteristic p # 2

Py==x Bo=1
1
P =y pr=p— -
pl
Py =yP 2P~ B2 = 2—?
ib1 i1 . 1
Pip1= PP+ PPy 5¢+1=pz+1—pi+1
Q1=7z n=1--
b
Qr=a""1z—y g - =
D
1
Q3=$p3_pQ2—P3 Yo = 3_;5
2i-1_, B . 1
Qi1 = 2P Qi Poi1 iy =pit— —




- Extension to Dimension 3: #2

Let Ty = 2. Foralli > 0 setv; = v(T;),
Hi=Y vZ Ui=Y %Zso, si=[H+G): (Hi1+G))],
j=1 j=1
m; = max(m;—1, min{j € Z>o | sivi € (Hi—1 +G5)})

Problem: s;v; € (Ui—1 + Si,;) does not have to be true

We look for all possible 7 € (U; + Sp,;) such that
T+ 8% € (Ui—1 + Sm;) and 7+ s, — b & (Ui—1 + Sy, for
any b e (Ui + Sn,)



- Extension to Dimension 3: #2

For every 7 as above set
m;

i1 m; i1
e a; cj nr,j lrj
R | 0 CR 1 L 1 €
Jj=0 Jj=0 7=0 j=0

my i—1

my 1—1
. i Si a; ciy Nr j lrj
win e [ T = v [P T 70,
J=0 J=0 j=0 3=0

m; i—1 m; i—1
5. ; ; . Ly
pe = (e LB T /AL P T1 27 in vimy
J=0 J=0 J=0 j=0
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Suppose k is a field.

Ph=x Po=1

P=y ﬁlzlé

Py =y — 2 fr=dtg

Py =P} —zl'p 53—12;+2i7
Pur= P} =Py i =3+ o
Qi=2z2 = 2

Q2 = xz—y? ’72=3§
ngQg—xlﬁ 73:16—%2151

53 _
Qit1 = Q7 — 25 7 Qis1 Fip1 = 5% + 5
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2
T = 2Ty — y* = @, Yo =32
Ty =y —2° = 2= (P2 + yQa), 13 =33

L=T¢ -2’y =a2(yP+ 2°Q2 + Q3),  mu=33+3
T5 = T25 — a0 = Qs, Yo = 16%

Te = 2135 — Po = yQ2 = y1», redundant
Tr = y*Ts — Py = 23Q9 = 23T, redundant
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Theorem
{P;}i>0 U{T;}i>0 is a generating sequence of v.
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Theorem
{P;}i>0 U{T;}i>0 is a generating sequence of v.

Corollary

If {z — Q;}i>1 is a pseudo-convergent sequence of algebraic
type then there exists i such that T; is not fixed by

{z — Qi}iz1.



Keshaheyeva Ex: Noncomplete sequence

Suppose k is a field of characteristic p = 3

Py=x Bo =
P =y B =22
Py =y* +a® B2 = 85
i . 1
Pip1 = PP+ 2% ' Py Bip1 = 31 — 7

Q=2 ¥ =2
Q2=1%2—y Yy = 253
Q3 =2*Q2 — P ¥y = 263573

— 83%73 5 . — 92i—1
Qi1 =2 Qi =Pt Vi1 =377 — o5y



Olga
Kashcheyeva

T1:Z

Ex: Noncomplete sequence

Ty = 2% — P, = Q,

Ty = PIT? + 2% = 274(2P2Q2 + P1Q3 + P»),

Ty = P12T1 —|—3§'6 = 1’72(P12Q2 + PQ),

T5:T13+I2

Py

3
Qi1

T 3?3

+

232k —3’

m=3
Vo =258
7324%
Y4 =635
V5 =3 —

3%k
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